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Preface

Our book is a selection of works presented at the Conference of Mathematical
Physics “Kezenoi-Am 2016”. The Organising and Programme Committee of the
conference tried to create a programme which embraces the variety of research
directions inspired by the modern developments in Mathematical Physics and the
theory of Integrable Systems. The authors of the included papers are well known
mathematicians from several research groups in Europe and Russia. We hope that
the book will attract the attention to these areas of research, and will be interesting
both to experts and young researchers.

The Conference of Mathematical Physics “Kezenoi-Am 2016 is the first in the
series of conferences which are being held partly in the city of Grozny, and partly at
a beautiful mountain lake “Kezenoi-Am” of the Chechen Republic, Russia. These
conferences are generously supported by the Chechen State University (CheSU),
which is driven by the goal to support mathematical culture in Chechen republic. It
is important to note that the Chairman of the Organizing Committee, Rector of the
CheSU, Prof. Zaurbek Saidov, encourages the idea that the organization of inter-
national conferences with the participation of world recognized researches is the
optimal way to motivate and attract students to research. During the participants’
welcoming, he stressed out that he considers our conference to be a quite important
step towards this direction. We are especially grateful to him for his support and
help in the organization of this series of successful international conferences. We
are also grateful to the Vice-rector of CheSU, Prof. Zaur Kindarov for his support
and hospitality. Dr. Dmitry Grinev played an essential role in the organization
of these conferences. We would like to thank him for his activity and patience
throughout this procedure.

Finally, we acknowledge that this work was carried out within the framework
of the State Programme of the Ministry of Education and Science of the Russian
Federation, project 1.12873.2018/12.1.

Yaroslavl, Russia Victor M. Buchstaber
June 2018 Sotiris Konstantinou-Rizos
Alexander V. Mikhailov
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Introduction

Victor M. Buchstaber!, Sotiris Konstantinou-Rizos?® and
Alexander V. Mikhailov®

1 Steklov Mathematical Institute, Russian Academy of Sciences,
8 Gubkina str., 119991 Moskva, Russia
buchstab@mi.ras.ru
2 Centre of Integrable Systems, P.G. Demidov Yaroslavl State University,
144 Soyuznaya str., 150007 Yaroslavl, Russia
skonstantin84@gmail.com
3 School of Mathematics, University of Leeds, LS2 9JT Leeds, UK
a.v.mikhailov@leeds.ac.uk

Abstract. This chapter outlines the current trends in mathematical
physics and the theory of integrable systems to which this book is
devoted. The subject of this book is quite diverse and covers a wide
range of problems. In fact, each chapter is devoted to a specific problem
and contains links to articles and monographs in the literature where all
the necessary definitions and constructions can be found. Here, we indi-
cate the interrelationships between several research directions in this field
of science that until recently were regarded as independent and distant
from each other

Keywords: Integrable Systems - Mathematical Physics -
Algebro-geometric methods

The modern development of Mathematical Physics has been greatly influ-
enced by the theory of Integrable Systems. At the same time, the theory of
Integrable Systems absorbed classical methods of Mathematical Physics based
on the theory of differential equations, complex and functional analysis including
the theory of distributions. Due to the theory of Integrable Systems, a variety
of methods traditionally belonging to pure mathematics was able to solve con-
crete applied problems. In particular, algebro-geometric methods in periodical
problems of soliton theory and the spectral theory of Schrédinger operators in
periodic electromagnetic fields gave new life to algebraic geometry, the theory of
Abelian functions, the theory of Riemann surfaces and the theory of functional
equations. It is remarkable that methods of Integrable Systems were used in
the solution of the long standing classical Riemann-Schottky problem in alge-
braic geometry. The theory of finite-dimensional Lie algebras plays an important
role in classical mechanics. The theory of Integrable Systems stimulated further
development of the theory of infinite-dimensional Lie algebras, and gave rise to
a number of unsolved problems and fruitful concepts.
© Springer Nature Switzerland AG 2018
V. M. Buchstaber et al. (eds.), Recent Developments in Integrable Systems and Related

Topics of Mathematical Physics, Springer Proceedings in Mathematics & Statistics 273,
https://doi.org/10.1007/978-3-030-04807-5_1
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It is well known that Mathematical Physics and the theory of Integrable
Systems are closely related to classical Differential Geometry. Long standing
problems, such as the embedding theorems and a description of Egorov’s co-
ordinates, were proved to be equivalent to key problems in the theory of Inte-
grable Systems. The theory of Integrable Systems also creates new, useful and
interesting research directions in the theory of infinite dimensional manifolds,
which originates from problems in Hydrodynamics and the Optimal Control
theory. The theory of Hopf algebras (a fundamental part of algebraic topology)
creates the basis for the theory of quantum groups which, in turn, was motivated
by the theory of Integrable Systems. Recently, the emerged and rapidly develop-
ing theory of Frobenius manifolds was proved to be connected with Hamiltonian
systems of partial differential equations with small parameter. The development
of the above-listed directions in classical and modern Mathematics, motivated
by problems in Mathematical Physics and Theory of Integrable Systems, is far
from completion.

As already mentioned in the preface, this book constitutes a selection of works
presented at the Conference of Mathematical Physics “Kezenoi-Am 2016”. In this
selection, we aimed to reflect the variety of problems and approaches mentioned
above. We have been pursuing the goal to foster the development of interfaces
between traditionally disjoint areas of research.
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Numerical Instability of the Akhmediev
Breather and a Finite-Gap Model of It

P. G. Grinevich?23 and P. M. Santini4(®)

! L.D. Landau Institute for Theoretical Physics, pr. Akademika Semenova 1a,
Chernogolovka 142432, Russia
pgg@landau.ac.ru
2 Faculty of Mechanics and Mathematics, Lomonosov Moscow State University,
GSP-1, 1 Leninskiye Gory, Main Building, 119991 Moscow, Russia

3 Moscow Institute of Physics and Technology, 9 Institutskiy per., Dolgoprudny,

Moscow Region 141700, Russia
4 Dipartimento di Fisica, Universitd di Roma “La Sapienza”, and Istituto Nazionale

di Fisica Nucleare, Sezione di Roma, Piazz.le Aldo Moro 2, I-00185 Roma, Italy

paolo.santini@romal.infn.it

Abstract. The focusing Nonlinear Schrodinger (NLS) equation is the
simplest universal model describing the modulation instability (MI) of
quasi monochromatic waves in weakly nonlinear media, considered the
main physical mechanism for the appearance of rogue (anomalous) waves
(RWs) in Nature. In this paper we study the numerical instabilities of the
Akhmediev breather, the simplest space periodic, one-mode perturbation
of the unstable background, limiting our considerations to the simplest
case of one unstable mode. In agreement with recent theoretical findings
of the authors, in the situation in which the round-off errors are negli-
gible with respect to the perturbations due to the discrete scheme used
in the numerical experiments, the split-step Fourier method (SSFM),
the numerical output is well-described by a suitable genus 2 finite-gap
solution of NLS. This solution can be written in terms of different ele-
mentary functions in different time regions and, ultimately, it shows an
exact recurrence of rogue waves described, at each appearance, by the
Akhmediev breather. We discover a remarkable empirical formula con-
necting the recurrence time with the number of time steps used in the
SSFM and, via our recent theoretical findings, we establish that the
SSFM opens up a vertical unstable gap whose length can be computed
with high accuracy, and is proportional to the inverse of the square of
the number of time steps used in the SSFM. This neat picture essentially
changes when the round-off error is sufficiently large. Indeed experiments
in standard double precision show serious instabilities in both the peri-
ods and phases of the recurrence. In contrast with it, as predicted by
the theory, replacing the exact Akhmediev Cauchy datum by its first
harmonic approximation, we only slightly modify the numerical output.

© Springer Nature Switzerland AG 2018

V. M. Buchstaber et al. (eds.), Recent Developments in Integrable Systems and Related
Topics of Mathematical Physics, Springer Proceedings in Mathematics & Statistics 273,
https://doi.org/10.1007/978-3-030-04807-5_2
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Let us also remark, that the first rogue wave appearance is completely
stable in all experiments and is in perfect agreement with the Akhmediev
formula and with the theoretical prediction in terms of the Cauchy data.

Keywords: Akhmediev breather - Rogue waves
Split-step Fourier method

1 Introduction

The self-focusing Nonlinear Schrodinger (NLS) equation
g + Ug + 2Ju?u =0, u=u(z,t)ecC (1)

is a universal model in the description of the propagation of a quasi monochro-
matic wave in a weakly nonlinear medium; in particular, it is relevant in deep
water [59], in nonlinear optics [15,46,49], in Langmuir waves in a plasma [51],
and in the theory of attracting Bose-Einstein condensates [14]. It is well-known
that its elementary solution

ug(x,t) = >, (2)

describing Stokes waves [50] in a water wave context, a state of constant light
intensity in nonlinear optics, and a state of constant boson density in a Bose-
Einstein condensate, is unstable under the perturbation of waves with sufficiently
large wave length [11,47,52,53,59,64], and this modulation instability (MI) is
considered as the main cause for the formation of rogue (anomalous, extreme,
freak) waves (RWs) in Nature [21,26,31,32,43,44].

The integrable nature [60] of the NLS equation allows one to construct solu-
tions corresponding to perturbations of the background by degenerating finite-
gap solutions [10,29,35,36], when the spectral curve becomes rational, or, more
directly, using classical Darboux [41], Dressing [61,62] techniques. Among these
basic solutions, we mention the Peregrine soliton [45], rationally localized in z
and t over the background (2), the so-called Kuznetsov [37] - Ma [40] soliton,
exponentially localized in space over the background and periodic in time; the
so-called Akhmediev breather [4-6], periodic in & and exponentially localized in
time over the background (2). These solutions have also been generalized to the
case of multi-soliton solutions, describing their nonlinear interaction, see, f.i.,
[20,27,29,30,63], and to the case of integrable multicomponent NLS equations
[9,19].

The soliton solution over the background (2) playing a basic role in this paper
is the Akhmediev breather

o657 0= o SRR TRORIE,
K(¢) =2cos¢, X(¢) = 2sin(2¢),

exact solution of (1) for all values of the 4 real parameters ¢, X, T, p, changing
the background by the multiplicative phase factor e*¢:

Az, t; 0, X, T, p) — 2P E20) a5 s oo,
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and reaching the amplitude maximum at the point (X,T), with
A(X, T; 6, X,T, p)| = 1+ 2sin 6.

Concerning the NLS Cauchy problems in which the initial condition consists
of a perturbation of the exact background (2), if such a perturbation is localized,
then slowly modulated periodic oscillations described by the elliptic solution of
(1) play a relevant role in the longtime regime [12,13]. If the initial perturbation
is z-periodic, numerical experiments and qualitative considerations prior to our
recent works indicated that the solutions of (1) exhibit instead time recurrence
[7,38,39,56-58], as well as numerically induced chaos [1-3], in which solutions
of Akhmediev type seem to play a relevant role [16-18].

We have recently started a systematic study of the Cauchy problem on the
segment [0, L], with periodic boundary conditions, considering, as initial condi-
tion, a generic, smooth, periodic, zero average, small perturbation of (2)

u(z,0) =1+ ¢(z),
f (4)
e(x+L)=¢(z), |le@)|w=<1, Js(x)da: =0.

It is well-known that, if one perturbs the constant solution (2) by a small
monochromatic perturbation du(z,t) = dy (t)e’** + do(t)e %, then in the lead-
ing order, the perturbation satisfies the linearized NLS equation

10wy + Sugy + 40u + 2e*5u = 0, (5)

and a direct calculation shows that its solution is unstable iff |k| < 2. This
implies that, in our periodic Cauchy problem, if we expand the perturbation in
Fourier series,

ikjx —ikjx 2m .
e(x) = Z (cje Fiw e jemihi ), kj= L le;| = O(e), (6)

j>1
the first M modes £k;, 1 < j < M, where M € NT is defined through the
inequalities
L L
——1l<M<—=, w<L, (7
T T

are unstable, since they give rise to exponentially growing and decaying waves
of amplitudes O(ge*?3?), where the growing factors o; are defined by

O'j:kj 47]{3]247 IS]SM

Therefore, the perturbation becomes O(1) at times Tj; = O(o; !|log ¢[), 1 <
j < M (the first stage of MI), while the remaining modes give rise to oscillations

of amplitude O(ge*™it), where w; = kj, [k —4, j > M, and therefore are
stable.
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Using the finite gap method [28,34,42], we have established that the lead-
ing part of the evolution of a generic periodic perturbation of the constant
background is described by finite-gap solutions associated with hyperelliptic
genus 2M Riemann surfaces, where M is the number of unstable modes. These
solutions are well-approximated by an infinite time sequence of RWs, and the
m-th RW of the sequence is described by the m-breather (m < M) solutions of
Akhmediev type, whose parameters vary at each appearance following a simple
law in terms of the initial data [23-25]. In particular, in the simplest case of a
single unstable mode M = 1, corresponding to the choice 7 < L < 2w, we have
established that the initial condition

2
w(z,0) = 1+ ¢1 exp(ik1z) + c_1 exp(—ikiz), |ei], |e_1] = O(e), ki = % (8)

evolves in the following way.
If 0 <t < O(1), we have the first linear stage of the MI, described by the
linearized NLS around the background (2):

u(w,t) = 62“{1 + 0_% {|a1| cos (kl (x — Xf))eglt-ﬁ-iaﬁl_i_

|31 cos (k;l(x — Xl—))e—olt—mln + 0(2|log ), 9)

where )
o =01 — 62”’10_1,
o —2i
B =1 — e 21y,

jus

¢1 = arccos (L) = arccos (%) ,

and X", defined as

—arg(f1) — ¢1 +7/2
k1 ’

, X1 =

are the positions of the maxima of the sinusoidal wave decomposition of the
growing and decaying unstable modes. Therefore: the initial datum splits into
exponentially growing and decaying waves, respectively the a- and B-waves, each
one carrying half of the information encoded in the initial datum.

If |t — T1(Jas])| < O(1), where

2
Ti(Q) = 01110g<<"212 ) (>0,

then
u(z,t) = Az, t; 61, X7, Ty (|oa ]), 2¢1) + O(e), (10)

where A(z,t;¢, X, T, p) is the Akhmediev breather (3). It follows that the first
RW appears in the time interval |t — T1(Jaz|)| < O(1) and is described by the the
Akhmediev breather, whose parameters are expressed in terms of the initial data
through elementary functions. Such a RW, appearing about the logarithmically
large time T} (|o;|) = O(o; *|loge|), is exponentially localized in an O(1) time
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interval over the background ug, changing it by the multiplicative phase factor
e*91; in addition, the modulus of the first RW (10) has its maximum at t =
T1(Jau|), at the point X;7, and the value of this maximum has the upper bound

|A(z, t; 61, X1, T1(Jen |), 201)| = 14 2sin ¢y < 1+ V3 ~ 2,732,

2.732 times the background amplitude, consequence of the formula sin¢; =
V1—(n/L)?, m < L < 2n , and obtained when L is close to 2m. We notice that
the position 2 = X of the maximum of the RW coincides with the position of
the maximum of the growing sinusoidal wave of the linearized theory; this is due
to the absence of nonlinear interactions with other unstable modes. We finally
remark that, in the first appearance, the RW contains information, at the leading
order, only on half of the initial wave, the half associated with the a-wave.

It is easy to verify that the two representations (9) and (10) of the solution,
valid respectively in the time intervals 0 < ¢ < O(1) and |t — T (|aa])| < O(1),
have the same behavior

u(z,t) ~ e (1 +

|ov |

o1t+igy _ v+t
n 2¢1e cos[ky(x — X )]) (11)

in the intermediate region O(1) <« t < Ti(Jay|); therefore they match
successfully.

The periodicity properties of the #-function representation of the solution [28]
imply that, whithin O(2|loge|) corrections, the solution of this Cauchy problem
is also periodic in t, with period T,, up to the multiplicative phase factor exp
(20T, + 4i¢1) and up to the global x-translation of the quantity Ag:

u(w,t +Tp,) = 2 Tr 491y (x — A, t) + O(e?| log ),
where

— _ 2 o — -1
1, = Ta(a) + Ti(51)) = 2 tog (57 ) = 0(2or 1oge)
A, = X — X7 = 2eb),

1

(12)

The time periodicity allows one to infer that the above Cauchy problem leads to
an ezact recurrence of RWs (of the nonlinear stages of MI), alternating with an
exact recurrence of linear stages of MI [23]. We have, in particular, the following
RW sequence.

This Cauchy problem gives rise to an infinite sequence of RWs, and the m!
RW of the sequence (m > 1) is described, in the time interval |t — T (Jaq]) —
(m —1)T,| < O(1), by the analytic deterministic formula:

h

u(w,t) = A(x,t;qbl,xgm),tgm),p(m)) +0(e), m>1, (13)

where
2™ = X{ 4 (m—1)A®, ™ =Ty (|l |) + (m — 1)T;,

o™ = 201+ (m — 1)4d, 14
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in terms of the initial data [23] (see Figs. 1 and 2). Apart from the first RW
appearance, in which the RW contains information only on half of the initial
data (the one encoded in the parameter i), in all the subsequent appearances
the RW contains, at the leading order, informations on the full unstable part of
the initial datum, encoded in both parameters cy and (.

= NLSGraph!

Fig. 1. The 3D plotting of |u(x,t)| describing the RW sequence, obtained through the
numerical integration of NLS via the Split Step Fourier Method (SSFM) [8,54,55].
Here L = 6 (M = 1), with ¢1 = /2, c—1 = (0.3 — 0.4i)/2, ¢ = 107*, and the short
axis is the z-axis, with « € [-L/2, L/2]. The numerical output is in perfect agreement
with the theoretical predictions.

Four remarks are important at this point, in addition to the considerations on
the instabilities we made at the beginning of this section.

(a) If the initial condition (8) is replaced by a more general initial condition
(4), (6) in which we excite also all the stable modes, then (9) is replaced by a
formula containing also the infinitely many O(e) oscillations corresponding to
the stable modes. But the behavior of the solution in the overlapping region
1 < |t| < O(oy"|logel) is still given by (11) and matching at O(1) is not
affected. Therefore the sequence of RWs is still described by Egs. (13), (14),
and the differences between the two Cauchy problems are hidden in the O(g)
corrections. As far as the O(1) RW recurrence is concerned, only the part of the
ingtial perturbation e(x) exciting the unstable mode is relevant.

(b) The above results are valid up to O(¢?|loge|). It means that, in principle,
the above RW recurrence formulae may not give a correct description for large
times of O((g|loge|)™1); but since O((g|loge|) ™) is much larger than the recur-
rence time O(|logel), it follows that the above formulae should give an accurate
description of the RW recurrence for many consecutive appearances of the RWs.

(c) Since the solution of the Cauchy problem is ultimately described by different
elementary functions in different time intervals of the positive time axis, and
since these different representations obviously match in their overlapping time
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Colored Graph

Fig. 2. The color level plotting for the numerical experiment of Fig. 1, in which the
periodicity properties of the dynamics are evident.

regions, these finite gap results naturally motivate the introduction of a matched
asymptotic expansions (MAE) approach, presented in the paper [24]. MAEs
works well if M = 1, but can deal with a finite number M > 1 of unstable
modes only under very special initial data.

(d) We remark that recurrence phenomena were recently observed experimen-
tally in a super water wave tank. The particular semi-period phase shift was
interpreted as the effect of small dissipation, as confirmed by numerical experi-
ments (see [33]).

Since the above considerations establish the theoretical relevance of the
Akhmediev breather in the description of each RW appearance in the time
sequence, a natural and interesting open problem is the study of the numeri-
cal and physical instabilities of the Akhmediev breather.

In this paper we investigate experimentally the numerical instabilities, lim-
iting our considerations to the simplest case of one unstable mode M = 1. In
agreement with our recent theoretical findings, in the situation in which the
round-off errors are negligible with respect to the perturbations due to the dis-
crete scheme used in the numerical experiments: the Split-Step Fourier Method
(SSFM) [8,54,55], the numerical output is well-described by a suitable genus
2 finite-gap solution of NLS. This solution can be written in terms of different
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elementary functions in different time regions and, ultimately, it shows an exact
recurrence of rogue waves described by the Akhmediev breather whose param-
eters, different at each appearance, are given in terms of the initial data via
elementary functions. We discover a remarkable empirical formula connecting
the recurrence time with the number of time steps used in the SSFM and, via
our recent theoretical findings in [23], we establish that the SSFM opens up a
vertical unstable gap whose length can be computed with high accuracy, and
is proportional to the inverse of the square of the number of time steps used
in the SSFM. This neat picture essentially changes when the round-off error is
sufficiently large. Indeed experiments in standard double precision show serious
instabilities in both the periods and phases of the recurrence. In contrast with
it, as predicted by the theory, replacing the exact Akhmediev Cauchy datum by
its first harmonic approximation, we only slightly modify the numerical output.
Let us also remark that the first rogue wave appearance is completely stable in
all experiments, in perfect agreement with the Akhmediev formula and with the
theoretical predictions [23] in terms of the Cauchy data.

2 A Short Summary of Finite Gap Results

Here we summarize the classical and recent results on the NLS finite gap theory
used in this paper. The interested reader can find additional details in [23].

The zero-curvature representation of the NLS equation (1) is given by the
following pair of linear problems [60]:

T, (A x,t) =U\z,0)® (N 1), (15)
W, (N, z,t) = V(N 2, )P (N, 2, t), (16)
| —ix du(x,t)
U= [iu(a:,t) iA }’
[ =202 +iu(z, tu(z, t) 2idu(z,t) — ug(x,t)
Vidat) = [ 2i\u(x,t) + ug(w,t) 20A% — iu(@t)u(:ﬂ,t)] ’
where
T (A z,0)
T\, z,t) = [W;(A’m)} :

In the x-periodic problem with period L, we have the main spectrum and the
auxiliary spectrum. If ¥(\, z,t) is a fundamental matrix solution of (15), (16)
such that ¥(A,0,0) is the identity, then the monodromy matrix 7'()\) is defined
by: T(A\) = ¥(\, L,0). The eigenvalues and eigenvectors of T'(\) are defined on
a two-sheeted covering of the A-plane. This Riemann surface I is called the
spectral curve and does not depend on time. The eigenvectors of T()\) are the
Bloch eigenfunctions

@I(73 :Z:,t) = U(A(’Y)’x, t)q’(f}/7 :177 t)’
(v, + L,t) = P (v,2,),7 € T,
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A(7) denote the projection of the point v to the A-plane.

The spectrum is exactly the projection of the set {v € I',Im p(y) = 0} to the
A-plane. The end points of the spectrum are the branch points and the double
points (obtained merging pairs of branch points) of I', at which etlr(") = +1:

Y(y,z+ L,t) =+¥(y,2,t), vyeT.

A potential u(z,t) is called finite-gap if the spectral curve I" is algebraic;
i.e., if it can be written in the form

2g+2

v = [ (A= E).

j=1

It means that I" has only a finite number of branch points and non-removable
double points. These potentials can be written in terms of Riemann theta-
functions [28]. Any smooth, periodic in x solution admits an arbitrarily good
finite gap approximation, for any fixed time interval.

The auxiliary spectrum can be defined as the set of zeroes of the first compo-
nent of the Bloch eigenfunction: ¥ (v, x,t) = 0, therefore it is called divisor of
zeroes. The zeroes of ¥y (v, z,t) depend on z and ¢, and the z and ¢ dynamics
become linear after the Abel transform.

The spectral curve I corresponding to the background (2) is rational, and
a point v € I is a pair of complex numbers v = (A, ) satisfying the quadratic
equation p? = A\? 4 1.

The Bloch eigenfunctions can be easily calculated explicitly:

(. 1) = 1 Ein)e
vne) [A(v)iu(v)} ’

and are periodic (antiperiodic) iff % w is an even (an odd) integer. Let us intro-
duce the following enumeration of the periodic and antiperiodic spectral points:

== M =YL nel

The curve Iy has two branch points Eq = i, Ey = —i corresponding to n = 0. If
n > 0, we have only double points. The first M, such that |u,| <1, 1 <n < M,
are unstable, where M is defined by (7); correspondingly A\ are pure imaginary
and one can introduce the following convenient parametrization

Hn = COS P, Afzii\/lfﬂiziSin(bnv 1<n< M,
implying that
kn, = 2cos ¢p, op =2sin2¢,, 1<n< M.

The remaining modes are such that |p,| > 1, n > M and are stable, and the
corresponding A/ s are real. In addition, the divisor of the unperturbed problem
is located at the double points.
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An initial O(e) perturbation of the type (4) perturbs this picture. The branch
points AT become Ey = i + O(?) and Ey = —i + O(?), and all double points
generically split into a pair of square root branch points, generating infinitely
many gaps. If 1 <n < M, A} splits into the pair of branch points (Fa2,_1, Eap),
and A, into the pair of branch points (Egn,l, Egn); if n > M, each )\, splits into
a pair of complex conjugate eigenvalues. In the simplest case in which M =1
and one excites only the unstable mode as in (8), E;, E5 are the branch points
obtained through the splitting of the excited mode \; = isin ¢1, and [23]

vai B

A

FEy—FEy = + 0(e?), (17)

while the infinitely many gaps associated with the stable modes are O(g"),
n > 1; therefore they give a negligible contribution to the solution of the Cauchy
problem and can be erased from the picture.

The initial position of the divisor points 41, associated with the unstable
modes AT, are [23]

M) = A+ 4171 o+ Bu] + O(e2),

)\(’Y—l) =\ + i [622¢16¢1 4 6—21¢161] 4 0(62).
Switching on time, the divisor points A(7y+1) start moving in time and, after the
period T}, defined in (12), they replace each other.

We end this section remarking that, from formulas (12) and (17) discovered in
[23], one can write the following relations, at leading order, between the unstable
gap details and the RW recurrence period T, and x-shift A, discussed in the
previous section:

_ 2 o?
= 5, log (2(Im>\1)\1E1—E2\> ;

TP
_ ang(—(E1-Ep)?)
A, = e E))

(18)

3 The Numerical Instability of the Akhmediev Breather

Due to the above instabilities, every time we have theoretical formulas describing
time evolutions over the unstable background, it is important to test their stabil-
ity under perturbations. Indeed: (a) in any numerical experiment one uses numer-
ical schemes approximating NLS; in addition, round off errors are not avoidable.
All these facts are expected to cause the opening of basically all gaps and, due
to the instability, no matter how small are the gaps associated with the unstable
modes, they will cause O(1) effects during the evolution (see also [1,2,16]). (b)
In physical phenomena involving weakly nonlinear quasi monochromatic waves,
NLS is a first approximation of the reality, and higher order corrections have the
effect of opening again all gaps, with O(1) effects during the evolution caused
by the unstable ones. At last, in a real experiment, a monochromatic initial
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perturbation like (8) should be replaced by a quasi-monochromatic approxima-
tion of it, often with random coefficients, opening again all the gaps associated
with the unstable modes, with O(1) effects during the evolution. The generic-
ity of the Cauchy problems investigated in [23,24] and the associated numerical
experiments seem to imply that the RW recurrences, analytically described in
the previous section by a sequence of Akhmediev breathers, are expected to be
stable under the above perturbations.

An interesting problem is to understand if, choosing instead at ¢ = 0 the
highly non generic Akhmediev breather (3) (we assume that 7' > 0 in (3)) as
initial datum, numerical or physical perturbations yield O(1) changes in the
evolution with respect to the theoretical expectation (3). In this paper we con-
centrate on the instabilities generated by numerics, in the simplest case of a single
unstable mode, postponing to a subsequent paper the study of instabilities due
to the physical perturbations of the NLS equation.

The Akhmediev initial condition corresponds to a very special perturbation
generating zero splitting for all the unstable and stable resonant points, and, in
agreement with (18), it corresponds to T}, = co. Indeed, the Akhmediev breather
(3) describes the appearance of a RW only in the time interval [t — T'| < O(1).
In addition, for the Akhmediev solution, a3 = O(¢), and |51] < € (but 8; #
0). In this non generic case, formula (17) is not valid, since we have an exact
compensation between the leading term and the correction.

According to the above considerations, numerics introduces small perturba-
tions to this non generic picture, opening small gaps for all stable and unstable
modes. Again we erase from the picture the infinitely many stable gaps, and we
are left with the gaps associated with the unstable mode )\f and with its com-
plex conjugate. Therefore the numerical perturbation of the Akhmediev breather
generates the finite gap configuration described in [23] and summarized in the
previous section, and one expects that the genus 2 solution constructed there
and describing the exact recurrence (13), (14) of RWs be the analytical model
for the numerical instability of the Akhmediev breather. In some symmetrical
cases these genus 2 solutions can be written in terms of elliptic functions [48].

Let us point out that, if we talk about numerical perturbations, we should
distinguish two different sources: the difference between the continuous NLS
model and the discretization used in the numerical scheme, and the round-off
errors due to the finite number of digits used in the computations.

To study numerical instabilities, we used as numerical integrator the Split-
Step Fourier Method (SSFM), also known as the split-step spectral method
[8,54,55] L. It uses the following algorithm. First of all, the z-boundary conditions
are chosen to be periodic with period L. Then one introduces a regular Cartesian
lattice in the z,t-plane with the steps dx = L/N, and ét. Then, at each basic
time step dt, the NLS evolution is split into linear and non-linear parts, which are
executed subsequently (each basic step is split into two steps in the asymmetric
version, or three steps in the symmetric version).

! The authors are very grateful to M. Sommacal for introducing us to this method
and providing us with his personalized MatLab code.
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Let us describe the basic step of the asymmetric version of the algorithm.
Assume that the function w(z,,, t,,), Tm = —%—Fﬁ,—’:, m=20,...,N,—11is known.
Then, we calculate w(xy,, tnt1), the1 = tn + 0t using the following sequence of
operations:

1. We calculate an auxiliary function us (z,,, t,) by applying the non-linear step
(here the dispersive term is omitted):

U1 (T tn) = (T, t) exp(2iu(om, t,)]?0t). (19)

2. We make the linear step in the momenta space (here the non-linear term is
omitted).
a. We apply the discrete Fourier transform to the function uy (2, t,)

Ny—1
L 1 =2mipp(m—Ney
a1 (m, ty) = — U(Xyp, by )€ Ve , m=0,...,N, — 1.

VN

m=0
(20)
b. We define the discrete momentum p,;, by

27~ : o Ny
"G N it s

c. We make the linear step and define a second auxiliary function s (i, t,,)
ta (1, t,) = Gy (1, ty,) exp(—ip2,6t). (22)

3. We define the solution u(x,,t, + 1) at the next time step as the inverse
Fourier transform of the function s (1, t,,):

Na—1 2mi o Ny
> dp(i, tn)e M) m =0, N, — 1. (23)

m=0

1
W T, tpyr) = N,

To perform the direct and the inverse Fourier transforms we use the Fast
Fourier Transform algorithm implementation from the “Fastest Fourier Trans-
form in the West” FFTW library [22].

Our goal was to see how well the Akhmediev solution can be reproduced in
numerical experiments. We used the following settings:

1. We chose the simplest possible settings of the problem, with exactly one
unstable mode (7 < L < 2m). We fixed L = 6.

2. We used N, = 512. We made some attempts to modify N,, and it appears
that this change does not essentially affect the picture.

3. We chose the initial perturbation of order 10~*. The first appearance time T,
in our experiments was ~4—6.

4. We chose the global time interval T;,,, = 60, which is one order of magnitude
greater then the first appearance time.
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5. We used as time step in the integration procedure 0t = ﬁ, where N was

varied from 50 to 15810.

To compare the effect of the round-off error with the effect of the numerical
scheme discretization, we repeated some experiments twice, using C++ double
and C++ quadruple precision. The typical round-off is 10717 for double precision
and 1073* for quadruple precision; therefore, in the last case, it can be neglected.

Since the theory predicts that, to the leading order, the time evolution is
determined by the excited unstable mode, i.e. by the first harmonics of the
perturbation, we verified this prediction numerically.

4 Numerical Experiments

4.1 Effect of the Time Step

In the first series of numerical experiments, we studied how the quality of the
approximation of the Akhmediev solution depends on §t. In all these experiments
L =6, Tyar = 60, N, =512, 6t = 1/(10N). The Cauchy datum is the Akhme-
diev soliton (3) at ¢t = 0, with 7' = 5.8738. All experiments were proceeded with
quadruple precision.

Fig. 3. Five level plots corresponding to N = 158,500.1581, 5000, 15810 respectively.

In all these experiments, the numerical output shows the recurrence phe-
nomena predicted by the finite-gap formulas, and not described by the exact
Akhmediev solution. The position of the maxima at all appearances remains
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constant up to the grid step. According to the second formula in (18) it means
that the perturbation due to the SSFM discretization opens a vertical gap. The
size of the gap can be estimated using the first formula in (18):

0'2 o1Tp
Ei —Ey|=—t—e "2 . 24
|Ey — Es| ST (24)

In the numerical experiments we assume T, = T, — T, where 77 and T, are
respectively the times of the first and second appearances. In the experiments
the second and the third recurrence times do not sensibly change. The results of
the experiments are presented in the following table:

Experimental data ‘ Finite-gap interpretation
N |[T-7i|exp (‘M) N2 exp (—M) |E1 — Ea| | N2|Ey — Ea|
158 | 13.7 4.9-10-6 0.123 9.19-10-% |0.229

500 |16.3 4.8-1077 0.120 9.03-10=7 |0.226

1581 | 18.9 4.8-10-8 0.119 8.88-10~8 |0.222

5000 |21.4 5.1-1079 0.128 9.54-10~2 |0.239

15810 | 24.0 5.0-10710 0.126 9.38-10710 | 0.235

o1 (TQ*Tl)
2

We see that the combination N2 exp (— ) remains approximately

constant, implying the following empirical law relating the recurrence time with
the time step in the SSFM:

2 N?
Ty~ Ty~ —log | —— 25
2T Og(o.125) (25)

It is an open interesting problem in numerical analysis to explain this observation
analytically.

We see that the recurrence in numerical solutions is well described by the
finite-gap solutions. Thanks to Formula (24), one can estimate the size of the gap
opened by the numerical perturbation, and the fact that such size is proportional
to 1/N? (see Table):

0.125 02 1
By —Fy|l~v ———. 26
B Bl G, (26)

We conclude that the numerical output corresponding to the Akhmediev

initial conditions is well described by the analytic formulas (13), (14), where

T1(|OZ1|) = Tl, AI = 07 Tp = T2 - T1 given by (25)

For completeness, we also provide two 3D plots of the numerical solutions
corresponding to the extreme values of N: N = 158 and N = 15810.
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Fig. 4. N = 158. First appearance time = 5.8734, maximum of |u| at the first appear-
ance = 2.7039, position of the maximum = 0.527, recurrence times between consecutive
appearances: 13.73, 13.49, 13.97 respectively
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Fig.5. N = 15810. First appearance time = 5.8738, maximum of |u| at the first
appearance = 2.7039, position of the maximaum = 0.527, recurrence times between
consecutive appearances: 24.0, 23.4 respectively

4.2 Effect of Round-Off Errors

To study the effect of the round-off errors, we repeated the above experiments
with double precision.

We see that, for N = 500, the round-off errors do not change dramatically
the recurrence times, but the spatial positions of the maxima have a notable
change after few recurrences. In the right pictures we see that, for N = 5000,
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Fig. 6. The left pair of pictures shows the N = 500 calculations (left for quadruple
precision and right for double precision). The right pair of pictures shows the N = 5000
calculations (left for quadruple precision and right for double precision).

the round-off error dramatically changes the recurrence time. We conclude that,
in double precision experiments with sufficiently large N, the numerical pertur-
bation due to round-off becomes more relevant than the numerical perturbation
due to numerical scheme.

To illustrate it we also provide three numerical experiments made with double
precision and time steps of the same order of magnitude.

Fig. 7. Level plots for N = 5000, N = 7500 and N = 10000 respectively.

We see that the finite-gap approximation is still relevant, but the lengths and
the orientation of the gap become more or less random. In fact, increasing the
number of steps, we increase the influence of the round-off error.

4.3 Effect of the Cauchy Data

As it was shown in [23] theoretically, small stable harmonics of the Cauchy data
do not seriously affect the leading order approximation. In this Section we verify
that this situation is also relevant in numerical experiments. To do it, we check
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how stable is the numerical output when one replaces the exact Akhmediev initial
condition by its unstable part, containing only the zero and the first harmonics:

u(x,0) =1+ c1e™1® 4 ¢c_jem e

where the coefficients c¢1, ¢_1 are the first harmonics Fourier coefficients of the
Akhmediev initial data. In our experiments

c1=0.22341792182984515786378155403997297- 10_4+0. 11311151504280589935931368075404486- 10_41',
c_1=—1.760161767595421517918172784073977523-10" 14.10.2504192137797052240360210535522459765-10 ~ 44;

(we slightly corrected them to have §; = 0 up to the round-off error).

Fig. 8. The left pair of pictures shows the N = 500 experiments (the left one for the
Akhmediev Cauchy datum and right one for the Cauchy datum containing only the first
harmonics of the Akhmediev solution). The right pair of pictures shows the N = 5000
experiments (the left one for the Akhmediev Cauchy datum and the right one for the
Cauchy datum containing only the first harmonics of the Akhmediev solution). Both
numerical experiments were made with quadruple precision.

We see that, also for high-precision calculations, the difference between these
two numerical outputs is very small (much less relevant than the double precision
round-off error in the previous Section).

4.4 Effect of the x-Grid Size

To estimate the effect of the spatial discretization size on the numerical sim-
ulations, we made the following experiment: we took N = 5000 and chose
quadruple precision (from the previous experiments, it corresponds to a very
high accuracy), and we repeated the above experiments with N, reduced 4 times:
N, = 128. At the level of the 3D output as well as at the level of the recurrence
times and phase shift, the effect was negligible. We do not show the correspond-
ing pictures because the difference is not visible. Therefore we conclude that the
size of the space discretization does not play an important role in this study. The
theoretical explanation in clearly due to the fact that the Akhmediev solution is
very smooth for all ¢; therefore the higher harmonics are extremely small.
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5 Conclusions

In this paper we have studied the numerical instabilities of the Akhmediev exact
solution of the self-focusing Nonlinear Schrodinger equation, describing the sim-
plest one-mode, z-periodic perturbation of the unstable constant background
solution, limiting our considerations to the simplest case of one unstable mode. In
agreement with the theoretical predictions associated with the theory developed
in [23], in the situation in which the round-off errors are negligible with respect
to the perturbations due to the discrete numerical scheme, the numerical output
shows that the Akhmediev breather is unstable, and that this instability is well-
described by genus 2 finite-gap solutions. These solutions are well-approximated
by different elementary functions in different time regions, describing a time
sequence of Akhmediev one-breathers.

We discover the remarkable formulas (25), (26) connecting the recurrence
time and the gap opening to the number of time steps of the SSFM used as
the numerical scheme. In particular, the length of the two gaps opened by the
SSFM is proportional to the inverse of the square of the number of time steps.
Since the RW sequence generated by the numerical scheme has no phase shifts,
it follows that that these gaps are open vertically Re 1 = Re E5 = 0.

This clean picture essentially changes when the round-off error is sufficiently
large. Indeed, the standard double precision experiments show serious instabil-
ities in both periods and phases of the recurrence. In particular, increasing the
number of time steps, we increase the instability. In contrast with it, replacing
the exact Akhmediev Cauchy datum by the first harmonic approximation, we
only slightly modify the numerical output, as predicted by the theory.

Let us also remark that the first appearance time, the position of the maxi-
mum and the value of it are completely stable in all experiments, and in perfect
agreement with the Akhmediev formula, as well as with the theoretical predic-
tions coming from [23] in terms of the Cauchy data.
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Abstract. We consider a classification of solutions to the first Painlevé
equation with respect to distribution of their poles at infinity. A connec-
tion is found between singularities of two-dimensional monodromy data
manifold and analytic properties of solutions parametrized by this man-
ifold. It is proved that solutions of Painlevé I equation have no poles at
infinity at a given critical sector of the complex plane iff the related mon-
odromy data belong to the singular submanifold. Such solutions coincide
with the class of “truncated” solutions (intégrales tronquée) by classifi-
cation of P. Boutroux. We derive further classification based on decom-
position of singularities of monodromy data manifold.

Keywords: Painlevé equations + Tronquée solution
Distribution of poles - Riemann-hilbert problem
Complex manifold singularities - Padé approximations
Complex wkb method

1 Introduction

We study a distribution of poles of solutions to Painlevé I (PI)
u” = 6u® — z, (1)

It is well-known that all solutions to Painlevé equations of types I, II and IV
are meromorphic in the complex plane [8]. Since the works of Paul Painlevé
who proved this fact for Painlevé I equation, the distribution of poles became
a matter of study in analytic theory of Painlevé transcendents. First studied
by Boutroux in his papers [2] their asymptotics at infinity was proved to have
regular lattice of poles, namely, any solution is approximated by a “deformed”

elliptic function, with a modulus depending on alrzglz. Indeed, the transformation

of PI by ¢ = 2254, u = \/zv yields

© Springer Nature Switzerland AG 2018

V. M. Buchstaber et al. (eds.), Recent Developments in Integrable Systems and Related
Topics of Mathematical Physics, Springer Proceedings in Mathematics & Statistics 273,
https://doi.org/10.1007/978-3-030-04807-5_3


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-04807-5_3&domain=pdf
https://doi.org/10.1007/978-3-030-04807-5_3

Movable Poles of Painlevé I Transcendents and Singularities 25

U<<76U2+1:ff*f. (2)

The right-hand side in (2) is small at infinity, which provides the deformation of
the elliptic function v satisfying vee — 6v? + 1 = 0. Another feature established
by Boutroux was a degeneration of the lattice of poles along the rays

271
I, = {z argz:?n, n=20,1,...,45.
10 -
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5
s .
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Fig. 1. Poles in the complex plane of generic (left) and 1-truncated (right) solutions
of PI equation. Dashed lines denote the critical rays I7,.

These rays are called critical; degenerate lattice of poles comes from the

solution
3

Y I

" VA o)
of the truncated Eq. (2) vee — 602 + 1 = 0. Here imaginary period of elliptic
function becomes infinite and poles go along the rays Iy, I» and I3 in variable
z. For non-degenerate elliptic solution, according to Boutroux [2], its poles are
lying along lines of poles which are smooth curves tending asymptotically to
the rays I, at infinity (see Fig.1). Later in [6], Chap.8 this was proved by
establishing the “deformed” elliptic function asymptotics at infinity.

Boutroux proved also that for each ray there is a one-parameter family of
particular solutions called truncated solutions (intégrales tronquées) whose lines
of poles truncate for large z. He proved that the intégrale tronquée has no poles
for large |z| within two consecutive sectors bounded by the rays I'y_1, Iy and
Ty

Nowadays, the structure of meromorphic solutions to Painlevé equations
became more clear. On one hand, the method of isomonodromic deformations
[6] gave an effective description of the poles distribution as z — co. On the other
hand, a numeric simulation gives a picture of poles in any compact domain of

v(¢) =
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the complex plane. One of such numeric methods is based on Padé approxima-
tions. It was developed in [16] and proved to be good enough even for asymp-
totic distribution of poles at infinity. The pictures in Figs.1 and 4 obtained by
this method reveal that some well-known PI transcendents are the truncated
solutions. We call a solution to be n-truncated if it has no poles along n criti-
cal rays I at infinity. For example, the Hastings-McLeod solution of Painlevé
IT equation shown in Fig.3 is 2-truncated zero-parameter solution. It vanishes
exponentially at positive half-axis and has square-root asymptotics at negative
half-axis. Similarly, the tritronquées solution shown in Fig. 4 (left) is 3-truncated
zero-parameter solution with square-root asymptotics in 4 of 5 sectors of the
complex plane.

These experiments give a guideline for analytic description of truncated solu-
tions. An analytic framework is provided by the method of isomonodromic
deformations. It parametrizes all solutions in terms of coordinates on certain
two-dimensional manifold. The coordinates are just integrals of motion which
determine the unique solution of the Painlevé equation ([6], Chap.5). The man-
ifold is an algebraic one, it is defined by three polynomial equations in C®. Thus
it has singularities where the global parametrization fails and some coordinates
go infinite or zero in a particular chart. The submanifold of singularities is also
an algebraic one, it has one- and zero-dimensional components. We prove [17]
that submanifold of singularities parametrizes the set of truncated solutions.

The proof is based on asymptotic distribution of poles given by the com-
plex WKB method applied for “undressing” of the Lax pair equations. The
WKB method provides the leading terms as |z| — oo for the poles in terms of
monodromy data. The explicit formulas resemble the well-known quasi-classic
quantization conditions of Bohr-Sommerfeld type for polynomial potential [15].
Thus the monodromy data are linked with asymptotic position of poles in the
complex plane, so that vanishing conditions for poles along a certain ray I3,
follow immediately. They form a singularity manifold which contains all trun-
cated solutions and vice versa, since all derivations are explicit, no other solution
belong to this submanifold.

Finally we discuss degenerations of the singularity manifold. One-dimensio-
nal components form 1-truncated solutions (with only one no-poles ray), while
zero-dimensional (single points) relate to 2- or 3-truncated solutions. The latter
was called by P. Boutrox as intégrales tritronquée. Unlike the case of Painlevé 11
equation, we prove that 2-truncated solutions are absent in PI equation. Also, we
discuss the global behavior of poles of such zero-parameter solutions and recent
proof the well-known Dubrovin’s conjecture for 3-truncated solutions.

2 Poles Parametrization in General Case
Isomonodromic Method
For generic solution of PI equation we use isomonodromic deformation method

described in [6, Chap.5]. Below we mention briefly only main formulas and
give asymptotic distributions of poles in the complex plane at infinity. Note that
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initially this approach was applied in [10, Chap. 10], where the poles asymptotics
has been found on the real line as |z| — oo in terms of the monodromy data. It
was developed in [11,15] where the poles distributions were found for PII and
PI equations in the sectors {2,, of the complex plane.

Equation (1) is solved by linear matrix equation on function ¥ = ¥ (\, z) ([6],
Chap. 5)

2 _ 2
u7,\< Uy,  22*+2u ) z+2u)w. 3)

2(A —u) —u,
Canonical solutions ¥y (A, z) of Eq. (3) are defined by asymptotics

1 )\1/4 /\1/4 1 H 0
Wi (A, 2) ~ \ﬁ <)\—1/4 _)\—1/4) |:1 - ﬁ < 0 _H>

1 2
N ) o

which are valid in the sectors

21 3 2 1
Zk{)\G(C‘5<k2)<arg)\<5<k+2>}, ke Z.

Here we put

4 1
0\ z) = 5/\5/2—2/\1/2, o3 = (é—ol)’ H= iuz—ng—i—zu,

and the cut for square root in the A-plane is at the negative half-axis.
The Stokes matrices Sy of Eq. (3) have the form
Yit1 (/\, z) = g/k(A, Z) Sk, AEXEN Ykt (4)

They are triangular

1 _ 10
S2k1:(082§ 1), Szk2(52k1>

and satisfy cyclic relations
Sk+5 =015k o1, ke Z; 5132535455 =101 (5)

Monodromy data s are independent of z iff u(z) satisfies equation PI (1). Due
to relations (5) the monodromy manifold has the form [12]

D1 ={(s1,52,83,54,55) € C|sky5 =Sk, skys =i(1+sktaskys), k=0,%+1,£2,.. }.

Another form of two-dimensional complex manifold &?; is given by the vector
potential function F

S1 4+ S3+ 518283 — 1
<@1:((:5/{]:7‘:0}, F=|sy+5s4+528354—1]|. (6)
S3 + S5 + 535455 — 1
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Solving these relations with respect to so and s3 one can parametrize manifold
1 in the local chart
1 — S3 1 — S9 .
=—— s =—"— 55=1(1+ s3s as 1+ s9s 0, (7
17 5955 4 1+ sps5 5 ( 253) 283 # (7)
So=83=1 S5=0, s1+84=1, as 1+ s983=0. (8)

S1

Generic Distribution of Poles

Applying complex WKB method [13] to linear equation (3) one finds asymptotic
solutions of PI at the sectors §2,, bounded by critical rays I3, and I},11

o o
Qn:{z‘;”n<argz<;”(n+1), n:1,2,...,5}.

The results below were found initially in the papers [11,12,14]. They provide
asymptotic distribution of poles for generic case, i.e. for the case of non-singular
point at the monodromy manifold 47, (6).

Consider for determinacy the case s5so # 0 and z € (25. Then the point
(s1,82,...,85) € 1 is non-singular due to (6) and (7). Following [12,14], the
asymptotics of PI solution has the form

4, _
w2 = Vo (36 ) 1+ 0GT), 2 moe @
where p is Weierstrass function with invariants

g2 =2€"%, g3 = A(p), (10)
and the phase shift is given by formula
1 . S5
X=— |wilnisg +wyln— ). (11)
271 Ep)
Here w; and wy are basic periods of Weierstrass function p

wa= [ G (12)

w(A)
L1, L2
They are determined on the Riemann surface
1 .
w? =\ — 56%0)\ + A(p) = (A = A1) (A = A2)(A = Ag),

and contours %, and % are chosen in the form %.Zl = (A1, A2), %Zg = (A3, \2)
on the upper sheet of the surface.
Function A = A(p) in Eq. (10) of the Riemann surface is found as solution
of integral equations
Re / w(A)dA = 0. (13)
L, L2
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Together with symmetries and boundary conditions

_2v2
3v3’

Equation (13) are known as Boutrouz problem. It has unique solution A = A(p)
([12], p.245) which determines Weierstrass elliptic function with invariants (10).

The asymptotics (9) yields the following distribution of poles in the sector
25

2

A(—g)= A(g), A (sﬁ - ) — AT, (14)

A(0) = -

4 .
ge“"|zm,n|5/4 +x=-win—wsm, nmeZzL,
or, with respect to (11)

In(i |
%Zm,n|zm,n|l/4 = —w; (11(182) +n) — wy <n(82/85) +m) + 0(1)’

27 27
n,m— +00, n,mEZLY, zy, € 25 (15)

Asymptotic formulas (15) clarify P. Boutroux’s property of the lines of poles
which tend to critical rays at infinity (see Introduction). Indeed, fixing one inte-
ger parameter, say m = const and n — +o0, we have the sequence of z, ,, lying
on a smooth line which go to infinity. The distance between this line and a crit-
ical ray is not necessarily tend to zero, in fact, most lines of poles come parallel
to critical rays at infinity. Thus the definition of the Boutroux property should
be as follows.

Definition 2.1. Let I be the rays close to I,:

o
FEZ{zargzzgln%-&, n=12...,5 5—>0}-

We say that a line of poles tends to the ray I3, in the sector (2, if it crosses rays
Iy for any € > 0.

3 Singularities of the Monodromy Manifold &7,

We define the singular points of the monodromy manifold as those having at least
one coordinate s; to be zero or infinity, i.e. &1 C & is singular submanifold if

P = {sé 321’{3]- =0}U{s; =00}, s= (81,...,Sj,...)}.
In terms of potential function F this submanifold reads
%:{seﬁllst:O, j:1,2,...,5}. (16)

In the local map (7) it is given explicitly
Py ={{sa=s3=i}U{s5 =0} U{s1 + 54 =1i}}. (17)
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Theorem 3.1. A solution of PI is truncated iff it is parametrized by the point
from singular submanifold (16).

Proof. Prove first the necessity. Without loss of generality, consider truncated
solutions which have no line of poles in {25 tending to [y. Else one can use
symmetries

u(z) — e~ Fu (e 5 z) (18)
to consider other critical rays.

Assume, on the contrary, that a truncated solution u(z) have the coordinates
se€ P buts € P so that s5 # 0 and s5 # 0. Then solution u(z) has asymp-
totics (9) in the sector {25 with distribution of poles given by (15). Consider this
distribution at the ray I77, i.e. in the limit argz =¢ — 0.

In this limit, due to (14) we have w? = A* — X — (2/3)%/? and complete
elliptic integrals for periods (12) are calculated explicitly

wy —ia, wg — —b—ic,

where a = 0.265984..., b = 0.756164..., ¢ = 0.336546.... Then asymptotic expan-
sion (15) yields

aln(isz) + (¢4 b)In(s2/s5)
+
27
n,m— +oo, mn,m€eZ", e—0.

%,27117,L|,z7,1,n|1/4 =i(ecm —an) + bm +

o(1),

Choose the integers m, n by condition
em —an = 0(1), n,m — +oo,

then the line of poles with points z,, , has the argument arg z,,, , = O(m™1) < ¢
for any € > 0 and m > £~ !. The contradiction proves the necessity statement of
the theorem.

The sufficiency statement follows from the results of papers [11,12]. With
our notations we formulate them as the following lemma.

Lemma 3.2. ([/12], Theorems 3, 4 and Corollary) If s5 =0, then the solution of
PI equation has the regular asymptotic expansion in the sector 24 U (25

u(z) = \/g (1 L+ Up)ss = Op)sz o +O(|Z|_2)> , z— 00, —2% <argr< 2,

V10mt (59)
1
where
3./3 0, p <0,
tzgi‘/;zs/“, 0(p) =14 3. 9=0, p=argz (20)
1, ¢ >0,

Lemma 3.2 covers a part of submanifold P, by choosing 1-truncated solutions
which have no poles along the critical ray Iy. Other parts of 2, can be considered
with the help of discrete symmetry (18). The correspondence between equations
s; = 0 and truncation along the critical rays is shown in diagram Fig. 2, right
(see Theorem 4.1 below).
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4 Truncated Solutions of PI Equation

Here we present examples of all types of truncated solutions related to singu-
larities of the monodromy manifold. They are based on results by Kapaev and
Kitaev in the papers [11,12].

LOg e =" $=
top! == -
1} 5= = S, 0
05H
/ S.=0 1=0
\ / e ’ 4]7
\ l L L L . Rez s =0
\ B 4 6 8 10 1 8, = 0
0.5 ! / ’><
. \‘ Il "bottom" =2 (A(
-10F \
1.0 ‘_I 1 =1

Fig. 2. Two 1-truncated solutions with s1+s4 = ¢ (left) and diagram for correspondence
between relations ss5_o; = 0 and critical rays where the solution truncates [12] (right)
The arrows mark adjacent sectors where regular asymptotics hold.

4.1 1-Truncated Solutions

Let s € &, and there is one coordinate s; # 0,1, ie. P is not degenerate at
the point s. In this case, the regular asymptotics of the 1-truncated solution is
described by the following theorem

Theorem 4.1. (/12], Theorem 3) Let s5_9 =0, | = 0,£1,4+2 and u(z) be
the solution of PI equation with such monodromy data. Then this solution is
1-truncated along the critical ray I'y—; and have regular asymptotics

u(z) = \/g (1+40(z7?), z—o00, z€_ U5 (21)

The diagram of all cases listed in Theorem 4.1 is shown in Fig. 2 right. For [ =
0 the asymptotics as —27/5 < arg z < 27/5 is given by Lemma 3.2. Two of these
1-truncated solutions on positive half-axis are shown in Fig. 2. Following [3] they
are called “top” and“bottom” solutions with «(0) = 1, «/(0) = —1.818275...
and with «(0) = 1, v/(0) = —2.765598.. .. respectively. In Sect.5 we investigate
dynamics of poles of “intermediate” solutions while deforming one of them into
another by changing the derivative u/(0) between those values.
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4.2 2-Truncated Solutions

These solutions should have no poles along two critical rays. They correspond
to zero-parameter degenerations of submanifold ;. However, unlike Painlevé
IT equation (PII)

v = zu+ 2u? (22)

there are no such solutions in PI equation.

Recall briefly that 2-truncated solution of PII Eq. (22) is known as Hastings-
McLeod one [9]. It is a zero-parameter solution corresponding to singular points
of PII monodromy data manifold 92, [17]

S1 = :l:la S2 = Oa 83 = :FZ7

where &y = {(81782,83) eC | $1 — So + 83 + 518283 = 0}. On the real axis it
has regular asymptotics [6, 10] (see Fig. 3 left)

1 2
u(z) = ¥ﬁ2_1/4 exp (—323/2) +0(z73%), 2z — 400,

(23)

- 173 L
u(z)=+ 2<1IF923+12826+O(|2 )>, 2 — —00.

There are six critical rays I, for solutions of PII equation (22), and Hastings-
McLeod solution is free of poles along two rays (see Fig.3 right). Numeric
experiments show that all poles of this solution are located in the sectors
/3 < argz < 2w/3 and 47/3 < argz < 57/3 bounded by the critical rays
(see Fig.3). Thus the following proposition should be true

10}
u(z)

r0.5

\ -10}
. Rez

-5 5 -10 -5 0 5 10

Fig. 3. Hastings-McLeod 2-truncated solution (left) and its distribution of poles (right)
[16].
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Conjecture 4.2. The Hastings-McLeod solution (23) of equation PII has no
poles in the sectors |arg z| < 7/3 and 27/3 < argz < 47/3.

Recently, the “half” of the conjecture was proved in the paper [1] by Bertola.
Namely, he proved that Hastings-McLeod solution has no poles in the sector
|arg z| < m/3. The proof is based on special representation of the solution in
terms of a Fredholm determinant which came from isomonodromic nature of PII
equation. An accurate estimate of the kernel of the Fredholm operator shows that
it is positive in the given sector, thus the Fredholm determinant has no zeroes
(they coincide with poles of the PII solution). Unfortunately, this estimate does
not work for another sector 27 /3 < arg z < 47/3.

Finishing the digression on 2-truncated solutions note that conjectures on
their poles distributions are important because a number of applications. One of
them comes from the theory of random matrices and combinatorics of permu-
tations where the Hastings-McLeod solution enters into distribution functions
of central limit theorems for Gaussian unitary ensembles of n X n matrices as
n — oo [18].

Returning to PI equation note a possible reason of absence of 2-truncated
solutions. Since PI equation has 5-fold symmetry (18) instead of 6-fold symmetry
for PII equation, there are less possibilities for truncated solutions in more than
one sector. Indeed, the structure of monodromy manifold defined by equations
F = 0 (16) provides the following “no 2-truncated” theorem.

Theorem 4.3. There are only 1- and 3-truncated solutions of PI equation.

Proof. Suppose there is a solution u(z) which have regular asymptotics at infinity
along two critical rays. Then, by Theorem 4.1 it has two monodromy coordinates
vanish, say s; =0 and s;; =0.1If j =k — 1 or j = k+ 1 then from the diagram
Fig. 2 it is clear that u(z) has regular asymptotics (21) in four sectors (2,,. Thus
u(z) has no poles along three critical rays, i.e. it is 3-truncated solution. The
possibility j = kK —2 or j = k4 2 is impossible because equation F = 0 does not
hold for si_o = 0 and s = 0 or skxi12 = 0 and s = 0. The contradiction proves
the theorem.

3-Truncated Solutions

These solutions correspond to the “boundary edges” of the submanifold Py C
P, i.e. to the points s = 0, s + Sg4+3 =4, k= 1,2,...,5. In fact, this is only
one solution (with respect to discrete symmetries (18)), given by coordinates

So=83=84=1, 8§ =55=0.
The distribution of its poles is shown in Fig. 4 left. On the negative half-line

it is singular and has infinite number of poles. On the positive half-line and in
the sectors (24, {25, {21 and {2 it has regular asymptotics

W) o JEoL 49 [r 1235 AAUOL [z ooy
V6 4822 76825V 6 921627 1179648210V 6 ’ ’

(24)
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Fig. 4. 3-truncated (tritronquée) solution (left) and its approximation (right). The
initial data uo = u(0) and u; = v'(0) is shown in upper left corner.

which is similar to (19) with no exponential terms since sy = s4.

Note that asymptotic expansion (24) is valid at infinity and does not garantee
the absence of poles everywhere in these four sectors. The lines of poles near
critical rays I35 and Iy might cross them in a bounded domain and put some
poles into {25 or {24. This phenomenon can be seen for 1-truncated “heaven”
solution shown in Fig. 5, lower right. Nevertheless, numeric experiments done in
the papers [5,7,16] show that all poles are located in sector {25. The following
proposition is true

Proposition 4.4. 3-truncated solution of equation PI given by asymptotics (24)
has no poles in the sector |arg z| < 4w /5.

This proposition was known for a long time as Dubrovin’s conjecture. It
first appeared in [5] where the authors studied a wave collapse in nonlinear
Schrédinger equation. They derived a solution of PI as the leading term of
asymptotics at the moment of gradient catastrophe. This asymptotics should
be non-singular in half-plane 8z > 0 which required the PI solution to be free
of poles everywhere except the critical sector (25.

Recently the proof of Dubrovin’s conjecture was given in paper [4]. The idea is
to make an analytic continuation of solution represented by the series (24) into
a bounded domain near the origin. This continuation shows that 3-truncated
solution is analytic everywhere except the sector {25 and the circle |z| < 1.7.
Then a number of sophisticated estimates are applied to prove analyticity in this
circle. It can be seen that analyticity in the sector is true for all solutions close
to the 3-truncated because the first pole of this solution is zg o = —2.384168. . ..

The proof does not apply the integrability property of PI equation. How-
ever, Theorems 3.1 and 4.3 show that monodromy data manifold is essential for
distribution of poles of corresponding solution. The use of this correspondence
can clarify analytic properties of other special solutions, especially for higher
Painlevé equations.
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5 Formation of Truncated Solutions

While doing Padé approximation of truncated solutions one can see poles of
two types: the part that is almost still and lie in positions of that of truncated
solution and an external part which disappear with better approaching to the
truncated solution (Fig.4 right). This effect is inevitable in numerics since the
initial or monodromy data always come with some error. Suppose that one knows
the initial data «(0) and u’(0) of a truncated solution with a precision ¢ < 1

’LL(O) — Uapprox (0) =& u/(o) - u;pproa: (O) =¢&.

The poles of the external part move with a speed O(e~%/%) towards infinity in
a transverse directions to the line of poles. This can be seen from asymptotic
distribution of poles (9) and (11). Indeed, the approximate solution ugppros for
1-truncated solution with s; = 0 has monodromy data close to the truncated
one

soPP"" = 59+ O(g), sePP"% = O(e).

Thus the phase shift (11) goes to infinity
XPPro% = O(lne), € —0,

because the periods w; and wy do not depend on e. The asymptotics of poles (15)
yields |2,..] = O(x*®), so that the speed of external poles moving to infinity is

a‘zm.,n| —

9% O(e™4/%), e—o.

This gives a receipt to check the calculations of the poles positions. While
running the numeric procedure a number of times with various precision of initial
data one can distinguish the true poles among others that move fast from initial
positions. In fact, it is a practical application of the basic property of “movable
poles” which comes form the very definition of Painlevé equations.

The similar picture is seen while doing deformation of one truncated solution
into another. The example of two 1-truncated solutions mentioned in Sect. 4.1 is
an illustration of non-trivial structure of their poles distributions.

Consider two solutions of PI equations with regular asymptotics (21) at the
sectors 24 U §25 with the following initial data [3]

Utop(0) = 1, 1), (0) = —1.818275...
Ubottom (0) =1, tpypyom(0) = —2.765598 . ..,

Their monodromy data belong to the singular submanifold P, with s5 = 0.
On the positive half-line these solutions are shown in Fig.2 left. Let us use
the derivative u/(0) as the deformation parameter and view the poles of the
“intermediate” solutions. Some pictures of this deformation are shown in Fig. 5.

The “top” solution has no poles in two right sectors 24 and §25. Then some
lines of poles come from the right infinity and approach critical rays I} and
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U, = -1.818275505156366 u,=-1.82 u,=-2.0

-10 -5 0 5 10 -10 -5 0 5 10 -10 -5 0 5 10

u,=-2.76 ul:’2.7655981573583

-10f ° 4 -10p . 4 -1o0f

-10 -5 0 5 10 -10 -5 0 5 10 -10 -5 0 5 10

Fig. 5. Evolution of poles while tranforming “bottom” solution (upper left) into “top”
solution (lower right). Initial values are uo = u(0) = 1 and u; = »’(0) is changing as
shown in each figure.

I’y (three upper pictures in Fig.5). Further deformation leads to some moment
when the lines of poles start to move back. However, one of them closest to the
rays I and Iy “glues” to these rays and does not move any more (three lower
pictures). This line of poles passes through the sectors 24 and {25, although at
infinity it is out of these sectors.

The similar scenario occurs an infinite number of times while changing u,, —
—00, where u/(0) = u,, u(0) = 1 correspond to a family of 1-truncated solutions
on the positive half-line.
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Abstract. We show that the classical elliptic A2-Calogero-Moser Hamil-
tonian is generated by the elliptic quadratic Poisson bracket of the

q0,2(7)-type.
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1 Introduction

It was shown in [3] that there exist commutative subalgebras in the universal
enveloping algebras U(gl3) and U(gly) such that some their representations by
differential operators give rise to elliptic quantum Calogero-Moser Hamiltonians
[1,4] with three and four particles respectively.

A class of commutative subalgebras in U(gls) was constructed in [8]. These
subalgebras are quantizations of commutative Poisson subalgebras generated by
compatible constant and linear gl,,-Poisson brackets. The quantization recipe is
very simple: any product Hlf x; of commuting generators should be replaced by
% desk Hycr(i)7 where y; are non-commutative generators.

We discover that the commutative subalgebra in U(gls) found in [3] is a
quantization of the same type for a Poisson subalgebra related to compatible
quadratic elliptic [2] and linear gl;-Poisson brackets.

2 Polynomial Forms for Elliptic Quantum Calogero-Moser
Hamiltonians

In this Section, we recall the results of [3] for the sake of completeness. The
differential operator
N+1
Hy ==A+8(B-1) ) plz: - ), (1)
i#£]
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is called quantum elliptic Calogero-Moser Hamiltonian. Here, A =", 8‘9—;, 0 is

a parameter, and p(z) is the Weierstrass p-function with the invariants gs, gs.
In the coordinates

1 N+1
X=—" i i =2 — X
NI We
operator (1) takes the form
Hy = O v
N =— N11ox2 N \Y1,Y2;---YN),
where
52 N+1
= - ]- v Yy 2
KN N—|—IZ N+1zay16yj+ﬁ(ﬁ );@(y y;i)- (2)
In the last term we have to substitute yyy; = — Zfil Yi.-
In [3] the following transformation (y1,...,yn) — (u1,...,un) defined by
o) @) - NP y) NV () uy 1
py2) ¢'(2) - 9N (y2) N we) | [ w2 | 1 )
pun) ¢'(yn) - N2 (yw) 0NV (yn) /) \uw 1
was considered. Denote by Dy (y1,...,yn) the Jacobian of transformation (3).

Conjecture 1. The gauge transformation .7y — D;,g %”ND]% and subsequent
change of variables (3) bring (2) to a differential operator Py with polynomial
coeflicients.

In the case N = 2, transformation (3) coincides with the transformation

©'(y2) = 9'(y1) wy Py — o(ya)
o(y1)e' (y2) — p(y2)9 (1)’ 27 oy (v2) — p(y2)¢ (y1)

found in [7]. For rational and trigonometric degenerations see [5].
It is easy to verify that the operators e;; = F;_1 j_1, where

0 0
a E i — 7
dy;’ " By

0
Eoo = _Zyjai—kﬂn’ Eio = yiEoo
=" oy,

uy =

Ei; =y;

satisfy the commutator relations
eijerl — €kieij = 05 k€il — 04 1€kj, ,j=1,...,N+1, (6)

and, therefore, define a representation of the Lie algebra gly;1 and of the uni-
versal enveloping algebra U(gly41). The latter representation is not exact.



40 V. Sokolov

Conjecture 2. The differential operators Py can be written as a linear combi-
nations of anti-commutators of the operators F;;.

The conjectures 1 and 2 have been verified in [3] for N = 2,3. Moreover,
differential operators with polynomial coefficients that commute with Py were
found. These operators also can be written as non-commutative polynomials in
E;;. The representation of the above operators through F;; is not unique. It
turns out that for N = 2,3 there exist such a representation that the corre-
sponding non-commutative polynomials in e;; commute with Py as elements of
the universal enveloping algebra U (gln11).

Consider the case N = 2. It turns out that the element

H = Hy + Hygo + Hag? + Hsgs, (7)
where
Hy = 12e12e11 — 12e32e13 — 12e33€12 — 6337
Hy = —e1 + 2eg1€11 — e22€21 — e31€23 — 12€3, — e3zean,
Hy = —egl, Hs = 36es2e31 + 3€§1a

of the universal enveloping algebra U(gl;) defined by relations (6) commutes
with two third order elements of the form

K = Ky + K192 + Kags,
M = My + Mg + Mags + Msg3 + Magags + Msg3 + Mggs.

Here, go and g3 are invariants of the Weierstrass p-function from (1) and

2
Ko = —e23 + 2e21€13 — e23e22 — 36e32€12 + €33€23 — €21€13€11 — €22€21€13 + €23€71+
2 2
2e23e21€12 — €23€22€11 + 12e31€72 — €31€23€13 — 12e32€12€11 — €32€53—

2
12e35e13 + 2e33e21€13 — €33e23€11 + e33e23e22 + 12e33e3z2€12,
_ 2 2
Ky = 3ezie11 — 3es1e22 — 2e32e21 + €31€21€12 + €31€22€11 — €31€59 + €5,€13—
2e32€21€11 + €32€22€21 — 2€32€31€23 — €33€31€11 + €33€31€22 + €33€32€21,

_ 2 2 )
Ky = 3 (2es1€21 + e31€22€21 + €3, €23 — €32€5, — €33€31€21);

Mo = 2(12613611 — bGeage13 — beszers — 126136%1 — Geozeizern + 66%2613 + 18e23e12€11—
18ea3e22e12 + €35 — 216e32e2, + 18e3aeaze1s + 30eszerze1n — Beszeazers — 126%3613),
My = —3(2623621 — 36eg1e12 + 20e32e11 — 28ezze22 + 8eszezz — deazezie1l + 2eazezzez) —
12es1e12e11 — e31€35 + 8esze?; + 36eszezie1s + deszennerr — desaed, — 24eszesiers—
12e2,e23 + 2e33eazenn + 12e33es1e12 — 20es3eszerr + deszeszenr + 8633632)7
Mz = —18(4831811 — 2e31€22 — 2e33€31 — 623631 - 2631'3?1 — 6es1ez1e12 + 2e31e22e11 — 2631€§2+
6e3,e13 + Beszeanear + 24ed, + 2eszesiers + 2eazesiens — Beszeszenr — 2633631>,

Mz = *3(2631621 — 2es1e21e11 + e31€02€21 + €313 — 24e3ze31 + 633631621)7

M4 = 9(631651 — 126326%1), M5 = 1086%1, M@ = —26%1.
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One can verify that [K, M] = 0. Thus, we obtain a commutative subalgebra in
U(gls) generated by the elements H, K, M and by the three Casismir elements
of U(gls) of order 1, 2, and 3.

Different representations of U(gls) by differential, difference and g¢-difference
operators generate “integrable” operators. In particular, the representation by
differential operators (5) with two independent variables maps the element H to
a polynomial form P, for Aj-Calogero-Moser Hamiltonian, the element M to a
third order differential operator that commutes with P, and K to zero.

Notice that the representation of U(gls) by the matrix unities in Mats maps
H, K and M to zero.

The representation defined by

0
0zj
maps H to a homogeneous differential operator with 3 independent variables of
2
the form 5 =3, ; a;; %azj, where

€ij — Zi

_ 2., 2.2 _ 2
a1 = —2go2122 — 39323 + 9523, agy = 12g923,
2 2 2 2
asz = 2y, a1 = —1227 + ga25 — 369323,
azy = 2 ga2223, azy = 24 21 23.

and M to an operator .4 = Zi>j>k bijk %. It is interesting that in both
A and in .# the lower order terms are absent.

3 Classical Case

Consider the following limit procedure. Any element f € U(gl,) is a polynomial
of the non-commutative variables e;;, which obey the commutator relation (6).
Taking all terms of the highest degree in f and replacing e;; by commutative
variables x;; there, we obtain a polynomial sym(f).

It is known that for any elements f and g of U(gl,,)

sym([f, g]) = {sym(f), sym(g)},

where {, } is the linear Poisson bracket
{Zijszr} = 0jk Tit — 8i1 Ty, hLj=1...,n, (1)

which corresponds to the Lie algebra gl,. In particular, if [f,g] = 0, then
{sym(f), sym(g)} = 0.

So, now, we consider commutative polynomials in variables z;;. We will
regard them as the entries of a matrix X. Applying the limit procedure to the
generators of commutative subalgebra in U(gl3) described in Sect. 2, we get the
polynomials

c =trX, co = tr X2, cg = tr X3,
h = ho + h1ga + hags + hags, k = ko + kig2 + k2gs, (2)

m = mg + miga + mags + msgs + magags + msg3 + megs,
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where
ho = 121‘121‘11 — 12$321‘13 — 12l‘33l‘12 — 1‘%3,
hi = 2x21211 — Tooo1 — Ty1T23 — 1223y — 233701,
h2 = —.’[%1, hg = 36%32%31 + 31’%1,
ko = —x21213211 — T2aTo1T13 + T23x3; + 2203T21T12—
To3Too®11 + 12031275 — T31@23813 — 12030012211 — T32033—
12235213 + 2033221213 — L33T23T11 + T33T23T22 + 12033232712,
ki = 31291212 + T31T22T11 — T31235 + 33?:,11’13 — 2232721011+
T32T22T21 — 2X32T31T23 — T33T31T11 + T33T31T22 + T33T32T21,
ky=3 ($31$22$21 + $§1$23 - $32$%1 - 5153330315521);

mo = 2( — 1271327 — 6722713711 + 6239713 + 18723712711 — 1872320712+
233 — 21632270 + 18232723713 + 30T33T13711 — 6T33T22T13 — 1255%31313),

m1 = *3( — 423721711 + 2x23T22T21 — 12231712711 — $31=’E%3 + 81’32$%1+

3623221712 + 4T32T02011 — 4T32759 — 24T32231713 — 12235723+
2733723721 + 12233231712 — 20233732711 + 4233732722 + 8CC§3$32),
mo = —18( — X233, — 23175, — 6T31T21T12 + 2T31T2211 — 223175 + 673,713+
673222721 + 24739 + 2733T31711 + 2T33T31T22 — 6T33T32T21 — 22@%35031)7
mg = —3( — 2231221711 + T31T22%21 + X3, T23 — 24x3,31 + $33$31$21)»

my = 9(z31:c%1 — 12:5321’%1), ms = 108x3,, me = —2x3;.

These polynomials commute with each other with respect to the linear gls-

Poisson bracket (1).

It can be verified that the elements of the universal enveloping algebra can

be reconstructed from polynomials (2) by the quantization procedure described
in the introduction.

The following statement can be verified straightforwardly.

Proposition 1. Suppose a quadratic Poisson bracket {,} is compatible with
the bracket {f,g}1 given by (1), where n = 3, and polynomials (2) commute
with each other with respect to {, }. Then, {,} is given by

{f,9} = {f. }a + w{f. 9} + K*{ [, g}e, 3)
where # is an arbitrary parameter,
{f,9}a = =3(X){f, g},
{f,9}e = Xa(f)Xa(g) — Xa(9)X2(f),
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where the vector fields X; are defined as follows:

3
NN =Y 25 Xe()=hih,

=1 8$“’
and
{fig}e = Xs({f, 9h) —{X5(f). g} — {f, X3(9) 11,
where s
0
XS(f) = Z Gi,j %
i,j=1 v

Here,

G1,1 = (—2z11723 + T22%23 + 36x12T32 + T23233) + x31(T11 — 222 + X33) g2 + I x21231 g3,
G222 = -G, Gz 3 =0,

Gi,2 = (z11713+ 213722 —3 T12T23 —2213%33) + (3T 12231 +5T11%32 — 422232 — T32233) G2
—3(2211231 — T22031 — 3T21 732 — T31233) g3,

Gh,3 = 3z13%23 — (T11 — 22) (211 + T2 — 2233) g2 — 3x21 (@11 + Ta2 — 2T33) g3,
Go,1 = —3(z21723 + 12212231 + 42112732 — 820732 + 4T32733) — 6721731 g2,
Go3 = 3(4x11712 + 4T19T99 + T35 — 8T12733) + To1 (T11 + T2z — 2733) g2,
G31 = 2(w11T91 + T21T29 + 1873, — 2721 733) — 373, ga,

Gs2 = —(v11 — T22)(T11 + 22 — 2733) + 6231732 g2 — 973, g3.

It is easy to verify that bracket (3) has three functionally independent cubic
Casimir functions and has no Casimir functions of lower degree.
Two Poisson brackets {-,-}1 and {-, -} are said to be compatible if

{h={h+Ar{}
is a Poisson bracket for any A. Let
c(N) =Co+ACy +NCo -+

be a Casimir function for the bracket {-,-}x. Then the coefficients C; commute
with each other with respect to both brackets {-,-}1 and {-, }o.
Let a = (ay,...,a,) be an arbitrary constant vector. Then any linear Poisson
bracket
{yiv yj}:Czp,jyp, iajzla"'am (4)
produces a constant bracket compatible with the initial linear one by the shift
of arguments y; — y; + Aa;.
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Consider now a quadratic Poisson bracket

s uit =00 gy ij=1,...,m. (5)

The shift y; — y; + A\a; leads to a Poisson bracket of the form {-,-}, = {-,-} +
Ay 4+ A2{e, - Jo. If the coefficient of A? is equal to zero, then this formula
defines a linear Poisson bracket {-,-}; compatible with (5). Thus, in the case
of quadratic brackets, the vector a is not arbitrary but it should satisfy the
overdetermined system of algebraic equations

i apag =0, i,j=1,...,m. (6)
Such a vector and the corresponding shift of coordinates are called admissible.
The admissible vectors are nothing but 0-dimensional symplectic leaves for the
Poisson bracket (5). Any p-dimensional vector space of admissible vectors gen-
erates p pairwise compatible linear brackets. Each of them is compatible with
quadratic bracket (5).

One can easily verify that the shift
Tij — @5 + 0i A (7)

is admissible for bracket (3). The corresponding linear bracket is just (1). Apart
from that, for generic k, bracket (3) possesses 8 one-dimensional spaces of admis-
sible vectors. The coordinates of these vectors are defined by an algebraic equa-
tion of degree eight. A.Odesskii communicates me that a quadratic Poisson
bracket having such properties should be isomorphic to the elliptic bracket of
the go »(7)-type [2].

The Casimir functions of the pencil {f, g} + A{f, g}1, where {, } is described
by Proposition 1 and {, }; is defined by (1), can be obtained by (7) from the
Casismir functions of the quadratic brackets. They have the following structure:

Cl(/\):Kl, Cg()\) = Ko + A\(Qo, Cg()\)ZK3+)\h+Q1/\2

Here K; are Casimir functions for {f, g}, Ki,Q2, Q1 are Casimir functions for
{f,9}1 and the Hamiltonian h is given by (2).

In order to obtain the classical elliptic Calogero-Moser Hamiltonians, one
should use the following classical limit of formulas (5):

LTi+1,5+1 = 4iPj, T1,i4+1 = Pi,
_ n—1 _ (8)
T = — ijl qip; + B, Tiy1,1 = ¢i T1,1,

where p; nad ¢; satisfy the standard constant Poisson bracket. One can verify
that these are Darboux coordinates on the minimal symplectic leaf of the gl,,-
Poisson bracket. This leaf is the orbit of the diagonal matrix diag(g,0,0,...,0),
i.e. the set of all rank one matrices U with trace U = (3.

After substitution (8) into (2), we get commuting polynomials in the canon-
ical variables p;,q;. The element h becomes the Calogero-Moser Hamiltonian
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written in unusual coordinates, the element k vanishes, m converts to the inte-
gral of third degree in momenta that commutes with the Hamiltonian, and the
Casimir functions ¢; become constants.

To bring the Hamiltonian and the cubic integral to the standard Calogero-
Moser form one has to apply a canonical transformation, where the transforma-
tion rule for the coordinates is defined by (3).

Remark. For the classical elliptic Calogero-Moser Hamiltonian with four parti-
cles (N = 3) a similar quadratic bracket of the ¢i6,3(7)-type exists. This bracket
is compatible with the linear gl,-Poisson bracket and generates the Calogero-
Moser Hamiltonian exactly in the same way as for N = 2.

4 Conclusion

We have shown that the classical elliptic Calogero-Moser Hamiltonian with three
particles is generated by the elliptic quadratic Poisson bracket of the gg 2(7)-
type in the frame of the bi-Hamiltonian approach. Namely, we obtain a pencil of
compatible brackets by the shift of argument (7), find commuting polynomials as
the coefficients of the Casimir functions for the pencil, restrict these polynomials
to the minimal symplectic leaf of the linear bracket and perform an appropriate
canonical transformation.

Possibly, the same procedure for the bracket of the g2 ,_1(7)-type gives rise
to the Calogero-Moser Hamiltonian with n particles. Recently it was verified for
n =4.

A similar relation between an elliptic Poisson bracket and the elliptic Gaudin
model was discovered in [6]. It would be interesting to understand which inte-
grable Hamiltonian of the Calogero-Moser type corresponds to the elliptic
bracket of gg 5(7)-type.
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Abstract. The hyperelliptic curve cryptography is based on the arith-
metic in the Jacobian of a curve. In classical mechanics well-known cryp-
tographic algorithms and protocols can be very useful for construct auto-
Backlund transformations, discretization of continuous flows and study
of integrable systems with higher order integrals of motion. We consider
application of a standard arithmetic of divisors on genus two hyperel-
liptic curve for the construction of new auto-Backlund transformations
for the Hénon-Heiles system. Another type of auto-Béacklund transforma-
tions associated with equivalence relations between unreduced divisors
and the construction of the new integrable systems in the framework of
the Jacobi method are also discussed.

Keywords: Bécklund transformations * Integrable systems
Hyperelliptic curve cryptography

1 Introduction

The Jacobi method of separation of variables is a very important tool in analyt-
ical mechanics. According to [18], the stationary Hamilton-Jacobi equation

H=F
is said to be separable in a set of canonical coordinates u = (uq,...,um) and
Pu = (pul?' .. 7pum)
{uzapuJ}:61j7 {uzau]}:{pu”puj}:o, Zaj:157ma

if there is an additively separated complete integral

m

WUty ey U Oy ey Q) = g Wiug;on,y .oy am) Q1y. ..,y €ER,
i=1
depending non-trivially on a set of separation constants aq, ..., a.,, and W; are

found in quadratures as solutions of ordinary differential equations.
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In the framework of the Jacobi method, after finding new variables of sepa-
ration u, p,, on the phase space M, we have to look for new problems to which
they can be successfully applied, see lecture 26 in [18]. Indeed, substituting the
canonical coordinates into the separated relations

0P,
D (uiypu,, Hiy oo .y Hy,) =0, i=1,...,m, with det “1£0 (1)
' 0H;
and solving the resulting equations for Hi, ..., H,,, we obtain a new integrable
system with independent integrals of motion Hj, ..., H,, in involution.

In [26,31-33] we proposed to add one more step to this well-known construc-
tion of integrable systems proposed by Jacobi. Namely, we can:

1. take the Hamilton-Jacobi equation H = FE separable in variables u, p,;

2. make auto-Bécklund transformation (BT) of the variables (u,p,) — (@, pu),
which conserves not only the Hamiltonian character of the equations of
motion, but also the form of Hamilton-Jacobi equation;

3. substitute the new canonical variables u, p,, into suitable separated relations
and obtain new integrable systems.

By definition auto-BT is a canonical transformation preserving the form of the
Hamilton and the Hamilton-Jacobi equations, i.e. it is a symmetry of integrals
of motion.

For many integrable by quadratures dynamical systems in holonomic and
nonholonomic mechanics, the generic level set of integrals of motion can be
related to the Jacobian of some hyperelliptic curve [6,16,35]. This allows us to
study symmetries of integrals of motion using group operations in this Jacobian

D ~ DI7 D_|_D/ — D// and [e]D — D//, (2)

where 2, 4+ and [¢] denote equivalence, addition and scalar multiplication by an
integer of divisors D and D’, respectively.

In [4], Cantor proposed an algorithm for performing computations in Jaco-
bian groups of hyperelliptic curves which consists of two stages: the composition
stage, which generally outputs an unreduced divisor, and the reduction stage
which transforms the unreduced divisor into the unique reduced divisor. Now,
we have plenty of algorithms and their professional computer implementations
for the divisor arithmetics on low, mid and high-genus hyperelliptic curves, for
generic divisor doubling, tripling, halving, for degenerate divisors operations and
other special cases, in particular see [5,8,10,12,13,23,28].

In Hamiltonian mechanics, authors usually avoid to use the reduction stage
of Cantor’s algorithm and consider only full degree divisors D, D" and weight
one divisor D’ in (2). This partial group operation was specially developed for
the simplest one-parametric discretization of original continuous systems [7,15,
21,25].

Our main aim is to show explicitly an example of auto-BT's associated with
the generic divisor doubling at £ = 2 in (2) and discuss auto-BTs associated with
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equivalence relations. Such auto-BTs represent hidden symmetries of the level
manifold which yields new canonical variables on the original phase space and,
therefore, we can use these new variables to construct new integrable systems,
i.e. systems of hetero-Béacklund transformations.

2 Divisor Arithmetic on Hyperelliptic Curves

In this Section, we give some brief background on hyperelliptic curves and divisor
arithmetics [12].
A hyperelliptic curve C' of genus g is given by an equation

C: yng(l‘), f(a?)=agg+1$29+1+--~+a1x+a0,

where f(z) is a monic polynomial of degree 2g+1 with distinct roots. Let P(z,y)
be a point on the curve C' and P, is the unique point at infinity on the projective
closure of C. The point —P = (z,—y) is called the opposite of P and P is a
ramification point if P = —P holds.

Divisor is a formal sum of points P; = (x;,y;)

D:ZmZP“ m; € 7,
peC

where only a finite number of the m; are non-zero. Support of D is the set
supp(D) = {Py|mq, Py|ma ..., Py|my} of all the points in a formal sum according
to multiplicity, whereas the sum of multiplicities of points deg(D) = > m; is
called the degree of a divisor.

The set of all divisors D forms an additive abelian group under the formal
addition rule

P;eC PeC PeC

Two divisors are equivalent if their difference is equal to the divisor of zeroes
and poles of a rational function. i.e. a principal divisor:

if D-D €P, then D~D.

Here P is the subgroup of D consisting of principal divisors. It is also a subgroup
of DY, which is the subgroup of D consisting of the degree zero divisors only. The
quotient group Jac(C') = D°/P is called the Jacobian of the curve C.

In order to uniquely represent divisor classes in the Jacobian we can use
so-called reduced divisors. A semi-reduced divisor is a divisor of the form

D= me(Zmi)PmEmPoo, P, # P,
P, eC P eC

where m; > 0, P; # —P; for ¢ # j, no P; satisfying P, = —F; appears more than
once and FE is the so-called effective divisor. For each divisor D € Dy there is
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a semi-reduced divisor Dy, € Dy such that D =~ D,,, but semi-reduced divisors
are not unique in their equivalence class.

A semi-reduced divisor D is called reduced if > m; < g is no more than genus
of curve C. This is a consequence of Riemann-Roch theorem for hyperelliptic
curves that for each divisor D € Dy there is a unique reduced divisor p(D) such
that D = p(D). We drop the p from hereon and, unless stated otherwise, assume
divisor Eq. (2) involve only reduced divisors.

So, every element of Jac(C') can be represented by a unique reduced divisor as
above, i.e. every semi-reduced divisor can be further reduced to a reduced divisor.
This reduced representation of D is called the reduction of D and m = Y m;
called weight or reduced degree of D. We can employ the Mumford representation
for the reduced and semi-reduced divisors D = (U(x), V (z))

P;eC
so that
VZ2—f=0 modU.
Here, the monic polynomial U(x) may have multiple roots and V() is tangent
to the curve according to multiplicity roots.

Ezample 1. The unique divisor of zero weight O = (1,0) is a neutral element of
the additional law. The divisor of weight one with a single point P = (A, ) on a
curve is D = (x—\, u). The divisor of weight two is D = (22+Uyx+Uy, Viz+Vj),
where

Ux) =22+ Uiz + Uy = (v — x1)(x — 2) , if supp(D) = {P1, P2}

U(z) =2 + Uz + Uy = (z — 21)?, if supp(D) = {F[2}
for the divisors with two and one points on a curve, respectively.

The Jacobian of a hyperelliptic curve is a group of degree zero divisors mod-
ulo principal divisors, and the group operation is formal addition modulo the
equivalence relations. To compute the additive group law, Cantor gave a concrete
algorithm which is applicable to a hyperelliptic curve of any genus [4]. The com-
position part of this algorithm computes the semi-reduced divisor D=D+D
that is equivalent to D”. The reduction part computes the reduced divisor D”.

Ezample 2. Let us consider an addition of two full degree divisors D and D’
with Mumford coordinates
3 3

Ux) = H(x—xl) and U'(z) = H(x—x;)

i=1 i=1

on the hyperelliptic genus three curve with f(x) = azz” + - - + ao.
On the composition stage we compute the coefficients of the quintic poly-
nomial & () = EZ:O brz® that interpolates the six non-trivial points in the
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combined support of D and D’. Then, we compute abscissas Ty of the remaining
four points of intersection using Abel polynomial

3 3 4
@b(x):f(x)_f@%x):—l%n(x—xi)ﬂ:C—a? Hm—xl
i=1 i=1 i=1

and find the corresponding coordinates y; = &(z;) using #(z). As a result, we
obtain an unreduced divisor D = P1 + P2 + P3 + P4 — 4P
On the reduction stage we are looking for the cubic function U"(z) which

interpolates the points in support of D and intersects C' in three more places to
form D" = P/’ + PJ + P} — 3P. As a result, we obtain a reduced divisor D"

which is equivalent to D (Fig. 1).

~_ Y
iy NI\ \

\

Fig. 1. Standard picture from the paper on hyperelliptic curve cryptography [5]

Composition stage Reduction stage

Ezample 3. In classical mechanics, we usually add divisors D and D’ with Mum-
ford coordinates

3
U(m):H(x—:E) and Uz)=2—\
i=1
so that
3 3
9(@) = 1) - P2@) = o [ [ — 2w - ) e~ 7).
i=1 i=1

where & (z) is the cubic polynomial that interpolates four points in the combined
support of D and D’. On the composition stage, we form a divisor D with
the order three from the remaining points of intersection, whereas the result of
reduction is —D.
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Ezample 4. Let D = (U(z),V(x) be a reduced divisor different from O. The
operation
2lD=D+D=D"

is a doubling of divisor D, i.e. scalar multiplication on integer ¢ = 2. Its inverse
is called halving of D" and for a given D’ this equation has 229 solutions, any
two of which differ by a 2-torsion divisor [10]. For an efficient implementation
of generic divisor halving see [23] and references within. For instance, if g = 2
and D = (x — \, i) is a weight one divisor, then [2]D = ((x — \)?, ax + b) where
ax + b is the tangent line at P = (A, 1) with a = f/(\)2/p and b = p — al.

2.1 Some Explicit Formulae for Arithmetic on Genus 2
Hyperelliptic Curves

In cryptography, we have to distinguish between odd and even characteristic
fields [12], however in classical mechanics we can always apply the substitution
y — y — h(z)/2 and study the genus two hyperelliptic curve which is defined by
equation

C: y?=f(z), f(z) = asz® + agz? + azz® + agx® + arz + ag . (3)
Let us consider the addition of a full degree reduced divisor
D: supp(D) = (P, Py} U{Py},w(D) =2
with another reduced divisor D’ in the following cases

1. D+D =D", wD)=2,supp(D’) ={P],Pj} U{Px},
2. [2lD=D", D'=D, supp(D)={P,P}U{Px}, (4)
3. D+D =D" w(D)=1,supp(D’) ={P/}U{Px}.

The result is full degree reduced divisor D" with supp(D”) = {P{’, Py} U{P}
and w(D") = 2. Below we do not consider halving, tripling and other operations
because the resulting equations for the corresponding auto-Béacklund transfor-
mations are quite bulky and unreadable.

In fact, there are two main methods for deriving group law in the Jacobian
of hyperelliptic curve: the algebraic method based on Harley’s implementation
[10,13] of Cantor’s algorithm [4], and the geometric method using interpolation
of points [5], which is based on Clebsch’s geometric formulation of the Abel
theorem.

In the second case we add two divisors D and D’ by finding a function which
divisor contains the support of both D and D’, and then the sum is equivalent
to the negative of the compliment of that support. Following Abel’s main idea
from [1] such a function &?(z) can be obtained by interpolating the points in the
support of the two divisors. Compliment of the support D and D’ in the support
of div(Z?) consists of other points of intersection of y = & (x) with the curve C.
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Let us consider intersection of C' with the second plane curve defined by
equation
y—P(x)=0, P(x) = bga® + boa® + by + by . (5)

Substituting y = Z?(z) into the Eq. (3), we obtain the so-called Abel polyno-
mial [1]

U(x) = P(x)’ — f(),
which has no multiple roots in the first and third cases and has double roots in
the second case:

L ¥(z) = b3z — 21)(z — 22) (2 — 7)) (2 — 2h) (2 — 27) (v — 2%) ,
2. Y(a) =bt(x —21)*(x — 21)*(z — 2f)(z — 2f),
3. Yx) = —as(x —x1)(x —x2)(x — ) (z — ) (x —2f), b3=0.

The cases 1 and 2 are presented in Fig. 2.

~

Case 1: (P +Py) + (P{ +P;) =P +P) Case 2: [2](P, + Py) = P! + P}

Fig. 2. The cases 1 and 2

Equating coefficients of 1 in the first case gives

as — 2bsb
x'1’+$’2':7m17m27z’17x’2+%, (6)
3
2b1b3 + b2 — ay
2af = Tyt — (a1 + @l ) (o +2f) —wi(a + 2l + )
3

— a7 + 75) — w175
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In the second case we have to put #} 5 = x1 2 in these equations, whereas in the
third case we have

2
by—ay
as

1 [/ /
Ty +xy = —x1 — Ty — X7+

(7)
"ol — a3 —2b1ba

/ 1 1 / !/
(ay = B2 — (31 4 @2 + @) (2] +2%) — 2122 — 212 — T2,

Four coefficients b, by, by and by of polynomial &2(x) (5) are calculated by solving
four algebraic equations:

Lyio=2(x12), Yio = P(75);

. dy/
2.y12 = P(21,2), 4hiz) = dﬁ(’”

=55 @) (8)

T=T1,2

T=x1,2
3.y12 = P(x1,2), vy = 2(x1), b3 =10,

where Jf(z) is derivative of f(x) (3) by x. Substituting coefficients by into (6)—
(7) one gets abscissas w1 2, whereas the corresponding ordinates yy 5 are equal
to

Ysa = —P(a,), (9)
where polynomial Z(x) is given by

1. P(x)= (@—w’z)(w—w’l)(w—wz)yl) 4 (a—ap)(@=a) (z—o1)y

z1—ax))(z1—xh)(z1—x2 (z2—27)(z2—2)(z1—22)

+ (I*{L’é)(mfo)(zle)yi (w*l"l)(l‘ffljz)((lj—ml)yé
@z (@ —e2)(@p—a]) T (@h—a1)(@h—w2) (@ —w]) ’
2 2
2. D)= Ll tninln | eon)Orin e, (10)

(z—x )2(12—13 )Of(x1) (z—z1)%(z—= )Of (x2)
+ 22(1?1*1?2)123/1 =+ 21(961*902)22?& =,

3. P(a) = Llemmer)) | peor)@=a]) | Yl

T (mi—z2)(wi—w)) | (we2—=z1)(we—z)) | (z)—z1)(z)—z2) °

In (9) we also made a reduction, which coincides with inversion in our cases.
To perform such computations in generic cases we can take any profes-
sional implementation of Cantor’s algorithm or implementations of more effec-
tive improvements and extensions to Cantor’s algorithm for mid- or high-genus
curves with general divisor doubling, tripling etc. [4,5,8,10,12,13,23,28].

3 Group Law and New Integrable Systems on the Plane

In this section we consider auto-BTs associated with addition and multiplication
by an integer, which allows us to get new integrable deformations of two known
integrable systems on the plane.
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In Cantor’s algorithm we use of the polynomial representation of group ele-
ments D = (U(x),V(x) proposed by Mumford [24]. In fact, polynomials U(z)
and V (z) were introduced by Jacobi in order to describe generating functions of
algebraic integrals for Abel differential equations appearing in classical mechan-
ics [17], see also comments in [24]. These polynomials define 2 x 2 Lax matrix
for the corresponding integrable system

Viz U(x
L(z) = <V2(r)(1)‘(fﬂ) —V((a):)> ; (11)

U(x)

see [16,21,35] and references within. After a similarity transformation

L(z) — L(z) = ML@x)M™", M= (V(x)U—@:«)@(JS) U(()x)>

one gets another Lax matrix

o P@) U@
L= (Lol mn) "

Zeroes of two off-diagonal elements of this matrix are variables of separation
related by the desired auto-BT.
The philosophy advocated in [15,21,25,27] requires that:

e Lax matrix L(z) has the same form as the original Lax matrix L(z);
e gauge matrix M has to satisfy the r-matrix Poisson bracket with the same
r-matrix as the original Lax matrix L(x).

In the framework of the Abel theory, we prefer to abandon this philosophy,
because form of L(x) (12) is different from the form of the original Lax matrix
L(zx) (11).

In hyperelliptic cryptography for affine coordinates associated with Mumford
representation each group operation needs one reduction. Using various projec-
tive coordinates (weighted, Jacobian, modified Jacobian, mixed, etc.) we can
avoid reductions on the cost of more multiplications. Moreover, for fixed genus,
one can make the steps of the algorithm explicit and a more clever ordering
results in faster formulae for addition and doubling. Summing up, we have to
use different coordinates for different purpose.

In the similar manner we can use similarity transformation of Lax matri-
ces (11) for discretization of continuous Hamiltonian flows in terms of original
coordinates, but Jacobi construction of new integrable systems needs variables
of separation, which are abscissas and ordinates of points P; on curve C. In this
approach auto-BTs on genus two hyperelliptic curve are completely defined by
explicit formulae (6), (7) and (9).

3.1 Hénon-Heiles System

Let us take Hénon-Heiles system with Hamiltonians

2 2
P+ p P1{q1p2 — q2p1
H, = %—qug(q%—l—?qg), Hy = %—GQ%(Q%‘F&Z?) (13)
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separable in parabolic coordinates on the plane

m:qrwﬁﬂz%, U2ZQQ+m- (14)

Standard momenta associated with parabolic coordinates u1 2 are equal to

P2 pilee+VE+d) 2 pilee — V4 +43)

Puy = D) 2 , Puy, = 2 201

To describe evolution of u; 2 with respect to H; > we use the canonical Poisson
bracket
{ai,0;} =6i5, {a1,a2} ={p1.,p2} =0,

(15)
{ui7puj}:5ij7 {u17u2}:{pulapu2}:0~
and expressions for H o
o, 1P, U2 2,2
Hy = = — 22— —a(ur + u2)(ui +u3),
(16)
2 .2
Hy = 7u]u2gilulpu2) + aujug(u? + ujug + u3)
to obtain
du; 2Py, U1 dus 2Dy, U2
H ) = 2o H{} = —2= 17
dt {U17 1} Uy — ’LLQ dt {U% 1} U2 — U ( )
and
duy 2uiuzpy dus 2uyuapy
it — e Hy,) = —=22 18
dty {ur, Ha} vy — g dty = {uz, Ho} = U1 — Uy (18)

Using Hamilton-Jacobi equations H; 2 = o 2 we can prove that these variables
satisfy to the following separated relations

(uipui)2 = w;(auf + aju; + as), i=1,2. (19)
Expressions (17), (18 ) and (19) yield standard Abel quadratures

dU1 d'LLQ uldul ’LLQdUQ

-+ = 2dtq s + = 2dt1a (20)
V) /F(us) V) /F(us)
on hyperelliptic curve C' of genus two defined by equation
C: y*=f(2), f(x) = z(az* + a1z + ay). (21)

Suppose that transformation of variables

(q1, 92,1, P2) — (q1, G2, D1, P2) (22)
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preserves Hamilton equations (17) and (18) and the form of Hamiltonians (16).
It means that new parabolic coordinates 12 = g2 £ \/¢; + 5 satisfy to the
same equations

duy dug uydu uodis
=2d 2
i@ i i) | Vim)

Subtracting (23) from (20) one gets Abel differential equations

=2dt;.  (23)

wi (21, 41) + wi (w2, y2) + wi (27, y7) + wi23,95) =0,

wa (71, Y1) + wa(w2,y2) + wa(zs, yy) + wa(zy,y3) =0,

where

" ~ 2 ~ ~
T1,2 =U12, Y1,2 = U1,2Pu; 5> Tyo=UL2, Y2 = —UL2Du;,

and wj 2 form a base of holomorphic differentials on hyperelliptic curve C' of
genus g = 2
ey =2, ey = T
Y Y
These Abel equations are related to the Picard group which is isomorphic to
Jacobian of C' [20] and we can consider canonical transformation (22) of variables
in the phase space as some group operation in the Jacobian.

Let us suppose that generic points P = (x1,y1) and P» = (x2,y2) form
divisor D in (4), whereas points P’y = (Y 5,97 5) belong to support of resulting
divisor D”. Canonical transformations (22) associated with arithmetic opera-
tions (4) are completely defined by coefficients by, of polynomial & (10). In the
first case, these coeflicients by, are defined by

Aby = quzlzy(af—ab) (p1 (qf+4q§—2q2(w'1+w’2)+a:’lo:’2)+q1pz(w'1+:c/2+2qz))
— 2q¢7ah (a7 +2g225 — x5 )y1 +2a7 24 (5 +2q225 — 257 )y

Aby = (—a4) (arpr (a3 +463) (@) ) —202 (2 ol 2l +252) )

—p2 (quqz(x’l+af;)—q?(x§2+xixé+x§2)+$§2$§2))
+ 2(¢7 —24223) (ai +2q20% — 5 *)y) —2(¢7 —2¢227 ) (47 +2g22y —4 * )y
Aby = @) —ab) (arpr(d+4a3—a)* ot ah—a}?)— (2a3a2+ (@) +ab )zl o)) p2 )

+ 2(2q2+25) (47 +2q23h — 25 )y —2(2q2 427 ) (a5 +2q227 —24 *)yh

Abz = (2h—a1) (q1p1(2a2— ] —2}) — (a7 +2 2)p2) —2(aF +2a2 25— 5 )y} —2(a} +2¢22) —21 )y},

where ) )
A =2(x) — 29)(qf + 2q22) — 257)(q} + 2qoahy — 2% ).
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Substituting these coefficients into the following expressions one gets explicit
formulae for the new variables

’ ’
~ T +Ty b

(J2=—QQ—T—i+ﬁ,

2
Gt = —q7 + 242(2q2 + @ + 7h) + 2qo(2 + 7h) + wjxh — 3 — Zf» (25)
p1 = —2% —4q1qabs — 2q1be, P2 = —2(qF + 4¢3 )bs — 4qabs — 20, .

In Case 2 we have

Bby = —8aq{ (2p1q1q2 — 247 — 2p243) + @ip1(PTa1 + 2p1p2ge — 202°q1)
Bby = —8aq} (16} + 10p11G5 — 4p2ai g2 — 4p2a3) — 203012 + 3piaipe
— 4pipaqs + Apip3arae — 2035
Bby = —8aqy(12p165 + p2¢i — 2p2q163) + pT (P11 + 4p2a2)
Bby = 8aqi(p143 + 6p1¢5 — 2p2q142) — p2ps ,
B =4q(piq1 + 2p1p2g2 — P3q1)
so that
a2 =—2¢2+ !

2z
(8q1(plq%+6p1q§—2p2q1q2)a—p2p%)

X (64qf (12p1g5+p2q3 —2p2q143) (p145 +6p193 —2p2q192)a®+pip2 (P11 +4p2q2)

—8aq1(6p1q145 —2p3p2a5 a2 +36p5 p2g5 +3pTp3as —14pTp3qi a5 +4p1padi 4z —péq‘f’)> ,

2
212 __(8aaf(@praras—poaf—2ppa3)—py (PTa1+2p1P2a2—2p3 01 (26)
1 8aq1(p193+6p1a3 —2p2d192) —P2PT ’

@11 = —2bg — 2G5 (ba + 242bs), P2 = —2(qF + 433)bs — 4Gabs — 20 .

In Case 3 coefficients are equal to

by = (@1 (2p1g27) —pag)p1 °+2019 )@
2(¢7 +2q22) —2}?)

by = _2p1q1q2—2p2(4f—/fﬂ12/);442y{ by = p131+mml’1—2§/§ 27
2(2+2q27, —2,2) J 22 +2q7, —, %)
so that
~q~2:_q2_ﬁ+ﬁ:_2_ﬁ (p1q1+p2x'1—2y'12)2 ’
2 2a 2 8a(g? + 2qux) — 2)7)2
@i = —¢;+28(2q2+} )+ 2q2a + 2202 (28)

_ 2 o~ ( tpoz! —2y))(2 _ 24 poa! 2 —dgoy!)
= —(@]+232(2q2+2} ) +2gpa] — LT :,zlmgilz?z?'rpf/lqﬁ)zpwl 20
~ / !
 dib — Obr = o, 222 @) (241 — pra1 — pay)
b2 4202 1 b2 2 op 2 ’
q7 + 2q2x] —

2 ~2 / /

(g1 — @)(2y1 — p1qn — pa)

2
43 + 2qo2y — 74

@11 = —2by — 2¢3by = —qop2 —
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These explicit formulae for g; 2 and p; 2 can be easily obtained using any modern
computer algebra system.

We present these bulky expressions here only so that any reader can verify
that these transformations (q,p) — (¢,p) are different, i.e. cannot be obtained
from each other for special values of parameters, and that these transformations
have the following properties.

Theorem 1. Equations (25), (26) and (28) determine canonical transforma-
tions (22) on T*R? of valencies one and two for which original Poisson bracket
(15) has the following form in new variables

153' {(’L”p’]}: 6i,ja {alaaQ}Z{ﬁlaﬁQ}zov
2. {ai?ﬁj}:2§i,j7 {alaa2}:{§17§2}:07

respectively. These canonical transformations preserve the form of integrals of
motion (13), i.e. they are auto-Bdcklund transformations of the Hénon-Heiles
system.

The proof is a straightforward calculation. In the same manner, i.e. using a
computer implementation of Cantor’s algorithm, we can prove that auto-BT
associated with tripling D” = [3]D of divisor has valence three.
For canonical transformation (¢, p) — (g, D) of valence ¢ the Jacobi matrix of

transformation

04 04

9q p

V =
op 9p
dq Op

is a generalized symplectic matrix of valence ¢

— (0 Id
VIV =R, Q_(Ido ,

see details in [9].

Summing up, using Jacobian arithmetic for hyperelliptic curves, we can iden-
tify various cryptographic algorithms and protocols [12] with various schemes of
the discretization of continuous Hamiltonian flows in classical mechanics. The
fact most interesting to us is that the corresponding auto-BTs also yield new
canonical variables on the original phase space, which can be used for construc-
tion of new integrable systems in the framework of the Jacobi method.

For instance, let us suppose that divisor D’ in Case 3 consists of ramification
point Py = (0,0) on C. In this case variables 2, py, , are defined by Egs. (7)
and (9) for =} = uy and ;] = UgPu,:

2

~ b3~ ~ 2b1b
uy tuz = —up —ug + 2, wuz = —=2

— (u1 + u2) (w1 + u2) — urug,

~ bW 4biTUi+bo ~ _ boliatbitia+tbo
Puy = — 1 ) Pus = — Ua )
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where coefficients by, are given by (27). Substituting y = p1,2 and x = % 2 into
the separated relation

C: (yQ—ax?’—ﬁl—ﬁg)(yQ—ax?’—ﬁ1+ﬁ2)+abm+acy:0,

which defines genus three hyperelliptic curve C , and solving the resulting equa-
tions with respect to Hj 2, one gets Hamiltonian

2 2
77 p1 | P2 2 2 b Cp1
Hi ==+ == - 3 8 —_— = . 29
1 3 + 1 aq2(3¢7 +8q3) + Zq% q% (29)

Theorem 2. After additional canonical transformation
@ —q/V2, p1— V2(p1+ 2cq?)

we identify (29) with Hamiltonian for second integrable Hénon-Heiles system
with quartic additional integral Hy [14].

Other integrable deformations of the original Hamiltonians (13) may be found
in [31,32].
3.2 System with Quartic Potential

Let g1,2 are Cartesian coordinates on the plane, then elliptic coordinates u; o
with parameters &; o are defined through the equation

G @ (u—u)(u—u)
u=&  u—&  (u-&)(u—¢&)’
The elliptic coordinate system is orthogonal, and the coordinates take values C
only in the intervals

1+

& eR.

up < & <ug <&y

By a simultaneous shifting of the coordinates and the parameters it is always
possible to take £&; = 0 and & = k2 > 0.
Substituting

m:¢m—amrwq %:¢@—MMTWQ (30)

§2—& & -6

and momenta

o 2(pu1 (527u1)7pu2(527'”2))\/“2751\/617“1
1= (u1—u2)vE2—&1

- 2(10u1 (51—ul)—puz(51—u2))\/52—u2\/§2—u1
b2 = (u1—u2)VE2—£&1

in the Hamiltonian ) )
_bitp

H, >

+ V(qla QQ)
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with potential

V = 2a(¢f+a3—€1—€2) ((q?+q§>2fzsqufz&qéﬁfﬁ%)

— 2b((qf+q§)2—(2§1+52>qf—(§1+252)q§+§f+5152+f§)+2c(qf+q§—51—§2),

one gets
i 2(& — u1) (&1 — wr)py, + 2(E2 — u2)(ug — &1)p2, . Uuy) — Ul(uz)
! Uy — Up Uy —uy
where

U =2u*(au® +bu+c).

According to Bertrand-Darboux theorem second integral of motion is equal to

Hy — 2uz (&2 — ur) (& — wa)py, + 2ua (€ — uz)(uz — &1)pi, N u2U(u1) — urU (u2)

Uz — U1 uz — U1 ’

so that separated relations have the form
(& —wi) (&1 —wi)pl, = auyf + buf + cui + ayu; + az, i=1,2, (31)

where Hy 2 = —20a 2. The corresponding Abel quadratures on the genus 2 hyper-
elliptic curve C reads as

duy dus urduy U dUs
—+ = 4dt1 s + = 4dt2»
\/f(ul) \/f(uz) \/f(Ul) \/f(u2)
where f(z) is the following polynomial of six order
f(u) = (u—&)(u—&)(au* + bu® + cu? + aju + ay) . (32)

In order to get auto-Bécklund transformation

B: (ulapuuuQapug) - (ﬂlaﬁum:ﬁ??ﬁuz)

we can use Abel differential Eq. (24), where
rr2=u12, Yr2= (ur2—&)(u1,2—&2)Pus,

T34 =Ur2, Y3a=—(Ur2—&)(U1,2—&2)Duy., -

For the brevity we present expressions for new coordinates only at A = 0 and
£1=0,& = k"

(u1—uz)? (a(u%Jrug7m2u1752u2)+b(u1+u27112)+c) +A

Uy + Uy = (i—u2)B R

K> ((m —us) (a(uf+u1uz+u§)+b(u1 +uz)+c) +(k%—u1)pl, —(Hz—uz)Piz)
B b

Uiy =
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where
A =2/a(u;—uz) (u2(f€2—u1)pu1 —u1 (H2_u2)Pu2) - ((KQ—Ul):Dul —(H2—u2);ﬂu2)2
and
B =a(ui;—uz) (k% —2u; 72u2)+2\/5((n27u1)pu1 7([{2711,2)1)“2 ) —b(u1—us2).
The corresponding momenta are defined by polynomial
£ = ua) (5 — wpu, | 7w = w) (5 — wa)pu,
U — Us Uy — Up ’

P(z) = Valx —ur)(z—u)x+

Substituting these variables into the new separated equations

~ o H  H
@i:(ﬁfu)ﬁfau3—bu2—cu+71i =0, i=l2. (33

one gets a pair of new Hamiltonians
~ Hsy uy +u [~ Ug — U
H1:H1+72%, H:HQ%
2 U1U2 UrUg
which define new system of Hamilton-Jacobi equations. In original coordinates

after scaling transformation

P1— \/§p1 ) a

— =
q1 V2

first Hamiltonian is equal to

-~ 2 2 a 4 2 2 2 2 2 2,2
H, :@ﬂ(gne,(q%%qg),{ﬂ<%+MT%+6¢]§)H2,M>

4 52,2
+\/Eq1((nz—qﬁ)pﬁ%)w(%Jr%wq%—mz(qf%ﬁ)%w‘*) (34)

2
7c<%+2q§72n2> .

Theorem 3. For a # 0 integrable Hamiltonian (34) with velocity dependent
potential determines new integrable deformation of the known integrable Hamil-
tonian with quartic potential [14].

Second Hamiltonian ﬁg is the polynomial of fourth order in the momenta. For
brevity, we present this polynomial only for b =c¢ =10

~ 4 Vapiqi(2(¢3—r?)p-3 +p3q? 2
Py 1491 q3 P P1P29192TP247 aqy
Hy =3 — D) - 5 (q‘f+12qfqg+1243*6%2@?*245))??

03/243 .
—8q1 qz(q%+q§)ﬂ1p2+2qf(qurqg*HZ)p%) ——st (16N"+2(4f+2qg)(qfq§+2q§*6H4)

2.4
a”q
+2qf(qf+6q§)~2)p1 —q192 (qi‘+4q%q§+4q§+2nz(q%*%%))pz) +—52 (64n8732(3qf+8q§)1€6

+4(13qi‘+60q%q%+84q§)n474(3q%+wq%)<q§+2q§)2~2+(qf+2q§>4)<



Béacklund Transformations and New Integrable Systems on the Plane 63

4 Equivalence Relations and New Integrable Systems
on the Plane

Let us take an integrable system with Hamiltonians

2 2 2 2
+ 2b c(qy+4
Hy=BP g 2 4 d0B0) - g pceR,
(35)
H, — _ p1(P1g2—p2q1) _ 2aqe + b(g5+4g3)  4cqa(qi+2q3)
2 — P} e P ¢S .
1 1 i

According to [30] there is integrable deformation of this Hamilton function at
b=0

2 2 2 2

_ + a c(gy +4 e

H1=H+AH:M+—2+L6%>+d(Q?+q§)+7-
4 q7 q7 q5

The corresponding second integral of motion is the polynomial of fourth order
in momenta. Our initial aim was to find variables of separation for this system
in the framework of Abel theory. Instead of this, we find new integrable defor-
mation of the Hamiltonian (35) with second polynomial integrals of sixth order
in momenta. Below we describe construction of this new integrable system in
details.

4.1 Separation of Variables and Abel Differential Equation

In parabolic coordinates Hamiltonians Hi 2 (35) look like

H, — u1pi1 U2pi2 __a__ bluitwua) c(u%-i—uluz-i-ug)
1 up—uz | Uz—uU1 U U2 uFul ufud ’
(36)
2 2
_ uiu2py, U1U2py,, a(ui+usz) b(u%—i—ulug—i-u%) c(ul—&-ug)(u?—}—ug)
H2 T us—uq + U —uUz + U U + ufug + u:{'ug :
The corresponding Hamilton-Jacobi equations H; 3 = a2 are equivalent to
separation relations
2 2 4 3 2
&(ui, piy, Hy, Hy) = (uipui) — (Hyu; + Houi —au —bu; —¢) =0,
which determine the elliptic curve
C: v = f(z), f(z) = aqu* + awu® — au® —bu — ¢, (37)

i.e. variables
2
T1,2 = U1,2, Y1,2 = Uy 2Pu,y 5

may be identified with abscissas and ordinates of two points on C. In this case
the number degrees of freedom m = 2 does no equal to the genus g = 1 of
the underlying elliptic curve and, therefore, standard construction of BTs from
[7,21] cannot be applied because it works only when m = g.
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Equations of motion for ;5 are equal to

d.l‘l 8H1 2y1 dxz 8H1 2y2
ar Hy) = = ar2 _ Hy) = = ,
dt {us, i} Opu, z1(x1 — x2)’ dt {ue, M1} Opuy  T2(w2 — 1)

It allows us to obtain Abel quadratures

2 2
z1dry  x2dxo ridry  x5dro
+ +

=0, and
Y1 Y2 Y1 Y2

= 2dt,

which involve non-regular differentials [1]. Thus, following to Weierstrass idea
[36], we change time ¢ — s in (38) and introduce new equations

dul 2$1y1 dUQ 2$2y2
ds {u1, Hi}w e ds {ua, Hi }w p— (39)
in order to reduce Abel quadratures to the following form
d d d d
L R T R P (40)
1Yy  T2Y2 Y1 Y2

After the Weierstrass change of time second quadrature incorporates standard
holomorphic differential on the elliptic curve C' that allows us to relate this
equation with Picard group and Jacobian of C. Equations of motion (39) are
Hamiltonian equations with respect to the new Poisson bracket

{ui, pu, tw = uidij {ur, u2}w = {Puy, Pus Jw =0, (41)

which is compatible with the original canonical bracket {.,.} (15).
Suppose that transformation of variables

B: (u1,u2,PuysPuy) < (U1, U2, Puy s Duy) (42)
preserves form of Hamilton equations (39) and Hamilton-Jacobi equations, i.e.
Hy(u,pu) = ar = Hi (U, pu, ) , Hy(u,py.) = ag = Ha (U, pu, ),
where functions Hi 2 are given by (36). It means that variables x1 2,912 and
33/1,2 =2, 3/1,2 = _aizfﬁul,z .
satisfy to the Abel differential equation
dxy n dxo n day  dxl

/ /

U1 Y2 Y1 Yo

=0. (43)

In this case, points on the curve P o = (21,2y12) and Pj 5 = (2] 5,¥] ) form
weight two unreduced divisors D and D’ on C. An equivalence relations between
these divisors we identify with desired auto-BT. Indeed, the corresponding Abel
polynomial is equal to

Y(z) = f(z) = P(2)* = Alw —m1)(w — 22)(x — 2})(z —2h), A= — b3,
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where by is the coefficient of polynomial #(x) = box? 4+ byx + by. It allows us to
explicitly determine the desired mapping B (42) using polynomial

I - 26
Al —x1)(x — x2)

(x —a)(x — x5

(44)

where f(z) is given by (37), and polynomial of the second order has the form

@(x)x( Z—an | @-o)y, > . (45)

ri(r1 —x2)  xo(w2 — 1)

Theorem 4. If variables w12 are solutions of equation

2
H, — U1Pyy — U2Puy 22— bujug + C(Ul + U2) — c —0
UL — Usg u2u} U Us

and

= __~2
Puy, = Uy 2 z

’I:Hm up — Uz Uz — Uy

, %x):x((”@‘“ﬂ“wul +(w—u1)u2pw),

then mapping B (42) preserves the form of Hamilton equations (39), the form
of Hamiltonians Hy o (35) and (36) and the form of the Poisson bracket {.,.}w

(41), i.e.
{ti, Pu, tw = @655, {ur, w2} w = {Puys Pus yw = 0.

The proof is a straightforward calculation.

Of course, we can not use this mapping B (42) for discretization of Hamil-
tonian flows (39), but this auto-BT is the hidden symmetry which describes
fundamental properties of the given Hamiltonian system similar to the Noether
symmetries.

4.2 Construction of the New Integrable System on T*R

The following Poisson map

P (U17U2apu1apu2) - (ulau27u%pu17u§pu2)

reduces canonical Poisson bracket {.,.} to bracket {.,.}w, which allows us to
rewrite equations of motion (39) in Hamiltonian form.

Using the composition of Poisson mappings p and B (42) we determine vari-
ables Uy 2, which are solutions of equation

3 ! 2 b
(p(Hl) - (ulp“l “QP“Q) ) 2ot relntu), o oy
Uy — U2 uiuy Uiz
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where
5,2 5,2 2 2
o(H)) UiPuy 3P, a blui +u2)  c(ui + urug + u3)
1 p— _— —_— —
UL — Ug Uy — U ULUS udu3 udud

The corresponding momenta are equal to

—~ - 3 _ 3
ﬁu1,2 _ 7a1—é @T‘ ~ , J7 (({E u2)u1pu1 + (:C ul)u2pu2) . (47)
T=U1,2

Uy — Uz U2 — Uy

Straightforward calculation allows us to prove the following statement.

Theorem 5. Canonical Poisson bracket

{wis pu, } = 05, {ur,u2} = {puss Pu } =0
has the same form

{ts, pu; } = 6i5 {ur, uz} = {pu; Put =0
in variables Uy,2 and py, , (46) and (47).

Thus, we obtain new canonical variables on phase space T*R?, which can be
useful to construction of new integrable systems in the frameworks of the Jacobi
method.

For instance, let us substitute these variables into the separated relations
similar to (33)

2); = (a;*ﬁi,.+f‘2+i+i) =M, =12 (49)
and solve these relations with respect to H 1,2-
Theorem 6. Functions on phase space T*R?
Hi =M+ X2, Hy = (A — \2)?,
are in involution with respect to the following compatible Poisson brackets
{ti,pu, } = i, {u1, a2} = {Puy, Pun} = 0, (49)

and
(Ui, Du, Y = N 1045, {t1, 12} = {Pu, Pur} = 0. (50)

The proof is a straightforward calculation.
Moreover, using the corresponding bivectors P and P’ it is easy to prove that

vector field
A2+ A%)

X = Pd()\l + /\2) =P'd ( 9
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is bi-Hamiltonian vector field. This trivial in % 2 and ﬁULQ variables Hamiltonian

Hi =M+ Ao has more complicated form in original parabolic coordinates and
momenta:

ﬁ (bu1u2+c(3u1+u2))uﬁpil + (buluz+c(u1+3u2))u§pi2 (bu14-c)(au? +bui+c)
1= -

c(u1—uz) c(uz—uy) cuf

_(bu2+c)(au§+bu2+c) . 4ac+b? _ 5b(uitwuz) 4c(u?+u1u2+u§)
cuj cuiug uuZ uju3 .

Second integral is polynomial of sixth order in momenta

_ 44, 2 R R (ulf'u.Q)Z((3'u%+2u1u2+3u%)c2+2u1u2(2a’u.1u2+b(u1+u2))U7b2'u.%u%)
Hy = | cujuy(uipuy — uzpuy)” + 4
wdn2 4.2 2 2 2, 2.\2
% YiPug “U2Puy  a(ujtug)  bujtujugtui)  (uitug)(ujtuz)
c(ug —ug)? cuFuZ(ug —ug) cudud(ug —uz) ufud (ug—ug)

If we put a = b = 0 and then ¢ = 0, the second integral of motion Cﬁg = K?
becomes a complete square. So, we have the geodesic flow on the plane with
integrals of motion

uf(3uy + ug)pi1 N uj(ug + Sug)pi2
Uy — U2 U2 — U

T =

and 2, 2(, 2 2 4,2 4,2
uus(Ugpu, — u2pu2)(u1pu1 - u2p’ug)

(u1 — u2)?
In Cartesian coordinates these integrals of motion read as

(¢ + 643)qip? (¢t + 84395 + 12¢3)p3
2 2

K =

T =

+ (5¢7 + 12¢3)q1g2p1p2 +

and

aiap? | 4 (af +6¢3)pips
_|_
4 4

It is easy to prove that Hamiltonian 7" has no polynomial integrals of motion of
first or second order in momenta.

Such nonstandard Hamiltonians may appear in the study of a wide range of
fields such as nonholonomic dynamics, control theory, seismology, biology, in the
study of a self graviting stellar gas cloud, optoelectronics, fluid mechanics etc.

K = + @7 q2(q; + 363)p1p3 + 41 (65 + 243)a3p5 -

4.3 Other New Integrable Systems on the Plane

If we substitute parabolic coordinates u; 2 and conjugated momenta p,, , into a
family of separated relations

A: (u2pu)2 — (Hyu* + Hou® + au? +bu+c¢) =0,
B : (u2pu)2 — (au* + Hyu® + Hou? +bu+c) =0, (51)
C: (u2pu)2 — (au* + bu® + Hyu? + Hyu +¢) =0,
D: (u2pu)2 — (au* + bud + cu® + Hiu+ Hy) = 0
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and solve the resulting pairs of equations with respect to H; 2, we obtain dual
Stackel systems for which every trajectory of one system is a reparametrized tra-
jectory of the other system [29]. The corresponding integrable diagonal metrics

are geodesically equivalent metrics [22].

For each of these systems we can construct an analogue of the Bécklund
transformation and Poisson map p, associated with the Weierstrass change of
time, that allows us to get different canonical variables and different integrable
systems on T*R2. The first case in (51) was considered in the previous section,
whereas the third case leads to an integrable system with quadratic integrals of
motion. Thus, below we consider only the second and fourth separation relations
in (51).

Case B. In this case

f(z) = az* + Hy2® + Hyx? + br +c, Px)=z

( (@ —z2)yn (@~ 21)yo )

1’1(.’E1 —(EQ) {ITQ(LCQ —.’El)

and variables x3 4 = Uy 2 are the roots of polynomial

ul U 2 b
’lﬂ(.’L‘) —(q— (ulp 1 U2p 2) $2+ U1 U2 +20(1;1 + U2) T+ c )
(x —u1)(x — x2) (up — ug)? utus Up U

These coordinates commute with respect to the Poisson brackets
{wi, pu, w = uidij {ur, u2tw = {Pu, s Pus }w = 0.
Using an additional Poisson map

PB - (uhu?vpuupuz) - (ulau27u1pulyu2pu2)a

we can define canonical variables @1 » on T*R?, which are the roots of polynomial

_ (u%p’uq - u%pu2)2 2 + bu1u2 + C(ul + Ug) + C
“ (ug — ug)? ‘ udu2 T
1U3 1U2

and the conjugated momenta

2 2
D, ay 73 T —uz)u T —up)u
Pui o = 7“1,% /\L,a , P =z <( 2) 1Puy + ( 1) gqu> 7
=ui,2

Uy — U2 Uz — U
so that
{TUi, Pu, } = 6ij {1, U2} = {Pu,» Pun } = 0.
Substituting these canonical variables into the separated relations

b _ —
A20>H1ﬁ: Hy, i=1,2,
Uu;

[ ~32 ~
2N\ = (u,pul —au; — =3
i
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one gets Hamilton function

N u:f (bu1u2+c(3u1 +u2))pi1 ug <bu1u2+c(u1 +3u2)> pi2
H, =

—a (bu(ljuz + 3(U1 + UZ))

c(ur—us) c(uz—uy)

b2(u1+u2) b(u1+2us)(2ur+us) c(u1+u2)(uf+3u1u2+u§)
+ cu + 2.2 + 3.3
1U2 u1u2 uluz

and the second integral of motion, which is polynomial of sixth order in momenta

Er o u?ug(ufpul —ugp“z)2 o au?ug + bzufug + b(ur+uo)ugus + (u1+u2)2
2= c(ur—uz)? c 4c2 2c 4

2
4 1 1 1 1
Xt (olun =) + 0 (G = ) +e (= ) — ol + st

Vector field associated with Hamiltonian H 1 is a bi-Hamiltonian vector field with
respect to the compatible Poisson brackets (49) and (50).

If we put a = b = 0 and then ¢ = 0, we obtain a geodesic flow on the plane
with an integral of motion of third order in momenta

3/ 2 3 2
75 uy (3ui+uz)p us (u1+3uz)ps,
H1 = T = 1 prp— Y1 2 pyP— U2 R
(52)
3/2 3/2
O L T R T o,

(u1—u2)?
In original Cartesian coordinates these integrals of motion have the form

q2(5q7 +12q3)
s

= 3¢iq o 2 2
Hy =T ==22pi + (q7 + 643)q1p1p2 +

and
K = ¢§pi + 647 qapips + ¢ (6 + 12¢3)p1p3 + 2(qi + 443)qi a5 -

Construction and classification of all the integrable geodesic flows on Riemannian
manifolds is a classical problem in Riemannian geometry [3,19,22]. We propose
to use auto-BTs to solution of this problem.

Case D. In this case

f(z) = az* + bx® + cax® + Hix + Hy, P(x) —:1:( (x —z2)y1 n (x —21)y2 )

x1(xy — )  xo(x2 — 1)

and variables x3 4 = Uy 2 are the roots of polynomial

2 W2p?  —ulp?
S B— (a — (naPuy —uapuy)” ) z? + (a(m + up) + b — 22y Zp”) x

(z—u1)(z—22) (u1—u2)? u1—uz

Uy —u2

uiPh, —UPy
+ (a(u% +ugug +u3) + b(uy + ug) +c— plzpz) :
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These coordinates commute with respect to the Poisson brackets
{wi, pu, fw = ufl%‘ ) {ur, u2}w = {Puy> Pus Jw = 0

associated with the Weierstrass change of time.
Using an additional Poisson map

. —1 —1
PD : (ulau2apu1apu2) - (u17u27u1 DPuy, Uy qu)v

we can define canonical variables %1 2 on T*R3, which are the roots of polynomial

2 2 2
PD (M)z(a—w)x2+(a(u1+uz)+b—pu1puz> x

(z—u1)(z—z2) (u1—u2)?

U1 —uU

ul i —Us i
+ <(I(U% + ugug + u3) + b(ug + ug) + ¢ — pl”z) ’

and the conjugated momenta

Durn = —ﬂl’é @7‘ o P = ((l‘ — U2)Pu, n (x — Ul)puz) ,
T=U1,2

Uy — U2 U2 — U

so that
{ahﬁuj} :51_7a {ahﬂQ}:{ﬁuuﬁUQ}:O'

Substituting these variables into the separation relations
2 = (ﬁiﬁi — au® — b2 — c@) —H +\/Hy, i=1,2,
one gets Hamilton function

~ uy (2uy + ug)p? ug(ug + 2ug)p?
H, = 12w 2)Pu; + 2(mn 2)Pu, — a(uy + u2)(2u? 4 uug + 2u?)
U — U2 U2 — U1

— b(2u? + 3uyug + 2u3) — 2c(uy + us) (53)

and the second integral of motion, which is polynomial of fourth order in
momenta

f[ — u2u (Puy 7Pu2>3 ((3u1+U2)Pu1+(u1+3u2)Pu2) _ 4e(puy —puz)2
2 172 (u1—u2)? (u1—u2)?

2a(3(u} +u3) (02, +92,)—4(ud turua tud)pu; uy)  2b(pug —Puy) ((u143uz)puy —(Bur+us)puy)
(u1—ug2)? B (u1—ug)?

+a?(3u? + 2uruz + 3ud) + a(2b(ur + u2) + 4c) — b2) .

Vector field associated with Hamiltonian H 1 is a bi-Hamiltonian vector field with
respect to the compatible Poisson brackets (49) and (50).
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If we put a = b = 0 and then ¢ = 0, we obtain a geodesic flow with an integral
of motion, which is polynomial of fourth order in momenta

uy(2ug + ug)p%1 N us(uy + 2u2)p32
Uy — U2 U2 — U1
w3 (puy — pas)(Bu1 + uz)pu, + (ur +3u2)pu, )

(u1 — ug)?

H =T=

)

This integrable system is superintegrable system with one more integral of
motion, which is a polynomial of third order in momenta

wru2 (Puy — Puy) 2 (Udpu, — udpu,)

J =
(u1 — ug)?

b

so that
[T,K}=0, {T,J}=0, {JK}#0.

In original Cartesian coordinates these integrals of motion are

2 2 2\,.4 3
Pi . o q1p1p2 (i — @)PT | ©192p07P2
T = & HAR K=
and
J = (qip1 + 2qap2)p? .

Using additional canonical transformation we can reduce polynomial T to the
following form

T = mi(q1,92)p; +ma(qi, g2)p3

and obtain new example of superintegrable system with the position dependent
masses.

5 Conclusion

We prove that the auto-Béacklund transformation of Hamilton-Jacobi equation
which represents symmetry of the level manifolds can be also useful in classical
mechanics. In particular, we prove that geodesic flow associated with Hamilto-
nian

2
k
T= Z gl(‘j ™) (u)puf,puj ’

ij=1

. (kui+u2)ul” 0
g( ™ = e (kug+uq)uy’ (54)

where

0

U2 —Uuq
is integrable for £k = 3; m = 3,4 and for k¥ = 2; m = 1. The corresponding
integrals of motion

m/2 m/2 m 2 mo,2
uy Cuy ' (uf Py, — Us pug)

(u1 — uz2)?

K= (u%pul - u%puz) . , m=3,4
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and )
u;nugn(pul N puz)
(ur — ug)?

K = (uipu, — u3pu,) - ,  m=1

are polynomials of the third order in momenta with a common factor. It allows
us to suppose, that there are similar integrable systems for other values of k& and
m in (54), see discussion in [3,19,22]. Indeed, substituting

K = (ulpu, — u3pu,) - (f(u1,u2)pZ, + g(u1, us)pu, puy + h(u1, uz)p?,)

into the equation {T, K} = 0 and solving the resulting system of PDE’s with
respect to functions f, g and h we can prove the following proposition.

Theorem 7. Metric g*™ (5/) yields integrable geodesic flow on the plane at
m=1k=2 and

m:37 k:i1737%7 and m:4, k::l:17:l:37_§7_

b b

| =
| =
N =

In the similar manner we can study common properties of the obtained variables
of separation, compatible Poisson brackets and recursion operators. It can be
useful for investigation of other integrable systems with integrals of motion of
third, fourth and sixth order in momenta. In particular we hope to use obtained
experience for the study of Toda lattice associated with G5 root system.

Starting with other well-known separable Hamilton-Jacobi equations we can
also obtain new integrable systems with polynomial integrals of motion. For
instance, we can take Hénon-Heiles system on the sphere [2] or nonholonomic
Heisenberg type system with quadratic integrals of motion from [11] and obtain
new integrable systems with quartic integrals of motion. We plan to describe
some of these systems in the forthcoming publications.

The work was supported by the Russian Science Foundation (project 15-11-
30007).
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Abstract. We study different algebraic and geometric properties of
Heisenberg (H-) invariant Poisson polynomial algebras with 5 genera-
tors. These algebras are unimodular, and the elliptic Feigin-Odesskii-
Sklyanin Poisson algebras ¢nx(Y) constitute the main important
example. We discuss all the quadratic H-invariant Poisson tensors on
C®. For the Sklyanin algebras gs1(Y) and gs.2(Y), we explicitly write
the Poisson morphisms on the moduli space of the vector bundles on the
normal elliptic curve Y in P*, studied by Polishchuk and Odesskii-Feigin
as the quadro-cubic Cremona transformation on P*.

Keywords: Cremona transformations
Feigin-Odesskii-Sklyanin algebras - Sklyanin elliptic algebras

1 Introduction

The elliptic or Sklyanin algebras are one of the most studied and important
examples of the so-called algebras with quadratic relations. This class of algebras
possesses many wonderful and useful properties. It is well-known (see, for exam-
ple, [9] or [25]) that they can be defined as a quotient T(V)/(R) of the tensor
algebra T'(V') of an n-dimensional vector space V over a space R of quadratic
relations. (Practically, V' is identified with sections of a degree n vector bundle
over a fixed elliptic curve Y. This also explains the name “elliptic algebra”).
These are classes of Noetherian graded associative algebras which are Koszul,
Cohen-Macaulay and have the Hilbert function as a polynomial ring with n vari-
ables. The first n = 4 examples of such algebras were discovered by E. Sklyanin in
his studies of integrable discrete and continuous Landau-Lifshitz models by the
Quantum Inverse Scattering Method [34,35]. These algebras are intensively stud-
ied [10,36-38]. Elliptic algebras with 3 generators were discovered by M. Artin,

© Springer Nature Switzerland AG 2018

V. M. Buchstaber et al. (eds.), Recent Developments in Integrable Systems and Related
Topics of Mathematical Physics, Springer Proceedings in Mathematics & Statistics 273,
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W. Schelter and J. Tate. Later (due to P. Smith, T. Stafford, their students and
collaborators among which we should mention M. Van den Bergh), the cases of
n = 3,4 were studied in great details [1,40].

A systematic description of the Sklyanin elliptic algebras of any Gelfand-
Kirillov dimension n > 3 and their far generalisations were proposed by
B. Feigin and A. Odesskii in their preprints and papers of 1980-90. Their app-
roach was based upon some deformation quantisation related to the addition law
on the underlying elliptic curve. Here, we shall quote some of their articles which
are relevant to our aims (see the review paper [25] and full list of the references
there).

In this chapter, we shall focus on the important invariance property of the
Sklyanin elliptic algebras. Let us recall that if we have an n-dimensional vector
space V and fix a base v, ..., v,—1 of V, then the Heisenberg group of dimension
n in the Schrédinger representation is the subgroup H,, C GL(V') generated by
the operators

o:v; = U137 vl — gi(v); ()" =10<i<n-—1.
This group is of order n? and is a central extension
1-U, - H, > Zy XZy—1,

where U, is the group of n-th roots of unity. This action provides the automor-
phisms of the Sklyanin algebra, which are compatible with the grading, and also
defines an action on the “quasi-classical” limit of the Sklyanin algebras, namely
the elliptic quadratic Poisson structures on P"~!. The latter are identified with
Poisson structures on some moduli spaces of the degree n and rank k + 1 vec-
tor bundles with parabolic structure (= the flag 0 € F € C**! on an elliptic
curve Y'). They denoted these elliptic Poisson algebras by gy 1(Y). The alge-
bras ¢, x(Y) arise in the Feigin-Odesskii “deformational” approach and form a
subclass of quadratic polynomial Poisson structures.

One of the aims of this chapter is to continue our studies of the polynomial
Poisson algebras, which were started in [23,27,28], and, in particular, to describe
explicitly the five-dimensional Heisenberg-invariant quadratic polynomial Pois-
son tensors corresponding to ¢s 1(Y) and g52(Y"). Our results for n = 5 complete
some unpublished computations of A. Odesskii and shed light on the geometry
behind the elliptic Poisson algebras ¢s1(Y) and g5 2(Y).

These algebras are n — 0 limits of the “quantum” Sklyanin algebras
Q5,1(Y;n) and Q52(Y;n), which were described in the famous “Kiev preprint”
of Feigin and Odesskii [9]. In particular, they showed that the algebra Qs 1(Y;n)
embeds as a subalgebra into the algebra Qs 2(Y;n) and vice versa. We argue
that these embedding homomorphisms are the “quantum” analogues of the clas-
sical quadro-cubic Cremona transformations of P* [32], and verify that they are
Poisson birational morphisms that presumably correspond to compositions of
Polishchuk birational mappings between moduli spaces .#od(FE1, Es, f) of sta-
ble triples of vector bundles and their morphisms on the given elliptic curve [30].
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The Cremona transformations play an important role in our description of
the symplectic foliations of the structures ¢s 1(Y) and g5 2(Y"). Symplectic leaves
of ¢51(Y) have dimension 0,2 and 4. A two-dimensional symplectic leaf M 1
(in the notations of [9] and Subsection 2.2.4) is the cone C1(Y) of the curve
Y. Note that our elliptic curve Y can be identified with the 1-st secant variety
Secy1(Y) of Y (see precise definition below in 2.3.4). The four-dimensional leaves
M? were described by Feigin and Odesskii as the cone C3(Y) := C(Sec(Y))
over the unification of all chords of Y, or, in other words, the cone over the
2-nd secant variety Seca(Y) := Sec(Y), and these are the level hypersurfaces
of the unique Casimir K(C5(Y')), which is a polynomial of degree 5(the center

Z(g51(Y)) = CIK(C2(Y))]),
M? = {K(Cy(Y)) =0} C C°.
Thus, we obtain that the inclusion of the symplectic leaves
M° c Mt c M?
corresponds to the inclusions of secant varieties of Y:
{0} = Secy(Y) C Y ~ Seci(Y) C Sec(Y) ~ Seca(Y).

Here, we fix the origin 0 € Y. We shall extract the explicit determinant
representation for the symplectic leaves M? from the projective geometry of the
elliptic curve [16].

The geometry of g5 2(Y) is also very interesting. Feigin and Odesskii in [9]
had observed that the union of two-dimensional leaves for ¢s.2(Y") is the cone
C(X) in C° over two-dimensional surface X := S?(Y’) which is embedded in P4.
The description of four-dimensional leaves is based on the notion of a trisecant
variety Trisec(X) for the elliptic scroll X = S?(Y'). This variety is a union of all
the lines in

X=8*Y)=Y xY/Z,y

passing through pairs (£;&;) and (§;§2) in X. For fixed £ € YV, if Y C X is
a curve formed by of points (£;&;), then it can be embedded in the projective
plane ]P’? C P4,

The four-dimensional leaves are cones C'(Trisec(X)) that are in fact the cones
over I_I,gng. The variety Trisec(X) is a quintic hypersurface in P4, and, therefore,
there is a quintic polynomial Kjo(Trisec(X)), such that the leaves are level
hypersurfaces similarly to the case of ¢51(Y). We shall give this polynomial
explicitly and explain its projective geometric meaning as the Jacobian determi-
nant of the inverse Cremona transformation (we remind the definitions below in
Sect. 4.1).

It is well-known, since the works of Bianchi [6] and F. Klein lectures on the
icosahedron [18], that the normal elliptic curves of degree n > 4 in P"~! are given
by | = nn=3) quadrics q1,...,q. More precisely, it means that the projective

2
coordinate ring of the curve is the quotient C[Y] = C[P" 1]/ .#(q1,...,q) of the
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polynomial ring Clxy, ..., z,—_1] by the ideal generated by I quadrics. It is worth
to remark that, here, we mean the schematic intersection only and, reciprocally,
it is not true in general that any | quadrics define an elliptic curve. However, it
is true if this quadrics are Pfaffians of some linear form matrix. In particular,
for n = 5, the number [ = 5, and we can take the following Heisenberg invariant
family of quadric generators:

2 Li4+1Li+4 .
q; = I; + AT;42Xi43 — T, 1€ Z5, a € C* (1)

We shall remind this Klein description in Sect. 4. Note that, in the case n > 5,
the homogeneous ideal is not a complete intersection generated by 4 x 4 Pfaffians
of 5 x 5 alternating (usually refer as Klein) matrix. These Pfaffians are exactly
the quadrics ¢;, 0 <7 < 4.

In the language of classical projective geometry, the Pfaffians ¢; define a
quadratic Cremona transformation of P4 [33]. The inverse Cremona transforma-
tion is defined by the homogeneous ideal of a 3-fold which is the secant variety
of the initial curve generating by five cubics:

2i(2) = 22 + k(2711243 + zig27lya) — K (zi2l o + Zhisziva)—  (2)

2 —2 -
—k“zizig12i4a — Kk "2i2i12204 3, i € Zs, keC.

The quintic polynomial K5 1(C2(Y")) defining the 4-dimensional symplectic leaf
M? is the determinant of the Jacobi matrix

9(q0,q1, 492,93, q4)
3(330, 11717562,9637334)7

K571(CQ(Y))($’ a) = det

while the second Casimir K5 o(C/(TrisecX))(z,k) is the determinant of some

syzygy 5 x b-matrix Ly(z) and it defines symplectic leaves of the algebra g5 2(Y").
We shall give the explicit values for both Casimirs and for L(z) in Sects. 3-5.
One should remark that there also exists the Jacobian representation

8(307 Qla 327 337 Q‘l)

6(207217 22, 23724)

K5 2(C(Trisec(X))(z, k) = det

where the polynomials 2;,5 = 0,...,4 play the role of quadrics - Pfaffians of
some other Klein matrix defining some other Heisenberg -invariant degree 15
elliptic curve Y (which is isomorphic to Y as the image of the latter via the
Horrocks-Mumford map). This result is a corollary of the geometric description
in [4].

The chain of transformations

Clzo, 71,22, 73, 24] > Clz0, 21, 22, 23, 24] = Clzo, 21, T2, T3, T4],
where z; = ¢;(x) and, then, z; = 2;(z) reduces to the multiplication

€Ty — K5,1(C2(Y))(13, a)xi,
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for each 0 < i < 4. In the same way, the transformations
Clzo, 21, 22, 23, 24] — Clzo, 1, T2, T3, 4] — C|20, 21, 22, 23, 24]
with z; = 2;(2) and then z; = ¢;(x) are reduced to the multiplication
zi — K5 2(C(X)) (2, k)zi,

for each 0 <1 < 4.
It is obvious that the Poisson brackets in C5(x) are “conformally” preserved
by the chains:

{Ks51(Co(YV))wi, K5 1(Co(Y))x5 50 = Ko 1(Co(YV))* {wi, 5 }5.1,

as well as their analogues in Clzg, 21, 22, 23, 24].

This fact presumably reflects the property ¢> = 1 of Polishchuk’s birational
morphisms of moduli spaces of triples in the case of Odesskii-Feigin triple moduli
spaces.

Is much less evident that the intermediate Cremona transformations are also
birational Poisson morphisms for these different elliptic Poisson structures. We
shall show it by direct verification. Finally, we stress that the Heisenberg invari-
ance condition describes all the 14 solutions of the classification problem for
quadratic homogeneous Poisson structures in d = 5. Namely, we obtain two
solutions which correspond to the Feigin-Odesskii-Sklyanin algebras ¢s 1(Y) and
g5,2(Y), and, apart from them, twelve exceptional quadratic Poisson structures
defined by vertices of the Klein icosahedron on the sphere P! (which is noth-
ing but the rational modular curve X (5) in the Horrocks-Mumford geometric
picture).

This chapter has two-fold aim. First, as it was mentioned earlier, we would
like to give a few “geometric” comments on the results of Odesskii and Feigin [9]
and to draw attention to the intimate link between the Cremona transformation
geometry in d = 5 and different families of elliptic algebras. Second, and this
is an important motivation, this chapter is an extended written version of the
author’s lectures at the Laboratory of Algebraic Geometry and its Applications,
of the Moscow Higher School of Economics, and at the International Conference
of Mathematical Physics Kezenoy-Am 2016. Thus, we include in the chapter
many reminders and a review of old results obtained in our previous works with
Odesskii [22,23] and Ortenzi et al. [27].

The chapter is organised as follows: Section2 covers some known facts
about polynomial quadratic and elliptic (Poisson) algebras. This section is
strongly based on our papers [22,23]. Then, in Sect. 3, we review the quadratic
H-invariant Poisson tensor with 5 independent variables. The main focus here
is on the Feigin-Odesskii-Sklyanin elliptic Poisson algebras g5 1(Y") and g5 2(Y).
We describe the exact solutions for quadratic H-invariant Poisson tensors, and
we show that they correspond to two generic cases, which are associated with
smooth degree 5 elliptic curve configurations, and to 12 exceptional ones which
correspond to Odesskii rational degenerations associated with pentagonal con-
figurations of rational curves [24].
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Sections4 and 5 describe the relations between the classical quadro-cubic
Cremona transformations in P* ( via the elements of the Horrocks-Mumford
bundle geometry) and these 14 classes of quadratic Poisson structures in P*.

2 Poisson Algebras and Elliptic Poisson Algebras

2.1 Poisson Algebras on Affine Varieties

By polynomial Poisson structures we understand those ones whose brackets are
polynomial in terms of local coordinates on the underlying Poisson manifold. A
typical example of a such structure is the famous Sklyanin algebra.

Recall that a Poisson structure on a manifold M (it does not play an impor-
tant role whether it is smooth or algebraic) is given by a bivector antisymmetric
field 7 € A?(TM) defining on the corresponding algebra of functions on M a
structure of (infinite dimensional) Lie algebra by means of the Poisson brackets

{f, 9} = (7, df Ndg).

The Jacobi identity for this bracket is equivalent to an analogue of the (classical)
Yang-Baxter equation, namely to the “Poisson Master Equation”: [, 7] = 0,
where the brackets [,] : AP(TM) x AYTM) — APT4=1(TM) are the only Lie
super-algebra structure on A (T'M) given by the so-called Schouten brackets.
For all these facts, we refer, for example, to an excellent recent survey [31].

Let us consider n — 2 polynomials 2; in C" with coordinates x;, i = 1,...,n.
For any polynomial A € Clz1,...,z,], we can define a bilinear differential oper-
ation

{,}:Cley, ..., 2] @Clzy, ... 20 — Clay, ... zp]
by the formula

df/\dg/\dgl/\/\dgn_Q
dry Ndzo A ... Ndx,,

{f7g}:)\ ) fvge(c[zla-”v'rn]' (3)

This operation gives a Poisson algebra structure on Clz1, ..., z,] as a partial
case of a more general n — m-ary Nambu operation given by an antisymmetric
n — m-polyvector field »:

<777df1 A /\dfnfm> = {f17 .. 'afnfm}a
depending on m polynomial “Casimirs” 2,...,2,, and A such that

dfi A ANdfuem N2y A ... Nd 2D,

i € Clay, ..., a0,
dxy Ndxo A ... Ndxy, , fi € Clzy Tn)

(4)

{flw”afnfm} =A

and
{,....}:Clay,..., 2] ™= Clay,..., ]

so that the three following properties hold:
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(1) antisymmetricity:
{flu R fnfm} = (_1)U{fa(1)7 B fa(n—m)}7a € Symmnfm;

(2) coordinate-wise “Leibnitz rule” for any h € Clxq, ..., 2]

{fih ooy fomy = fi{he s fam Y+ R fam b

(3) the “Fundamental Identity” (which replaces the Jacobi):
{{fla SERE) fn—m}> fn—m—i—la BREE) f2(n—m)—1}+

{fnfmy {fh EERE) (fnfm)vfnfm+1}7fnfm+27 SR f2(n7m)71}+
+{fn*ma .. '7f2(n—m)—27 {flv ceey fnfmflva(n—m)—l}} =
{flw . '7fn7m717 {fnfmv‘ . '7f2(n—m)—1}}

for any fi,..., fon—m)—1 € Clz1,...,2y].

This structure is a natural generalisation of the Poisson structure (which
corresponds to n —m = 2) that was introduced by Nambu in 1973 [20] and was
extensively studied by Tachtadjan [39].

The most natural example of the Nambu-Poisson structure is the so-called
“canonical” Nambu-Poisson structure on C™ with coordinates 1,...,Tm:

A1, ... )

oo S} = Jacly, o ) = det gm0

We should also remark that formula (3) for the Poisson brackets takes place
in more general setting when the polynomials 2; are replaced, say, by rational
functions, but the resulting brackets are still polynomials. More generally, this
formula is valid for the power series rings.

The polynomials 2;, i =1,...,n — 2, are Casimir functions for the bracket
(3) and any Poisson structure in C"® with n — 2 generic Casimirs &2; are written
in this form.

The case n = 4 in (3) corresponds to the classical (generalised) Sklyanin
quadratic Poisson algebra. The Sklyanin algebra is associated with the following
two quadrics in C*:

9, = 2 + a3 + 22, (5a)
9y = xi + Jle + JQ%‘% + J3$§ (5b)

The Poisson brackets (3), with A = 1 between the affine coordinates, read as
follows

{wi 25} = (1) det (%‘f’“) LG 0> (6)
l

The expression (3) has an advantage before (6), because it is compatible with
the more general situations when the intersected varieties are embedded in the
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weighted projective spaces or in the product of the projective spaces. We will
consider an example of such situation below.

The natural question arises as to whether we can extend the brackets (3) or
(6) from C™ to the projective space CP".

In fact, we can state the following.

Proposition 2.1. (/25]) Let Xi,..., X, be coordinates on C" defined as an
affine part of the corresponding projective space CP™ with homogeneous coordi-
nates (g : a1 : - - :@Ty),X; = ;E—é If the bracket {X;, X;} can be extended to a
holomorphic Poisson structure on CP™, then the maximum degree of the struc-
ture (namely, the mazimum degree of monomials in X;) is 3, and the following
identity

XA X, Xjts + Xi{ Xy, Xp}s + Xj{ X, Xi}3 =0, i#j#k, (7)
must hold, i.e. {X;,X;}3 = X;Y; — X;Y;, with degY; = 2.

More general and precise relations between quadratic Poisson structures on
affine and projective varieties can be found in [29,31] and in a recent paper [15].

2.2 Sklyanin Elliptic and Poisson Algebras

Here, we remind the notion of Sklyanin elliptic algebras. We shall follow the
survey [25] in our notations and we also refer to it as the main source of the
results and their proofs of this section. Basically, we reproduce our adaptation
[22] of [25].

The elliptic algebras are associative quadratic algebras Q,, 1 (Y, ) which were
introduced in the papers [9,21]. Here, Y is an elliptic curve and n, k are integer
numbers without common divisors, such that 1 < k < n, while 1 is a complex
number and @, x(Y,0) = Clz1,...,zy].

Let Y = C/I" be an elliptic curve defined by a lattice I' = Z ® 7Z, 7 € C,
S7 > 0. The algebra @, x(Y,n) has generators z;,i € Z/nZ subject to the
relations

0 —itr(k—1)(0)

Ti_pZiarr =0, 8
7 A R (®)

reZ/nZ

and has the following properties:

(1) Qni(Y,n) =CeQ1®Q2®. .. such that Qn * Qs = Qa+p; here = denotes
the algebra multiplication. In other words, the algebras @, (Y, n) are Z-graded;

(2) The Hilbert function of Qn k(Y. n) is 3_ 5 dim Qat® = (1—7115)L

These properties mean that the algebras @, x(Y,n) are “PBW-algebras” i.e.
they satisfy the Poincaré-Birkhoff-Witt property: dim Q, = nntl).(n—atl)

al
We consider here the theta-functions 6;(z),i = 1,...,n, as a base in the
space of theta-functions ©,,(I") of order n that are subordinated to the following

relations of quasi-periodicity

0:(z+1) = 0;(2), 0;(z+7) = (—=1)" exp(=27\/( — D)n2)0;(2),i =0,...,n— 1.
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The theta-function of order 1, §(z) € ©1(I"), satisfies the conditions 6(0) = 0
and 0(—z) = 0(z + 7) = —exp(—2m/( — 1)2)0(2).

For fixed Y, we see that the algebra Q, x(Y,n) is a flat deformation of the
polynomial ring C[z1,...,z,]. The linear —in n— term of this deformation gives
rise to a quadratic Poisson algebra ¢, 1 (Y).

In other words, in the limit as n — 0, we obtain a Poisson polynomial algebra
Clz1,. .., z,] and the semi-classical limit of Q1 (Y,n) —denoted by ¢, r(Y)- is
this polynomial algebra equipped with the Poisson bracket

[z, 7;]

i, x;} = lim ———=.
(o) o= lim

For i # j, it follows from the relations (8) that

0;-:(0) | Ok—i)(0) . 05 i+ r(k—1)(0)60"(0)
T, Tt = + — 2mwin | x;x; + i Titr
ton o} <911(0) Ox(j—i(0) ! r¢§_i Orr(0)0;-—(0) 7T
9)

(see also [15]).

The geometric meaning of the algebras @Q,, (Y, n) was underscored in [10,29],
where it was shown that the quadratic Poisson structure in the algebras g, 1 (Y")
associated with the above-mentioned deformation is nothing but the Poisson
structure on P"~! = PExt!(E, 0), where E is a stable vector bundle of rank k
and degree n on the elliptic curve Y.

In what follows, we denote the algebras Q. 1(Y,n) by Q.(Y,n) and the

¢n1(Y) by qn(Y).

2.3 Algebra Q,, (Y,n)

Construction

For any n € N, any elliptic curve Y = C/I" and any point n € Y, we construct
a graded associative algebra @, (Y,n) =C® Q1 ® Q2 ® ..., where Q1 = O, (I")
and Q, = S“O,,(I"). By construction, dim@, = W It is clear that
the space @), can be realised as the space of holomorphic symmetric functions
of a variables {f(z1,...,24)} such that

flz1+ 120,00, 20) = f(21,- -5 2a),s
flzr+ 722,00, 20) = (—1)"e_zm”zlf(z1,...,za).

For f € Q. and g € Qg, we define the symmetric function f * g of a + 3
variables by the formula

(10)

frglz1,. ., 2a48) =

1
a'iﬁl Z f(szl +ﬂna'--’zaa +/877)g(2(7a+1 — N,y %0008 T 0”7)><
T 0€Sats
0(z5, — 25, — M)
X . 2 . (11)
1S]:[§0< 0(2011 72(7]')
at+l<j<a+p
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In particular, for f,g € Q1, we have

0(z1 — z0 — nn)

f*g(z1,22) =f(z1 +m)g(z2 —n) (21 — 22) *
fz2 gl - n)w

Here, 0(z) is a theta function of order one.

Proposition 2.2. If f € Q, and g € Qg, then f*g € Foig. The operation *
defines an associative multiplication on the space So>0Qq-

Main Properties of the Algebra Q,(Y,n)

By construction, the dimensions of the graded components of the algebra
Q. (Y,n) coincide with those for the polynomial ring in n variables. For n = 0,
the formula for f * g becomes

1
f*g(zlwuvza%*l):a'iﬂ' Z f(ZUl7""ZUa)g(ZUQ+17"'7ZU(y+ﬁ)'
’ 'OESa+[3

This is the formula for the ordinary product in the algebra S*©,(I"), that is,
in the polynomial ring in n variables. Therefore, for a fixed elliptic curve Y
(namely, for a fixed modular parameter 7), the family of algebras @, (Y,n) is
a deformation of the polynomial ring. In particular, there is a Poisson algebra,
which we denote by ¢,(Y). One can readily obtain the formula for the Poisson
bracket on the polynomial ring from the formula for f *x g, by expanding the
difference f*g— g* f in Taylor series with respect to 7. It follows from the semi-
continuity arguments that the algebra @, (Y, n) with generic 7 is determined by
n generators and @ quadratic relations. One can prove (see §2.6 in [25])
that this is the case, if 7 is not a point of finite order on Y, namely Nn & I" for
any N € N.

The space ©,,(I") of the generators of the algebra @Q,(Y,n) is endowed with
an action of a finite group Fn which is a central extension of the group I'/nI" of
points of order n on the curve Y. It immediately follows from the formula for the
product * that the corresponding transformations of the space Q. = S“O,,(I")
are automorphisms of the algebra @, (Y, 7).

Bosonisation of the Algebra Q,(Y,n)
The main approach, in order to obtain representations of the algebra @, (Y,n),
is to construct homomorphisms from this algebra to other algebras with simple
structure (close to Weil algebras) that have a natural set of representations.
Feigin and Odesskii called these homomorphisms bosonisations, by analogy with
the known constructions of quantum field theory.

Let B, »(n) be a ZP-graded algebra whose space of degree (o, ..., ;) is of
the form {f(uy,...,up)e* ... ep?}; here f ranges over the meromorphic func-
tions of p variables, and e, ..., e, are elements of the algebra B, ,,(1). Moreover,
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let By, (n) be generated by the space of meromorphic functions f(u1,...,up)
and by the elements e, ..., e, with the defining relations

eaf(ur,...,up) = flur —2n, ..., 00 + (N —2)0,...,up, — 2n)eq,

(12)
eals = egeq, flut,...,up)g(ur, ..., up) = glur, ..., up)flui,. .., up).

We note that the subalgebra of By, ,,(1), consisting of the elements of degree
(0,...,0), is the commutative algebra of all meromorphic functions of p variables
with the ordinary multiplication.

Proposition 2.3. Let n € Y be a point of infinite order. For any p € N, there
is a homomorphism ¢,: Qn(Y,n) — B, n(n) that acts on the generators of the
algebra Q. (Y,n) by the formula:

NGEDS /(o) (13)

L Oua =) - O (ua — up)

Here, f € ©,(I) is a generator of Q,(Y,n) and the product in the denominator
is of the form [, ., 0(ua — u;).

Symplectic Leaves

We recall that Q,(Y,0) is the polynomial ring S*©@,(I"). For a fixed elliptic
curve Y = C/I', we obtain the family of algebras Q,(Y,n) which is a flat
deformation of the polynomial ring. We denote the corresponding Poisson alge-
bra by ¢,(Y). We obtain a family of Poisson algebras, depending on Y, that
is, on the modular parameter 7. Let us study the symplectic leaves of this
algebra. To this end, we note that, when passing to the limit as n — 0, the
homomorphism ¢, of associative algebras gives a homomorphism of Poisson
algebras. Namely, let us denote by b, the Poisson algebra formed by the ele-
ments Zal,...,apzo foray (Wi, .. up)et .. ep?, where fo, . o, are meromor-
phic functions and the Poisson bracket is

{ua,ugt ={ea,e5} =0; {ea,us} = —2e4; {€a,ta}=(n—2)eq,

where o # .
The following assertion results from Proposition 2.3 in the limit n — 0.

Proposition 2.4. There is a Poisson algebra homomorphism p: ¢n(Y) — by p
given by the following formula: if f € ©,(I), then

_ f(ua)
vrlf) = Z O(ua —ur) ... 0(uq — uyp) Ca-

1<a<p

Let {0;(u);i € Z/nZ} be a basis of the space 6,,(I"), and let {z;;i € Z/nZ}
be the corresponding basis in the space of elements of degree one in the algebra
Q. (Y,n) (this space is isomorphic to O,(I)).
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For an elliptic curve Y C P"~! embedded by means of theta functions of order
n (this is the set of points with the coordinates (6g(2) : ... : 0,-1(2))) we denote
by Secp(Y) the variety of p-chords, or p—Secant variety of Y. By definition, that
is the union of projective spaces of dimension p—1 passing through p points of Y.
It is clear that Seci(Y) =Y. Let C(Sec,(Y)) be the corresponding homogeneous
manifold in C". Then, C(Sec,Y) consists of the points with coordinates

L 0i(ua) e
=) Ot — u1) - Ot — up)

1<a<p

where u,, e, € C.

Let 2p < n. Then, one can show that dim C(Sec,(Y)) = 2p and C(Secp—1(Y))
is the degeneration locus - the variety of singularities of C(Sec,(Y)). It fol-
lows from Proposition 2.4 and from the fact that the Poisson bracket is non-
degenerate on b, , for 2p < n and e, # 0 that the non-singular part of the
variety C(Secp(Y)) is a 2p- dimensional symplectic leaf of the Poisson algebra
an(Y).

Let n be odd. One can show that the equation defining the manifold
C’(Sec% (Y)) is of the form K, = 0, where K, is a homogeneous polynomial of
degree n in the variables ;. This polynomial is a central function of the algebra
gn(Y).

Let n be even. The manifold C(Sec n—2 (Y)) is defined by equations KV =0

and K\ = 0, where deg K"/ = deg K*) = n/2. The polynomials K\ and
K are central in the algebra ¢, (Y).

Polishchuk’s Description
Polishchuk! in his seminal paper [30] defined (as a partial case of his stable
triples moduli spaces) the space .#od, x(Y) = P(Ext'(E, Oy), where E is a
stable vector bundle of degree n and rank £ on Y. So, this projective space is
associated with the Poisson structure ¢, x(Y).

Polishchuk discovered the existence of a birational equivalence

Mody 1, (V) ~ ///odnﬁk%l(Y),

where an integer d = —%ﬂmod n. The condition ged(n; k) = ged(n;k+1) =1
provides for the case n = 5 that there exists a birational equivalence

%Od571(Y) ~ %Od572(Y).

Let us consider a stable bundle ¥ — Y of rank £k = 1 and degree n = 5
together with the moduli stack of the triple (¢ : Oy — F), where FF — Y
is a bundle of rank kK + 1 = 2 and degree n = 5 with the same determi-
nant as F, i.e. detF' = detE. For an appropriate choice of stability condi-
tion, the moduli space .Zods 1(Y) = P(Ext'(E, Oy), while some other choice

! T am grateful to Brent Pym for enlightened discussion of this point.
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of the condition gives the moduli space P(H®(Y,F)). The birational equiva-
lence A ods1(Y) «----» P(H°(Y,F)) is given by the wall-crossing of these
two stability conditions. Polishchuk claims that P(H°(Y, F)) is in fact isomor-
phic to .#ods _ 1 (Y). His arguments are based on the Fourier-Mukai trans-

E+1
form. Tt gives us the isomorphism P(H®(Y, F)) ~ P(Ext'(E’, Oy) with E’ to
be a stable rank v’ = —%mod 5 = 2. So, we have the desired transformation

G51(Y) ¢-—--> g5 2(Y).

3 @51 (Y)—Poisson Tensors

3.1 Why n =57

In this section, we concentrate our attention on the five-dimensional case. There
many different reasons to be interested in this particular case:

e It is the first case when there are two different non-isomorphic families
of quantum Feigin-Odesskii elliptic algebras Qs(Y,n) and Q52(Y, 7). It is
interesting to compare the corresponding Poisson tensors generated by the
Odesskii-Feigin construction;

e The underlying quintic elliptic curves are only local complete intersections;

e In the perspective of Integrable systems this comparison is highly desirable.
The bihamiltonian properties of g5 2(Y") are still obscure, while the algebra
¢51(Y) is in fact tri-hamiltonian, as it was shown by Odesskii in [26];

e Moreover, we still do not know how to relate an integrable system to the
algebra g5 2(Y) (as well as to any other odd-dimensional algebras for n > 3
and k # 1).

e The algebras with n = 5 generators (together with some known examples in
the case n = 7) give a good starting point to study the general algebras with
prime number of generators, p, associated with normal elliptic curves given
by Pfaffians.

3.2 H-Invariancy

Let V' be a complex vector space of dimension n and e, ..., e,—1 a basis of V.
Consider € = e’ and 0,7 of GL(V) defined by:

o(em) = em1;

T(em) =€Mem.

As it was recalled in the Introduction, the subspace H,, C GL(V') generated by
o and 7 is called the Heisenberg of dimension n.

It was observed that the action the maps x; +— z;41 et x; — &'x;, where
e =1, define automorphisms of the algebra Q, (&, 7).
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Proposition 3.1. (/27]) Odesskii-Feigin-Sklyanin Poisson algebras satisfy the
H-invariance condition.

We stress that the H-invariant quadratic Poisson structures coincide with
Feigin-Odesskii-Sklyanin Poisson algebras in dimensions 3 and 4. In this subsec-
tion, we show that these two sets of structures “almost” coincide in dimension
5, and, therefore, the H-invariant Poisson structure is a generalisation of the
Odesskii-Feigin Poisson algebras.

The generic form of an antisymmetric H-invariant quadratic matrix is:

0 P> Py —p3_p}
P 0 P P P
py-pl o P2 P} |, (14)
P} —p-P2 0 P}
Py Py —P2_P3 0

where
k 2
Pl = Ayxpxy 1 + AsToxTaqr + Azz3 g,

and

Py = Bixyxoty + Bovaipaask + Baal .
The constants A; and B; should be determined by the Jacobi identities. For a
5D tensor we have in general 10 independent equations from Jacobi, however the
H-invariance reduce only to 2 independent, i.e. Zlezs Py0y Pyo + cyc(i, j, k) =0
and ZZGZ5 Py10 P13 + cyce(i, j, k) = 0. These PDEs can be reduced to conditions
on the coefficients of cubic polynomial in x; which are equivalent to the system?

322 +3A1As + B1As + AsBs =0,
2A3%2 —2A5B; — Ay Ay + BoB3 =0,
—Ay% —3B1Bs+ A1Bs + ByAs = 0,

—2B32 — 2By Ay + B1By — Ay A5 = 0.

(15)

Proposition 3.2. The system (15) admits 14 classes of solutions.

The proof of this proposition was obtained with a help of G.Ortenzi via direct
computation using the algebraic manipulator Maple. One can write down explic-
itly all the classes.

We analyse some interesting cases. First of all, the Poisson algebras g5 1(Y")
and g5 2(Y") are solutions of system (15) with coefficients

3 a? 9
Alz—@‘i‘g, Ay = —2a, Az=a",
1 3a®
Bi=—-——-"—, By=2, By=a'
1 5@2 5; 2 ) 3 a )

for g51(Y), and

2 During a discussion with Sasha Odesskii, we found out that he independently
obtained the same result, but it is still unpublished.
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2b2 1
A = — - Ay = Az = — -1
1 5 + 5b37 2 b7 3 b )
b2 2 i
Blz—g—F@, Bgz—b B Bgzl,

for g5 2(Y).

The “generic” parameters a,b € P'\ {0,00, ("(1 £/5) : 2),i € Zs, ¢ =
e%F}. In what follows, we study carefully this couple of Poisson tensors,

and we show that they are related by a birational morphism.

There is (apart of this two strata) a cluster of solutions of skew-polynomial
type that one can obtain via direct computation using the algebraic manipula-
tor Maple. These solutions correspond to the rational degenerations of elliptic
algebras studied by A. Odesskii.

Let us discuss some other interesting cases of solutions.

e The “linear” solution:

Al = —afl + ]., A2 = ail, A3 = —afl — ].,
Bi=a'41, By=-2, By=—-a'+1.

This Poisson structure does not generate any integrable system by the Lenard-
Magri scheme, since the Casimir of the structure cannot be represented in a
“bihamiltonian” form (i.e. be split as a linear combination of two independent
Casimirs).

e We can consider the parameters a,b € C* as a point in P!. Let, say, a in
homogeneous coordinates be a couple a = (A : u). The point a parametrises
the base elliptic curve (in fact a family of) considering as a schematic inter-
section of five Klein quadrics in P* [16]. Take the cases when A = 1, 4 = 0 and
A = 0,u = 1. The corresponding Poisson brackets are examples of quadratic
skew polynomial brackets and are associated with two pentagonal configura-
tions in P* (degenerations of the schematic intersections of Klein quadrics).

e There are also 10 similar “cuspidal” points in P! (they are solutions of the
equation a'® —11a® — 1 = 0).

Explicit form of g5 1(Y)
For the tensor ¢s5 1, the corresponding Poisson bracket is

3 a? 9 9
{wi,wiv1ts1 = T2 + 5 ) Ti%itl 20 xi44Tite + a" x5,

1 3a® zzz+1
{zisiva}sn = T2 5 ) Tremit 2%i43%ita + Pt

where i € Zs.
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For the tensor g5 2(Y), the bracket is

2 1 Yirs®
iy Yi =20+ o5 ) vivs byitaYit2 — ;
{Yi,yit1}s,2 (5 +5b3>yy+1+ Yitalit2 b
1 2 Yi+3Yit+4
{Yi, Yivats2 = <5 b* + 5b3> Yit2Yi — % + Yir1?,

where i € Zs.
In 5 dimensions, the quadratic Poisson tensor admits always a Casimir. The
H-invariance allows us to write them explicitly

5 5 5 5 5
K5 —=Cs (.’EQ +£L’1 -|—(E2 +.’E3 +£L’4 )
+ ( 3 3 3 3 3
€4 (20" T1T3 + 217 ToT2 + T2 X124 + T3 X2X4 + Ty $09U3)
3 3 3 3 3
+ c3 (wo ToXy + L1°T3T4 + X2 XoXy + 3T 1T + X4 xgml)
2.2 2.2 2.2 2.2 2.2
+ co (930581 T4 +l‘1f£3 Zo +I2£E3 X1 +SC3£[32 T4 +SC4£[30 T3 )
2.2 2.2 2.2 2.2 2.2
+a (xoxz T4” + 21037 T4" + T2T4"To” + T3T17 X" + TaT2 T )

+ CoToT1T2T3Ly,

where
1 1 1
cs = —gAaBs, ca =AAs, c3=—-B1B3, c»= 5141142 - 53233,

1 1
c1 = §A2A3 — 53132, Co = A% - B% - AlBl - AQBQ7

and the constants A; and B; satisfy (15).
For example, in the case of g5 1(Y),

Ky = (23 +af + a3 + 23 + 23)

3 1 3 3 3 3 3
+ — | (Tox124 + x]ToT2 + T3x1X3 + X3X2T4 + T5T0X3
a

4 3 3 3 3 3 3
—(a*+ a2) (20723 + 297324 + 237074 + 237170 + T4T172)  (16)

1
+ <2a2 + a3> (xoxfzi + xlxgxg + mgxgxi + xgz%xg + uzfx%)

1
a® +16 — 5) ToX1X2T3T4.
a
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The corresponding central element in the case of g5 2(Y") reads as follows:

) (sou0 + yuae? + ool + ysPd +uBad)  (17)
1
2b + ) (Yoy2ys + Y3 ysys + Yayoya + Y3y190 + Yiy1y2)

(Yoy1ya + ¥ivoye + Yay1ys + Y3y2u4 + Y5yoys)

1

- b6> YoY1Y2Y3y4.

It is easy to check that, for any i € Z/5Z,

1 0K
{Zit1, Tiva H{Tivs, TirafH{Tit3, Tit1 H{Tito, Tiva}H{Tiv2, Tira H{Tit1, Tiga} = 5 8;,
1

(see [23]).
In other words, the H-invariance implies also the general property

BoAy + B3? 0K
A2A3 — BlBQ &Em’

Py Poy + PriPj1 + Pjp Py = =2 (18)
where (4,7, k,1,m) is a cyclic permutation of (0, 1,2, 3,4).

We could interpret this relation as a system of 5 quadric for 6 P;; entries for a
fixed polynomial K5. We see, therefore, that, in contrary to what happens in 3
and 4 dimensions, the Casimir does not encode all the information necessary to
the reconstruction of the Poisson tensor. This is related to the fact that 5 is the
smallest dimension for which the elliptic Poisson tensors are not of Jacobi type
(see [23]).

4 Cremona Transformation

4.1 Generalities about Cremona Transformations

Consider n + 1 homogeneous polynomial functions ¢; in Clzg,--- ,x,] of the
same degree and not identically zero. One can associate the rational map

0P — P [xg: - xn] = [wo([zo, -+ yxn) i s on([To, - Tn)]

The family of polynomials ¢; or ¢ is called a birational transformation of P™ if
there exists a rational map v : P — P™ such that i o ¢ is the identity map. A
birational transformation is also called a Cremona transformation.
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We are basically interested in the very special Cremona transformations ¢ :
P™ --» P™ such that there exists a smooth irreducible subvariety X C P", with
a blow-up ¢ of X in P™, and the composition ¢ o ¢ is a morphism.

It happens that with dim X = 1,2 and n = 4 there are quite a few such
Cremona transformations, and all of them are described in two theorems in the
paper of Crauder and Katz [7]. We shall put this description in an appropriate
form.

Theorem 4.1. o A Cremona transformation of P* which becomes a morphism
after the blow-up of a smooth curve Y, of degree d and genus g, is given by
the complete linear system of quadrics containing Y, if and only if d = 5 and
g =1. In other words Y is an elliptic normal® quintic.

o Let X be a surface blown up in P*. The Cremona transformation given by the
complete linear system of cubics containing X becomes a morphism after the
blow-up of X, if and only if X is a quintic elliptic scroll* X = Py (E) with
e(E)=—1.

e Here, E — Y is a rank 2 vector bundle. If X = P(&), then there is the unique
non-trivial extension

0— Oy(-n) — E— Oy — 0, (19)

wheren € Y is a fized point on the elliptic curve. The surface X is isomorphic
to S2(Y) and the map p : X — Y is nothing but the Abel-Jacobi map which
has a structure of projective bundle P(E) — Y.

o The latter (“cubic”) Cremona transformation of P4 is inverse to the “quadric”
Cremona transformation in P* given by the elliptic normal quintic Y.

Remark We do not use the terminology of the XIX-th and early XX-th cen-
tury geometers worked out the Cremona transformations. Due to the remark in
([17], p.422), a modern “dictionary” is available. For example, the linear sys-
tem of polynomials ¢y, ..., @, on P such that the generic fiber of the resulting
rational map P" --» P" is discrete usually was called sub-homoloidal system
(see [32]). Thus, the transformations described in the Crauder-Katz Theorem
4.1 are nothing but the classical “quadro-cubic” Cremona transformations of P*
discovered in [33].

Now, we study these linear systems of quadrics and cubics, so we are con-
centrated on the case n = 4.

4.2 Case n = 4. Cremona transformation and Elliptic Curves.

Let the polynomials qo, . ..,qs € H°(Opa(2)) define a rational map &

3 This means that the embedding of Y in P* is given by complete linear system.
4 A ruled degree 5 surface in P*.
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HD4

O\

é:. Pt — P

where P4 is a blow-up of P*.
We denote by ||M;;||o<i,j<a any matrix of syzygies, i.e. any matrix for which

4

> qiM;; =0,

=0

for any 0 < j < 4.
Following [17], we call any such dominant map a & Cremona transformation
of P*.

Example 4.1. Let ¢; = 2;° + axiporipg — "0 € Zs, a € C*. We
consider the following alternating 5 x 5 matric M = ||M;]] :

0 —T3 —ari ary T2
T3 0 —x4 —axy axg
ax, T4 0 —z9 —axs3 |. (20)
—ars axrs o 0 -
—xy —axg ar3 X1 0
It is easy to check that
4
> aiMi; =0, (21)
i=0

for any 0 < j < 4.

This matrix of syzygies is called Klein matrixz of linear forms. It is well-known
(see [11]) that any Heisenberg invariant elliptic curve of odd degree, containing
the unique point p of the form:

p=(a=0:a1:a2:...: —as: —ay),
has a Klein matrix of the form M;; = a;—;x;4;. In our case (4.1),
p=0:-1:—a:a:1),

and it goes back to Klein’s works that the polynomials ¢;;, 0 < ¢ < 4 —the
generators of the homogeneous ideal .#(qo, . ..,qs) C C[P*]- are 4 x 4 Pfaffians
of the Klein matrix (20). The elliptic curve family Y, is cut off by five quadrics-
Pfaffians ¢;,0 < i < 4:
4
Ya = m qi-
i=0
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If Zy, is the ideal sheaf of a “generic” (=smooth) curve then the following
exact sequence takes place

0— /ya — ﬁ]p4(2) — ﬁya (2) — 0.

Here, we identify HO(Opa(2)) with S?(05..(I)).

We shall basically consider smooth generic (with respect to the parameter
a) genus one curves, unless otherwise indicated. We precise the meaning of the
word “generic”.

It should be remarked (see [5] and [16]) that the curves Y, are smooth, if a is
non-exceptional in the following sense. In fact, ([5]) the family Y, extends to P!-
family Y, , (a = (p : q)), which is smooth, if (p : q) # (1:0),(0: 1), (e*(1£/5) :

. my=T . . .
2),i € L5, €= e“%— . These exceptional points correspond to the vertices of

the Klein icosahedron inside S? = P' and the associated singular curves forms
pentagons (the following figures appeared for the first time in [5,16]):

(a=0) (a=w)

€0 €0 €0
) \ " el©e4 : el@ )
f\ A\:
€2 €3 €2 €3 €2 €3

We shall finish this description with the well-known fact that the union of
the families Y, , over P! is an algebraic surface

Sis=|J Voo (22)

(p:q)€P?

This surface is a determinantal surface of degree 15 and it is smooth out of the
above singular curve pentagon vertices. This surface (after a normalisation) is
isomorphic to the Shioda modular surface S(5), and it is an elliptic surface over
the rational modular curve X (5) = P! whose smooth fibers are smooth families
Y, , (for all these facts see [4,5,16]).

4.3 Quadro-Cubic Cremona Transformations

In this subsection, we show that the two five-dimensional elliptic algebras are
related by some Cremona transformation.

The proof of the below statement was obtained with the help of G. Ortenzi
using the MAPLE manipulator.
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Let us consider the Cremona transformation @ : P4(x) — P4(2) given by the
following homogeneous polynomial functions

20 = qo = To” + araT3 — L
21 = qu = 717 4 axgry — 220,
23 = o = x2% + awgwy — B, (23)
z3 = q3 = x3° + axor; — T2
Z4 = qu = T4% + az 22 —

a )
ZoT3
LEs
In general, this transformation does not map the H—invariant Poisson structure

of g5,1(Y) to another H-invariant quadratic Poisson structure on P*.

Proposition 4.1. e Set .
a=-x. (24)
Then, the map (23) maps the Poisson structure qs 1y, with parameter A, to
the structure gs2(Y).
o The Casimir of gs1(Y) coincides with the determinant of the Jacobian of (23).
o The inverse Cremona transfomation @1 : P4(2) — P4(x) is the cubic Poisson

morphism between qs2(Y) and gs 1(yy which can be explicitly written as:

2 2
Zi42Zita” + 2i11°2i43
T =9 \(z) = 22 3 LTS\ (zi412i12” + 2i43°%ia) (25)
Zi+1%i+4
+ 2% — 2 (% + >\2Zz‘+221+3) ,
fori=0,1,2,3,4.
o The Casimir of g5 2(Y') coincides with the determinant of some matriz L(z, \)

which can be reconstructed from (25) .

Remark 4.1. The explicit determinantal formula for the Casimir of ¢52(Y)
will be done in the next section.

The constraint (24) is calculated as follows. We know that the structure of the
resulting H —invariant quadratic Poisson algebra should have a similar structure
as in the case ¢5,1(Y) but with different coefficients. We impose this constraint
and we calculate all the Pj; as a function of the parameter A of the g5 :(Y)
algebra and the parameter a of the change of variables. This is possible if and
only if @ and A solve the system

—a*A+ 4N a+2Ma% + 2702 —2a% +aSM\t =0,
—142a%X2 —a*X3 +2aX = 0.

The second equation is reducible:
(aX +1)(a®X* = 3a\ +1) = 0.

Ifa = f%, the system is identically solved and we find a class of Poisson tensor

depending nonlinearly on a parameter. If ¢ = 3%;\/5, namely the solutions of the

second equation, then using the first equation we fix 5 possible values of A and
we find some non-parametric “isolated” Poisson tensors which correspond to the
points on the Klein icosahedron.
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4.4 A Remark on the Compatibility

The explicit values of the parameters are

a:3:;)\\/5 with Af’:fiﬂi;’\/g.

We check only in one case where these structures admit 5 independent quasi-
Casimirs [23]. These structures are in fact some linear Poisson pencils related
to g5,1(Y) : the tensors g5 1(yy and g52(Y) depend in a nonlinear way on the
parameter \, therefore they do not generate a bi-Hamiltonian pencil with respect
to all A.

There is a natural question: is there some value of A for which the tensors in
the family ¢5,1(Y) are compatible?
The unexpected answer is yes.

(26)

Proposition 4.2. Let us denote g51(Y) by qg\’l(Y) making explicitly its depen-
dence on the parameter \. Therefore, q3 1 + bqs 1 is a Poisson tensor Vb € C if
and only if

r
- = Fal,
s

where a and A satisfies the (26). It can be proved by a direct computation.

Remark 4.2. In [26], the author points out a different bi-Hamiltonian property
of the g, 1(Y") Poisson algebras: Every structure, by means of a non-polynomial
change of variables related to the connection between theta- and Weierstrass2?-
functions, can be written as a combination of three compatible Poisson structures.
The role of linear parameters is played by the go and g3 coefficients of the Weier-
strass canonical equation. It seems that our results justify the similar realisation
at least for the case of g5 2(Y") elliptic Feigin-Odesskii-Sklyanin algebra.

5 Klein and Moore Syzygies and Poisson Structures

5.1 Klein Syzygy and Free Resolution Complex.

It is easy to verify that the Klein matrix M associated with Y, has rank 2 on Y,
and vice versa; namely, if the family Y, is rank-2 locus of some matrix M, then
this matrix is the Klein matrix of linear forms of ¥, (Corr. 6.4 in [14]).

From the algebraic point of view, the set Y5 of genus one curves of degree 5
is an affine five-dimensional space, and its coordinate ring C[Y5] is a polynomial
ring with 5 variables.

A genus one degree 5 normal curve f is described by a collection of 5 quadratic
polynomials ¢; € Y5, 4 =0, ...4, defining an ideal #; C Clxy, ..., xz4]. Using the
Kleinian syzygy matrix of linear forms M;; = a;—jz;;;, one can generate the
ideal #; = 7 (qo, ..., qa), the vector P of 4 x 4 Pfaffians 2 = (qo,...,qs4) and a
a minimal free resolution complex [4,13]:

gt

0— A(=5) 2> A(=3)5 L A(—2)> Z C[Vs] = Clwo, ..., 4] — 0,  (27)
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with homology concentrated in the last term: Hy = C[Y5]/.#;. The notation A(d)
means a graded C[Y3]-module with k-th graded component A*+<¢. Under some
generic condition the complex (27) is also a free minimal resolution of C[Y5]/.#s.
The exactness of (27) in the term A(—2)® gives an another way to express the
Klein syzygy property (21):

4
2-f= ZQimij =0.
k=0

5.2 Poisson Structure on P* from Syzygies

Now, we hint how to obtain the elliptic Poisson Feigin-Odesskii-Sklyanin algebras
directly from the construction similar to above Klein syzygy description replacing
the skew-symmetric matrix of linear forms by some skew-symmetric matrix of
quadratic forms. With this aim, we remind that for any normal genus 1 curve Y,
there exists a naturally attached alternating matrix of quadrics {2 = ||£2;;||. This
matrix appears in the works of T. Fisher (for example, see [12,13]). In particular,
he proved ([13], Th. 1.1 (i)) that if there exists a function K such that the secant
variety Sec(Y)(:= Sec?(Y)) is the level { K = 0}, then there exists a minimal free
resolution of the naturally graded polynomial ring A = Clxy, ..., x4] by graded
A-modules similar to (27):

0— A(—10) Y5 A(—6)5 % A(—4)5 % 4, (28)
where (2 is a 5 x 5 skew-symmetric matrix of quadratic forms, V is the nabla

operator,
of of
V(if)y==,...=—— |,
(f) (3%0 81'4 )
and the notation A(d) means a graded A-module with graded component as it
was explained above. The exactness of (28) in the term A(—4)° gives

4

for Sec(Y) = {K = 0} (Lemma 4.5 in [13]). Moreover, one can readily verify
(Lemma 4.7 (i) ibid.) that the 4 x 4 Pfaffians of {2 are (up to a constant ¢ # 0)
the partial derivatives of K:

gy = 2B
(=1)"pf(£2 )_Camk’ k=0,...,4.

So, one can say that the {2 is the alternating matrix of quadratic forms
such that V(f)f2 = 0 on the anticanonical divisor K(Y') for all f € Z(Y) of
rank 2 =2onY.

0 a3 p1 —fB1—
—az 0 oy P2 —fo
Q= -p-aa 0 o p |, (29)
s —P2—ag 0
az fo —P3—ar 0



98 V. Rubtsov

where
Q; = 5)\4ng - 10)\3/142£U¢,1.’bi+1 + ()\5 - 3#5) Ti—2Ti42,
ﬂ,’ = 5)\#433? — (3)\5 + ,U5) Ti—1Ti41 + 10)\2u3$i_2$i+2.

Theorem 5.1. The matriz {2 (after an appropriate rescaling) coincides with
the matriz of the Poisson tensor for ¢51(Y).

Proof. The direct verification and a comparison with (16) in Chap. 7 of [12]
provides that the matrix

ad 3
a; = c({Tiy2, Tiys}) = ¢ ((5 - @)xﬁﬂiﬁ —2ari41%i4a + GQJU?) )
1 3a? 9
Bi = c({zit1,Tiya}) = ¢ —(@ + ?)$i+1xi+4 + 22, 40%i43 + axy | .

In order to get the explicit coincidence of o with {12, %;13}51 and 3; with
{Zi4+1,%ita}, we should take ¢ = 5A3u? and denote % by a. In other words, the
matrix (29) appears as the Poisson tensor matrix for g5 1(Y), where Y is (for
generic a) given by the Example 4.1. We shall denote the quintic polynomial
by K := Kj51(x). This polynomial is given by the determinant of the Jacobian
matrix:

9qi

a.’tj H

K5,1(.13) = detH

Remark 5.1. The secant variety Sec(Y) = {K51(x) = det||%H = 0} is the
; >

quintic 3-fold in P* which describes the “mazimal symplectic leaf” M? mentioned

in the Introduction.

The above construction admits the following inversion or a “duality” in the
framework of the Cremona transformations of Subsect. 4.3.

5.3 Moore Syzygies and Corresponding 3-Folds.

We observe that the defining cubic relations (25) can be interpreted as 4 x 4-
minors of some 5 x 5-matrix Ly(z) where A € C* and the matrix entries

[Lijllo<i,j<a = |[(z2i—j)All-

(We do not precise the dependence on A because the matrices Ly(z) are deter-
mined up to scalar only.) We shall be using the term Moore-like syzygy matriz®
for the matrices Ly (z).

The cubics (25) define an ideal £, C Clz, ..., z4]. The ideal #o, defines
a ruled surface of degree 5 - the quintic elliptic scroll 2, C P*(z).

5 In fact the entries of the Moore-like syzygy matrix depends on 2(z) where 1(2;) = z;
is the involution. But we need the matrix L (z) to describe the surfaces of symplectic
foliations which are 1—invariants (compare with [4]).
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In order to visualise it, we remind the following construction: By the Lemma
4.4 in [4], we have the free resolution complex for C[2,]/.#2, similarly to (27),
namely

0 — A(=5) 25 A(—4)p 2O 4(_3)5 2, C[23] = Clzo, ... 24] — 0, (30)

where & := (pg,...,p4).
The exactness in the term A(—4)% means that Ly(z))! 2! = 0 or, in matrix
form,

0 — A2 /\_124 —/\_12’1 723 Po
Azy 0 —Az3 /\7120 7)\7122 P1
“A7lzg Az 0 Az Alzy p2 | =0. (31)
/\_122 —)\_124 Az 0 —Azp P3
-z )\_12:3 —)\_12’0 Az1 0 P4

By a straightforward calculation, we show that detLy(z)) = 0. We take the
4 x 4 minors in (31) (following [4] and [19]):

MV (La(2) = 2:2)5(2), (32)

where cubics Z; 5(z) are generators of the ideal .£o, and defines the inverse
“cubic” Cremona transformation (25) as in the classical Semple’s quadro-cubic
setting.

But, the left-hand side variables z;, j = 0,...,4 of (25) satisfy the quadric
relations

l’j2 — a_lxj+2xj+3 +ar;j 112544 = 0, € Zs, a€ C*. (33)

Taking in (25) the constraint A\ = a~!, we obtain the system of quadric
relations (33) whose entries are the cubic polynomial in z

Qj,a*1 (2)2 - a719@j+2,a71 (Z)Qj+3,a*1 (2) + agj+1,a*1(z)°@j+4,a*1 (2) =0. (34)

The equation detLy(z) = 0 defines a degree 5 polynomial K(z,a) and also a
(Hs—Heisenberg and involution invariant) cubic 3-fold in P4,

K(z,a) :=detLy(z)) = 0,
or, explicitly,

K(z,a) = (a° +6 — a™°) 2021 202324+

4
2 2 —4 2 2

E z + (a* +3a~ )zjzj+22j+3+(a —3a)z;27, 1254 4] +
Jj=0

4

2 =33 —

+ E (a® —2a7%)23 S2ir22i+3 — (207 +a )zjzj+1zj+4] =0.
7=0
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Comparing with the expression of the Casimir quintic polynomial K5 o for
¢5,2(Y), we see that (taking y =z, b=a)

K(z,a) = —aK52(2)

and (for generic a € C*) they define the same 3-fold in P4,

We obtain (in a accordance with the Corollary 4.5 from [4]) that the elliptic
quintic scroll, defined by the g5 2(Y) Casimir level K52(z) = 0, is exactly the
2,1 given by the system of cubics 2; »(z) from (25) with the constraint aX = 1.

5.4 Poisson Structure on P* from Moore Syzygies

Now, we can proceed with the quintic polynomial K(z,a) (or directly with
K52(2)) in the same fashion as in the case of K5 1(%).

There is an analog of the resolution (28) and a skew-symmetric 5—matrix {2
such that

4
0K
K -2 = — ;s =
V(K5,2) kE:O B2 0,

The gradient VK5 5 of the polynomial K5 o also admits a “Pfaffian” representa-

tion
0Ks 2

6Zk ’
We should assume (again, by Fisher’s Lemma 4.5 in [13]) that there exist some

other elliptic curve Y, for which the secant variety Sec(Y,) = 0 is given by the
quintic polynomial zero level {Kj5 2(a,z) = 0}.

(=1)*pf(2®)) = (&) kE=0,...,4.

The curve Y, can be described (for generic choice of the parameter a) by
4 x 4 sub-Pfaffians of some alternating Moore-like syzygy 5 x 5 matrix L, the
polynomials p; generate the coordinate ring ideal .#3. for an elliptic quintic curve

Y,.

= =pi(qo,...qs), 1=0,1,2,3,4,
P pi(qos - - - qa)
and po, . . ., p4 are Pfaffians of the syzygy matrix L! for Y,. We shall consider the
quadrics qo, - .., g4 as homogeneous coordinates (zg : ... : 24) in the projective
space P,

Then, p; = pi(zo,...,24), =0,1,2,3,4, and the ideal %5, is given by
pi =7 —a 'TipoTiss + aTig1Tiva, 1€ ZLs, a€Ch

A straightforward computation verifying by the “chain rule” shows that

4

Z 3107:((]07 R Q4) aQi(Zm R 24)
69@ 8zj

=0.
i=0



Quadro-Cubic Cremona Transformations and Feigin-Odesskii-Sklyanin 101

We consider the following alternating 5 x 5 matrix (2 such that rank 2 = 2
on the curve Y,: ~ R
0 a3 Oi —fs—a
: —az 0 as B2 —fo
Q=|-p—-aa 0 a B |, (35)
fa —P2—ao 0 @&
az Bo —B3—a1 0
with

. (. 2 a _
&; = ¢({ziqo,xip3}) =¢ <(W + g)ffi+2$i+3 +Tig12ipa —a 1%2) ;

2
~ - . a 2 _
Bi = ¢({wip1, wipa}) = € <(5 - @)%H%M —a P ripowis + 3012) .
Theorem 5.2. The matriz (5.2) (after some_appropriate rescaling) coincides
with the matriz of the Poisson tensor for ¢s 2(Yy).

Here, a € C* and Y, is given by the set of the quadrics (33):
z; = qi(2) = 27 — azipoziss + 4 'ziy12iq4, it € ZLs.

The elliptic quintic scroll 2,(Y)(z) is given by the set of cubics

2 2 -1 2 2
%= 2o(Y) (@) = & + a(a} 1 @ivs + Tigordy) — a7 (T2l g + 07 5 Tiga) -
+ + + +
232 1T im0 i€ Z
QX4 1Ti44 — A "X T342T54-3, 1€ L.

Thus, the Poisson properties of the quadro-cubic Cremona transformations
in P* give two pairs of geometric objects and some duality between them: The
first pair is a normal quintic elliptic curve Y, C P*(x) parametrised by some
point a € P! and some elliptic quintic scroll - a ruled degree 5 surface 2(Y,)
which is in generic point may be identified with X = S?(Y).

The “dual pair” of geometric objects contains again an elliptic curve Y, C
P%(2) of degree 15 and a singular elliptic scroll S of degree 15. By analogy with
(22), one can consider a degree 45 surface

Sis=|J Ya (36)

(a)eP?

The elliptic curves Y, and Y, are isomorphic under some birational map vy :
S15 --+ Sy5 (the Horrocks-Mumford map).

The geometry of this duality was studied and described in [4] and [3]. We
shall use the Proposition 4.12 in [4] to explain it:

Proposition 5.1. e LetY, be a normal elliptic quintic curve with generic value
a € C*. Any elliptic scroll may be identified with a symmetric product of
elliptic curves (in our case 2,(Y) canonically with S*(Y,)).
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e There is an image of the elliptic quintic curve Y, denoted by Y, under the
Horrocks-Mumford map

vy PHz) -5 PY(2)

2 2 '
2 = v4(T) = TigoTiy — Ti 1 Tips, 1€ Ls

as a degree 15 curve.

e In a smooth generic (non-torsion) point p € Y, the quintic hypersurface
defined by the Jacobian matriz quadrics detM,(z) = 0 is the secant vari-
ety Sec(Ya.), and the quintic hypersurface defined by the Moore syzygies
detL,(z) = 0 is Trisec(S%(Y,)) - the trisecant variety 2,-1(Y).

e Let q be a non-torsion order 5 point on Y,. Then, the quintic hypersurface
detM,(z) = 0 is the trisecant variety Trisec(Z2,(Y")), and the quintic hyper-
surface detLy(z) = 0 is the secant variety Sec(Yy).

Finally, we summarise, using the Crauder-Katz Theorem (4.1), the described
picture graphically as following diagram:

Py
d
7
//// U
— -1
27 Sec(y) = P;zy N

Trisec(X) =PZ .
n .
2
Py

Here, the maps o : ]IAD%/ --» P4(x) and o : @ﬁ(——e P*(z) are blow-up maps
along Y — P%(x) and along X — P*(z), respectively; the maps oy and oy are
blow-ups of the secant Sec(Y") and trisecant Trisec(X) varieties of Y and X and
the maps @ and &~ ! are direct and inverse Cremona transfomations discussed
above in Sect.4, Theorem 4.1. We see that the map & is defined by quadrics

through the elliptic quintic curve Y. The secant variety Sec(Y’) is mapped by &
to the quintic scroll S?(Y).
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We remark that the degeneration locus of @ maps to Trisec(X) the trisecant
of X = S2(Y). In its turn, the inverse Cremona @1 transfers this trisecant to Y
and the degeneration locus maps to the secant variety Sec(Y'). Coming back to
the description of the the symplectic foliations for ¢s 1 (Y') and g5 2(Y") ,we observe
that the Cremona transformation and its inverse transform the symplectic leaves
to the symplectic leaves.

The essential difference between the degeneration properties of these sym-
plectic foliations was discussed by Pym (see [31]).

5.5 “Quantum” Cremona Transformations

Now, we are ready to explain the “quasi-classical” analogue of the following
Feigin-Odesskii “quantum” statement (Theorems 4.1-4.3 in [9]):

Theorem 5.3. o The quantum Sklyanin algebra Qs 2(Y, n) with generators Z;,
0 < i <4, and known 10 quadratic relations can be embedded into the quantum
Sklyanin algebra Qs 1(Y,n) so that this homomorphism is given (on the level of
generators) as Z; — q;(n), where ¢;(n), 0 <14 <4, are quadratic elements (so
Qs5,2(Y,n) is isomorphic to the subalgebra in Qs 1(Y,n) generated by q;(n)).
The elements q;(n) — z = ¢; (see 1) when n — 0.

o The quantum Sklyanin algebra Qs1(Y,n) with generators X;, 0 <1i < 4 and
known 10 quadratic relations, in its turn, can be embeded into the quantum
Sklyanin algebra Qs 2(Y,n) so that this homomorphism is given (on the level
of generators) as X; — 2;(n) where 2;(n), 0 < i <4, are cubic elements (so
Qs5.1(Y,n) is isomorphic to the subalgebra in Q5 2(Y,n) generated by Q;(n)).
The elements 2;(n) — x; = 2; (see 2) when n — 0.

o The composition Qs1(Y,n) — Qs.2(Y,n) — Qs51(Y,n) maps the generators
Xi, 0<i<4, of Q51(Y,n) to the elements K5 1(n)X;, 0 <1i <4,
where K5 1(n) — K51(x) (16) when n — 0.

o The composition Qs2(Y,n) — Qs5.1(Y,n) — Qs2(Y,n) maps the generators
Z;i, 0<i<4 of Qs52(Y,n) to the elements K5 2(n)Z;, 0 <i<4,

where K5 2(n) — Ks2(2) (17) when n — 0.

The proof of this Theorem is a straightforward but lengthy computation.
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Abstract. In general, quantum matrix algebras are associated with a
couple of compatible braidings. A particular example of such an algebra
is the so-called Reflection Equation algebra In this paper we analyze its
specific properties, which distinguish it from other quantum matrix alge-
bras (in first turn, from the RTT one). Thus, we exhibit a specific form of
the Cayley-Hamilton identity for its generating matrix, which in a limit
turns into the Cayley-Hamilton identity for the generating matrix of the
enveloping algebra U(gl(m)). Also, we consider some specific properties
of the braided Yangians, recently introduced by the authors. In particu-
lar, we exhibit an analog of the Cayley-Hamilton identityfor the gener-
ating matrix of such a braided Yangian. Besides, by passing to a limit of
this braided Yangian, we get a Lie algebra similar to that entering the
construction of the rational Gaudin model. In its enveloping algebra we
construct a Bethe subalgebra by the method due to D.Talalaev.
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1 Introduction

Let V be a vector space, dimV = N, and R : V®2 — V®2 be a braiding, i.e. a
solution of the braid relation (also called the quantum Yang-Baxter equation)

Ri2Ro3R12 = Ra3Ri2Ra3, Ri2=R®I, Ry3=I1IQ®R.
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Hereafter I stands for the identity operator or its matrix. The above relation is
written in the space V®3 and the lower indices label the spaces where a given
operator acts.

~The unital associative algebra generated by entries of a matrix L =
|17 |l1<4,j< N, subject to the following system

RLiRLi —LiRLiR=0, L =L®I, (1)

is called the Reflection Equation (RE) algebra, associated with a braiding R
and denoted .Z(R). Below, the matrix L and all similar matrices are called
generating.

The algebra .Z(R) is a particular case of the so-called quantum matrix (QM)
algebras. Any QM algebra is associated with a couple of compatible braidings
(see [12] for more details).

Another well-known example of a QM algebra is the so-called RTT algebra,
generated by entries of a matrix T' = [|t]||1<;, j<n subject to the system

RT\ T, —TiThoR=0, Ti=TxI, Ty=IxT. (2)

All algebras, we are dealing with, are assumed to be unital.
A braiding R is called an involutive symmetry, if it meets the condition
R? =1, and a Hecke symmetry, if it meets the Hecke relation'

(¢ —R)(¢ T+ R) =0, geK, ¢ #1. (3)

If an involutive or Hecke symmetry R is a deformation of the flip P, then the both
QM algebras are deformations of the commutative algebra Sym(gl(NN)). This
means that the dimensions of homogeneous components of each of these algebras
are classical, i.e. equal to those of corresponding components? in Sym(gl(N)).
Emphasize that similar algebras can be associated with any braiding R but
in general this deformation property fails. Below, all symmetries R which are
deformations of the usual flips and the corresponding objects will be referred to
as deformation ones.

The best known examples of deformation Hecke symmetries are those coming
from the Quantum Groups (QG) Uy(sl(N)). However, we introduce all our alge-
bras without any QG, which plays merely the role of a symmetry group for them,
provided the corresponding Hecke symmetry R comes from this QG. As another
example of a deformation Hecke symmetry we mention the Cremmer-Gervais
R-matrices. However, in general the involutive and Hecke symmetries, we are
dealing with, are not deformation either of the usual flips or of the super-ones.

Also, we assume all symmetries to be skew-invertible (see the next section for
the definition). Under this condition a braided (or R-)analog of the trace can be
defined. Note that this trace enters all our constructions. In particular, it takes
part in the definition of quantum analogs of the symmetric polynomials in all

! From now on, the notation K stands for the ground field, which is C or R.
2If R is a Hecke symmetry we should additionally require ¢ to be generic, that is
q" # 1 for any integer n.
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algebras under consideration. These quantum symmetric polynomials generate
commutative subalgebras, called characteristic.

However, only in the RE algebras these subalgebras are central (see [10]).
Besides, the RE algebras possess many other properties distinguishing them
from other QM algebras. The main purpose of the present paper is to exhibit
specific features of the RE algebras and of the so-called braided Yangians [6],
which are current (i.e. depending on parameters) algebras in a sense close to the
RE ones.

Here, we mention two of these particular properties. First, if a Hecke sym-
metry R = R(q) is a deformation of the usual flip P (i.e. R(1) = P), then the
corresponding modified RE algebra (16) is a deformation of the enveloping alge-
bra U(gl(N)). It can be treated as the enveloping algebra of a braided analog
gl(Vgr) of a Lie algebra gl(n). If R is a skew-invertible Hecke symmetry of a
general type, similar analogs of the Lie algebra gl(N) and its enveloping algebra
can be also defined.

In this connection the following question arises: whether it is possible to

define an affine version of the braided Lie algebras similar to m? Below, we

introduce such a braided analog M) Note that, putting aside the affine QG
U, (;;), there are known two approaches to define quantum generalizations of
affine algebras: the RE algebras in the spirit of [16]® and the double Yangians
and their g-analogs as introduced in [2]. In our subsequent publications we plan

to study the centre of the enveloping algebra U(gl(Vg)) in the frameworks of
the Kac’s approach and to compare all mentioned methods of defining quantum
affine algebras.

The second particular property of the RE algebra is that its generating matrix
L satisfies a matrix polynomial identity Q(L) = 0 for a polynomial Q(t), called
characteristic. Thus, we get a version of the Cayley-Hamilton identity.

As was shown in [12], such an identity exists for the generating matrices of
other QM algebras. However, only in the RE algebra this identity arises from
the characteristic polynomial. Also, in deformation cases by passing to the limit
q — 1 in the modified form of the RE algebra, we get the characteristic polyno-
mial and the corresponding Cayley-Hamilton identity for the generating matrix
of the enveloping algebra U(gl(N)), which are usually obtained via the so-called
Capelli determinant.

As noticed above, the braided Yangians,v recently introduced in [6], are in
a sense close to the RE algebras. They are associated with current quantum
R-matrices, constructed by means of the Yang-Baxterization of involutive and
Hecke symmetries. These braided Yangians constitute one of two classes which
generalize the Yangian Y (g/(N)), introduced by Drinfeld [1]. The second class of
Yangian-like algebras, also introduced in [6], consists of the so-called Yangians
of RTT type which are more similar to the RTT algebras.

3 They differ from our braided Yangians by the middle terms, which are also current
R-matrices. Observe that there are known many versions of such RE algebras.
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One of the main dissimilarities of the braided Yangians and these of RTT
type arises from their evaluation morphisms. For the braided Yangians the evalu-
ation morphisms are similar to these for the Yangians Y (gl(N)), but their target
algebras are the RE algebras (modified or not) instead of U(gl(/N)). Another par-
ticular property of the braided Yangians is that they admit the Cayley-Hamilton
identities for the generating matrices, which are also more similar to the classi-
cal ones. This is due to the fact that the analogs of the matrix powers entering
these identities are given by the usual matrix product of several copies of the
generating matrix (but with a shifted parameter w).

Also, deformation braided Yangians, in particular those, associated with
R-matrices (35) and called braided g-Yangians, admit a limit* as ¢ — 1. In
this limit we get Lie algebras &;,;, similar to & entering construction of the
rational Gaudin model. By using the method due to D.Talalaev, we construct
Bethe subalgebras in the enveloping algebras U(®y,;4). Consequently, we get
new Bethe subalgebras in the Lie algebras gl(N)®¥. In a more detailed way the
corresponding version of an integrable model will be considered elsewhere.

The paper is organized as follows. In the next section we recall some basic
properties of braidings and symmetries. In Sect.3 we describe the RE algebra
and the corresponding braided Lie algebra gl(Vg). Also, we define its affinization.
In Sect.4 we consider different forms of the characteristic polynomials for the
generating matrices of the RE algebras. In Sect. 5 we introduce braided Yangians
and describe their specific properties. In the last section by passing to the ¢ =1
limit in the braided ¢-Yangian, we get the aforementioned current Lie algebra
&rig and find a Bethe subalgebra in its enveloping algebra.

2 Braidings: Definitions and Properties

The starting object of our approach is a skew-invertible braiding of one of two
types, specified below. Recall that a braiding R is called skew-invertible if there
exists an operators ¥ : V&2 — V®2 guch that the following relation holds

TI‘Qngglgg = P13 = R,Zlg/lqu = (5;1(55, (4)

where the symbol Tr, means that the trace is applied in the second matrix space.
Below a summation over repeated indexes is always understood. Here we assume
that a basis {z;} in the space V' is fixed and ||R}/|| is the matrix of the operator
R in the basis {z; ® z,}:

R(:Bl &® .Z’j) = RZI T & Xy
The condition (4) enables us to extend R up to a braiding

R:VO2 Vo2 (V)92 (V)2 VeV VeV’ VeV —V'eV,

4 In order to get this limit we first change the basis in the Yangian, or in other words,
we pass to the shifted form of this Yangian.
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such that there exists an R-invariant pairing V@V™* — K (see [5]). This extended
braiding implies a braiding

REnAV) - End(V)®2 — End(V)®?,

where we identify End(V) 2 V ® V* since V is a finite dimensional space.
Now, introduce two operators

B=Tn¥ <& B =0 C=Trw & =uvl (5)
The definition of ¥ and the Yang-Baxter equation for R leads to the properties:
TI'1 BlR12 = IQ, TI'Q 02R12 = I1. (6)

R13B1Bs = B1 B3Ry, R12C1Cy = C1Co Ry, (7)

Let {27} be the right dual basis of the space V*, i.e. < x;,27 >= 6/. Then
the R-invariant pairing in the opposite order is

<, > VeV =K, <a:j,:17i>:Bf. (8)
In the space End(V') we fix the following basis

l:=2; @' € End(V)

7

and consider the map
trg : End(V) — K, lf — (5?, (9)

motivated by the pairing V ® V* — K. We call this map the R-trace.
Also, using the pairing (8), we define the following product in the space
End(V) | |
o: End(V)®? — End(V), U} ol} =Bl (10)

K3

This product is RF*4(V)_invariant in the following sense

REnd(V)(I®O) _ (O®I)R§nd(V)R11~:nd(V)’ REnd(V)(O®I) _ (O®I)R]1£}nd(V)R]2~3nd(V)’

(11)

where all operators act on the space End(V)®2. Hereafter, for the sake of sim-
plicity we write Ry instead of Ry k1.
Now, introduce the following pairing on the space End(V):

(,):End(V)®? - K, (X,Y)=trg(XoY), VX, Y €End(V). (12

Thus, on the generators I/ we have (lf7 1Ly = Biéé.
Now, let M = ||m}|| be an N x N matrix. Define its R-trace as

TrpM = Tr(CM) = M} C.
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This definition is motivated as follows. With a matrix M we associate an element
M!z; ® ¥ € End(V), where & is the left dual basis of the space V*, i.e. <
&', x; >= 6. The right R-invariant pairing of & and x; reads < z;, 7' >= C}
(see [5] for details). So, the R-trace of M is just the result of applying this pairing
to M/z; @ &'

As was shown in [15], this R-trace has an important property: for any N x N
matrix M the following holds

Trp) R1Mi Ry = Trpoy Ry ' MRy = I Trg M.

From now on, we use the following notation Tr;, . ;, = Tr;, ...Tr;, where i3 <
--» < i and the same for R-traces.

Now, we assume R to be a Hecke symmetry and ¢ to be generic. The cor-
responding constructions and results for involutive symmetries can be obtained
by passing to the limit ¢ — 1.

Note that for any Hecke symmetry R the symmetric and skew-symmetric
algebras

Symp(V) =T(V)/{m(¢l = R)),  J\ _(V)=T(V)/{m(¢g""I + R))

can be introduced. Since they are graded, the corresponding Poincaré-Hilbert
series

Pty =Y dimsym @ (V)iF, P_(t) =Y dim \ (V).
k k

are well defined. Here the index (k) labels the k-th order homogeneous compo-
nents. According to [9] the Poincaré-Hilbert series Py (¢) are rational functions.

Emphasize that the above homogeneous components can also be defined via
the projectors of symmetrization &2, (called below symmetrizers) and skew-
symmetrization Z_ (skew-symmetrizers)

k
:@_S_k) . Vek Sym(lg)(V)7 W) yek /\(R)(V).

The latter operators can be introduced by a recursive relation:

1 _ _ k _ —k
20 = — PED (T — (k= 1) Ryr) 2PV, k=L

5 L )

where we put by definition .9”(,1) = I and assume that the skew-symmetrizer

2% g always applied at the positions 1,2,..., k. Formula (13) was proved in
[3] in a little bit different normalization of the Hecke symmetries.

Let us assume the rational function P_(t) to be noncancellable. Let m
(respectively n) be the degree of its numerator (respectively, denominator). The
ordered couple (mn) is called the bi-rank of the symmetry R.

If R is a skew-invertible symmetry (involutive or Hecke) and its by-rank is
(m|n) then the operators B and C' (5) have a few additional properties:

BC = g*"=m)], TrB=TrC = ¢" ™(m —n),. (14)
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Proposition 1. If R is a skew-invertible Hecke symmetry and its bi-rank is
(m|0), then

—m(m—Ek) kq'(m — k)q' @Sk), (15)

(m) _
Trrk+1..m) P2 =q !

where we use the notation k,! = 142, ...k, and the standard agreement 0,! = 1.

Proof. The proof of this claim is a direct consequence of recurrence (13) and
properties of R-trace. Indeed, in virtue of the condition on the bi-rank and (14)

we have
Trrl =TrC =q ™my,

while formula (6) means that Trrk)Rk—1 = Ix—1. Now we can calculate a typical
trace:

o (45~ 5= D) = (F a— = 0) s = m— D,
where at the last step we used the relation
q*bg — ¢°ag = (b— a),.
Thus, we have
Trremy (4" = (m = 1)gRm—1) = ¢ "Iy

and consequently,

TrR(m) ,@Sm) = L @(mil).
L

Upon applying the R-trace once more, we get

m —2m 2 m—2 —9m 2 ' m — 2 ' m—2
Tr iy P = g2 ¢ gpm2) _ —2m 2! ' Ja! p(m-2)
mg(m — 1), Mmg:
Now, using the reasoning by recursion, we arrive to formula (15). |

3 Braided Lie Algebras and their Affinization

Now, consider a unital associative algebra generated by matrix elements of N x N
matrix L = [|I|| which obey the system of quadratic-linear relations:

RLiRL,—LiRLLR=RL, — L, R. (16)

We call this algebra the modified RE algebra and denote it ,ZZ(R)
If ¢ # 1 the algebras Z(R) (1) and .Z(R) are isomorphic to each other.
The isomorphism is realized by the following map

1

IN/»—>L+ —
q

L. (17)
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Due to this reason we treat the algebra .2 (R) as a modified form of the
algebra Z(R). In [5] we have constructed a representation category of the algebra
Z(R) similar to that of the algebra U(gl(N)). The isomorphism (17) enables us
to convert any .Z(R)-module into a & (R)-one.

Here, we want to mention only three Z(R)-modules. The first one is the
basic space V. The corresponding vector representation is defined by

pv(lf) > Ty = Bixl

where the notation > stands for the action of a linear operator.
The second .Z(R)-module, called covector, is defined in the dual space V*
by the following action on basis elements

py- () > 2k = flefij.

The third module, called adjoint, is identified with V' ® V*. The action of the
elements ] on this module is defined by means of the following coproduct

Ay =tel+10l - (¢-¢ )Y tFal. (18)
k

Onto the whole algebra . (R) this coproduct is extended by means of the braid-
ing REnd(Y). In this sense we speak about a braided bi-algebra structure of the
algebra -Z(R). The reader is referred to [5] for details. Note, that the coproduct
(18) arises from the braided structure of the RE algebra discovered by Sh. Majid
[13].

Another way to define the adjoint representation is based on a braided analog
of the Lie bracket. It is defined as follows. The system quadratic-linear relations
(16) on the generators of the algebra .Z(R) can be rewritten as

Ul -2l o) =1, 1], (19)
where
# :End(V)®? - End(V)®? and [,]:End(V)®? — End(V)

are two operators. The operator % is defined below (see (25)). The operator [, |
is by definition the result of applying the operator (10) to the left hand side
of (19).

Emphasize that if ¢ = 1 the operators % and R**(V) coincide with each
other but for a generic ¢ it is not so. ~

Then the adjoint representation of the algebra Z(R) can be defined as fol-
lowed

pena(v) (1) > 1, = (1], 1i)- (20)
Proposition 2. The action (20) defines a representation of the algebra Z(R).

In order to prove this claim it suffices to show that the action (20) coincides
with that discussed above. It can be also shown by straightforward computations.
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Definition 1. The space End(V) equipped with the operators # and [, ] is
called braided Lie algebra and is denoted gl(Vg).

Also, the algebra < (R) plays the role of the enveloping algebra of the braided
Lie algebra gl(Vg) in virtue of Proposition 2.

Besides the property formulated in Proposition 2, the braided Lie algebra
g9l(Vr) has the following features.

1. Its bracket [, | is skew-symmetric in the following sense: [, |#? = 0. Here
Z . End(V)®? — End(V)®? is a symmetrizer, constructed in [5]. Note that in
comparison with the above projectors 71 acting in tensor powers of the space
V, the symmetrizer 2 acts in (spang (I7))®2. Such symmetrizers and analogical
skew-symmetrizers were constructed in [5] for the tensor powers 2 and 3 of the
space spang (17).

2. This bracket is R**4(V)_invariant in the same sense as in (11). In the case
related to the QG U,(sl(V)), this bracket is also covariant with respect to the
action of this QG.

As for (20), we treat it as a braided analog of the Jacobi identity. Note that
if R is an involutive symmetry, then the corresponding Jacobi identity can be
written under the following form, similar to the classical (or super-)one:

[ he(I+ RV RERY) 4 REnAM) gAYy — (21)

Also, note that the right hand side of (16) can be obtained by applying the
product o (10) to its left hand side. This follows from the relation

OL1R12L1 = LlTI'(l)Blng = Lllg.
Now, introduce the following useful notation. We put®
Ly =1Ly, Ly=Ry_1Ly—=R;',, k>2 (22)

With the use of this notation, we can rewrite the system (1) in a form similar
to (2):
RiL7yLs — Ly LsRy = 0. (23)

The adjoint action can also be written as

LipRi Ly =L;—R{'LtRy & Liply=LyR'~R;'Ly=L;R,—R Ly,
(24)
where in the last equality we use the following consequence of Hecke
condition (3):
R =R—(¢—q¢ I

5

Note that the QM algebras as introduced in [12], are defined in a similar way,
but with the help of the second braiding F', in a sense compatible with R: Ly =
FooaL=F ).
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As for the operators Z and R¥*4(V) | they can be respectively presented as
A(Lr® Lz) = R (Ly® Ly)R, R0 L5) =Ly@ Lt.  (25)

Below, we use similar notations for dealing with the so-called braided Yangians.
Now, consider the element

{=TrrL =Tr(CL) € End(V).

In order to stress the difference between the R-traces Trr and trg (see (9)) note
that trg L = I. We have

m-—n
tTRE = C]Iz = 7( )q
qm—n
Let us suppose that m # n and consequently trzf # 0. Then the elements

) =1 —§
fz @ % tng

are well defined and traceless: trg fij = 0. This enables us to define a braided
analog sl(Vg) of the Lie algebra si(IN). The reader is referred to [5] for details.

Now, consider the affinization procedure of the braided Lie algebras gl(Vg).
For the algebras sl(Vg) it can be done in a similar manner. Following the classical
pattern, we consider the algebra

gl(VR)[t,t ] = gl(VR) @ K[t t ']

This algebra is generated by elements lg [a] == ZZ ® t*, a € Z. The braided Lie
bracket in it is also defined according to the classical pattern:

[X[a],Y[D]] :=[X,Y]la+0b], X,Y €gl(Vg).

To construct the central extension of gl(Vz)[t,t™!] we introduce a vector
space
gl(VR)[ta t_l] ®Ke

where ¢ is a new generator commuting with any elements of gl(Vg)[t,t71].
Besides, we extend the action of the operator & in a natural way

Z(X[a|@Y[b) =Z(XQY)[b)[a], Z(X[a]®c)=c®X][a], Z(c®X]a])=X[a]®c.

Here, the notation Z(X ® Y)[b][a] means that we attribute the label b to the
first factor and that a to the second one. .

Now, define the affine braided Lie algebra gl(Vg) by introducing the following
bracket

[X[a],¢] =0, [X[a], Y[B]] = [X, Y][a +b] + w(X[a], Y[B]) c,

where
w(Xlal, Y[b]) := a(X,Y)d(a +b).
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Here (, ) is the pairing (12) in the algebra gl(Vg) and a discrete d-function (a)
is defined in the standard way:

lifa=0
5(a)_{0ifa7é0.

We do not know what is the Jacobi identity in the braided Lie algebra m),
provided R is a Hecke symmetry. However, if R is an involutive symmetry, the
corresponding Jacobi identity is similar to (21). This claim can be easily deduced
from the following property of the term w.

Proposition 3. If R is an involutive symmetry, then the following holds
w [7 ]23 <(I + RI;]nd(V)R];nd(V) + RIQEnd(V)RIIEnd(V))(X[a] ® Y[b] ® Z[C])) =0.

In virtue of this property the term w can be called braided cocycle.
The enveloping algebra U(gl(Vg)) can be also defined in a natural way as

the quotient of the free tensor algebra of gl(Vg) over the ideal, generated by the
elements

ctifa] =t[ale, X[a]Y[b] - #(X[a] ® Y[b]) — [X[a], Y]] — w(X]a], Y[¥])e.

In a similar manner it is possible to define the enveloping algebra U(sl(Vg)). In
fact, we suggest a new way of introducing quantum analogs of affine Lie algebras.

In our subsequent publications we plan to study the center of the algebras
U(gl(Vg)) and U(sl(VRg)) in the spirit of the Kac’s approach.

4 Characteristic Polynomials for Generating Matrices

In this section we suppose that the bi-rank of a given skew-invertible Hecke
symmetry R is (m|0), m > 2. As was shown in [4], the generating matrix L of
the corresponding RE algebra meets the following Cayley-Hamilton identity

L™ —qL"™ ey (L) +¢* L™ 2ea(L) + ...+ (—q)" " Lem—1(L) + (—q) " Iem(L) = 0,
(26)
where

eo(L) = ]_7 ek(L) = T?"R(l__.k)(g(_k)LTLg. . LE), k > 1,

are quantum analogs of the elementary symmetric polynomials. Here AN
V®k — V& s the skew-symmetrizer (13).

Note that quantum analogs of these and other symmetric polynomials (Schur
polynomials, power sums) are also well defined in all QM algebras and they
generate a commutative subalgebra called characteristic. As we said above, in
the RE algebra the characteristic subalgebra is central. By this reason, it does
not matter on what side of the powers of the matrix L we put the coefficients in
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the Cayley-Hamilton identity and in its generalizations called Cayley-Hamilton-
Newton identities. An important consequence of this fact is the possibility to
introduce the quantum spectrum of L, the quantum eigenvalues p; of L belong
to an algebraic extension of the center of RE algebra. This quantities allows one
to rewrite the Cayley-Hamilton identity (26) in a factorized form:

N

H(L — i) = 0.

i=1

By contrary, in other QM algebras the elements ey, are not central and their
position in the Cayley-Hamilton identity (in front of a matrix power or behind
it) is important. Besides, in these algebras the powers L* should be replaced by
their quantum counterparts, which also exist in two forms. We refer the reader to
the paper [12], where the Cayley-Hamilton identity (and its generalization called
the Cayley-Hamilton-Newton identity) is proved for the generating matrices of
all QM algebras, the RTT and RE algebras included.

Remark 1. In [11] the notion of a half-quantum algebra was introduced. Simi-
larly to a QM algebra a half-quantum algebra is defined with the help of a couple
(R, F) of compatible braidings, but the defining relations on generators are less
restrictive than those for the QM algebras. The point is that analogs of symmet-
ric polynomials can be also defined in half-quantum algebras and a version of the
Cayley-Hamilton-Newton relations can be established. Nevertheless, in general,
the “symmetric polynomials” in these algebras do not commute with each other.

As follows from formula (26), the characteristic polynomial for the generating
matrix L of the RE algebra is

m

Q) =Yt (—q)fex(L), (27)

k=0

since Q(t) is the m-th order polynomial with the unit coefficient at the highest
power t™ which possesses the property Q(L) = 0.

Our current aim is to present this polynomial in a form useful for finding
the characteristic polynomial for the generating matrix of the modified RE alge-
bra. By passing to the limit ¢ — 1, we get a characteristic polynomial for the
generating matrix of the algebra U(gl(N)).

Proposition 4. The polynomial Q(t) defined in (27) is identically equal to the
exTPression:

Qt) = ¢" Tra(r...m) (32(1”) (t] — L7)(q*] — Ly)...(q*™ Vel — Lm)) . (28)

Proof. Consider the following polynomial in m indeterminates t;:

Ot1, - tm) = " Trger. ) (,@S’”’ (t] — L) (ta — Ly) ... (tl — Lm)) .
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By developing the product of linear factors in the above expression, we get a
sum with the typical term

qu'k(tl, ce ,tm) TrR(l...m) (:@(_m)(—LT) e (—Lm)) 5

where oy (t1,...,tm) are the elementary symmetric polynomials in ¢y, ..., t;,:

Okt t) = St ty,

1<iy <---<ip<m

Here, we use an essential fact that the factors L; under the R-trace can be
“shifted” to the most possible left position. This means that the following iden-
tities hold

Trr1...m) (@(jn)LEngg e Lgk) =Trr(1...m) (?(,m)LTLg. .. LE)

for any set of integers 1 < 51 < 59 < -+ < s, < m. Emphasize that this property
is specific for the RE algebra. It fails if the matrices Ly are defined via a braiding
F different from R (see footnote 5).

By using Proposition 1, we can present the polynomial Q as follows

. i i1 kgl (m = k)]
Qt1, ... ty) = ;0(71)% (m—k-1) q(mq,)" Om—k(t1, .- tm) ex(L).
(29)
Now, we take into account a result from g-combinatorics:
O'k(t q2t q2(k—1)t) — tko_k(l q2 q2(k—1)) — qk(m—l)miq!tk.
) ) ) ) ) ) kq!(m _ k)q!

2(k—1)

So, specializing t, = ¢ t in the above expression (29) we precisely get the

formula (27). Therefore
Q(t) = Q(t7 q2t7 crt q2(m_1)t)7
which proves the claim in virtue of the the definition of Q. |

It is obvious, that formula (28) can be written as follows:
Q(t) = ¢" Trr(1...m) (@(_m)(tf — L)g(q*t] — L)s... (2™~ V¢1 — L)m> .

From this form of the characteristic polynomial (28) for the matrix L we can get
the characteristic polynomial for the matrix L.

Corollary 1. The characteristic polynomial Q(t) for the matrix L is equal to

Q1) = 4" Tera..m) (@E”” i (@ED (=g = 1), )1 - Lk)> . (30)

k=1

where the factors are placed in ascending order in k£ from the left to right.
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Proof. The generating matrices L and L are connected by a linear shift (17).
Introducing a new indeterminate

t=t+

we obviously have t/ — L = ¢I — L. Therefore, rewriting L and ¢ in (28) in terms
of L and ¢ we get the polynomial Q(t) with the property Q(L) = 0 (we return
to the notation ¢ instead of ¢ at the end of transformations). |

Note, that the value m in the above formulae is in general independent of
the parameter N = dim V' except for the restriction m < N. If a given Hecke
symmetry is a deformation of the usual flip (the U,(sl(N)) Drinfeld-Jimbo
R-matrix as a well-known example), then its bi-rank is (N|0). By passing to
the limit ¢ — 1 we get the following claim.

Corollary 2. Let M = ||mf|| be the generating matriz of the enveloping algebra
U(gl(N)), where m} 1 < 4,5 < N is the standard basis of gl(N). Then the
following polynomial is characteristic for this matrix

2(t) = Tr1..n) (3”(,1\[)(75[ = M) ((t — 1)1 — Ma)..((t = N+ 1)I — MN)) )

where 2™ is the usual skew-symmetrizer in VEN | that is we have 2(M) = 0.

Emphasize that usually the characteristic polynomial for the matrix M is
constructed by means of the Capelli determinant.

Also, note that the claim of the Corollary 1 is valid for the generating matrix
of any modified RE algebra corresponding to a skew-invertible involutive sym-
metry R, provided R can be approximated by a family of Hecke symmetries.

Remark 2. Along with the characteristic polynomial for the generating matrix
of the enveloping algebra U(gl(IN)) one usually exhibits a similar polynomial
for its transposed matrix M? (see [14]). In our setting the matrix M? should be
replaced by the generating matrix of the modified RE algebra defined by

R1L2R1L2 — L2R1L2R1 = R1L2 — L2R1. (31)

It is treated as the enveloping algebra of the algebra of right endomorphisms
of V. For the generating matrix of this algebra the characteristic polynomial is
similar to (28) but the R-trace should be defined via TrrL = Tr(BL) and all
the matrices Lz should be replaced by L; where

Ly =Ly, Lip=R;"LigaRy, 1<k<m-—1.
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5 Braided Yangians

Let R(u,v) be a current quantum R-matrix. This means that it is subject to the
quantum Yang-Baxter equation

R12 (u, U)R23 (u, w)ng (7}, w) = R23(1], w)ng (u, w)R23 (u, U).

Consider an analog of the RT'T algebra, associated with such an R-matrix defined
by the system

R(u,v)L1(u)La(v) = L1 (v)La(u)R(u,v), (32)
where the matrix
Lw) =) Lku™* Lk = {Klh<ii<n, (33)
k>0

expands in a series in non-positive powers of the parameter. .
Thus, the system (32), being rewritten via the generators I [k], leads to an
infinite family of quadratic equations on the generators I [k], whose number is
also infinite, but each equation is a polynomial in the generators.
The R-matrix R(u,v) we are dealing with are of two classes:
-1
© ;. R —gr- =)

u—v u—v

R(u,v) =R —

(34)

In the first formula in (34) R stands for a skew-invertible involutive symmetry,
whereas in the latter one R = R(q) is a skew-invertible Hecke symmetry. The fact
that these R-matrices meet the quantum Yang-Baxter equation can be verified
by a straightforward calculation [6]. The procedure of constructing such current
R-matrices via symmetries R is often called Yang-Bazterization.

Note that the Drinfeld’s Yangian corresponds to the famous Yang R-matrix,
which is defined via the first formula (34) with R = P.

Observe that the second current R-matrix in (34) is actually depending on
the ratio u/v of the parameters. There exists another (so-called trigonometrical)
form which can be obtained via the change of variables u — g%, v — ¢". After
such a transformation the current R-matrix will depend on the difference u — v.
Below, we deal with the rational form (34) of the current R-matrix.

All Yangian-like algebras defined via (32) but with other current R-matrices
are called Yangians of RTT type.

The well-known examples of Yangians of RTT type are the so-called g¢-
Yangians (see [14]). In the lowest dimensional case such a ¢-Yangian is associated
with the following current R-matrix

e 0 0

5 la—gMu 0 el g 0

R =R-S5E= T e
0 0 0 —qut+q_'u
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Note that each Yangian of RTT type has a bi-algebra structure. On the
generators the corresponding coproduct is defined as follows

A =101,  AE®W) =l o).
Now, consider the so-called evaluation morphism
T
Tu)—T+ —.
u
This map induces a morphism of algebras, if R is a Hecke symmetry and the
matrices T and T meet the following relations

RT, Ty =TTy R, RT,To=T,TsR, RT,Ty=T,TsR.

Thus, the target algebra generated by the entries of the matrices 7" and T is a
couple of RTT algebras connected by the last relation.

Note that in the case of ¢-Yangians one usually imposes some additional
conditions on the matrix L[0].

In [6] we suggested another candidate for the role of the ¢-Yangian. Consider
an algebra generated by entries of a matrix L(u) subject to the relations

R(u,v) Ly (u)RL1(v) — L1 (v)RL1 (u)R(u,v) = 0, (36)

where R is just the involutive or Hecke symmetry entering the current R-matrix
(34). Besides, in the expansion (33) we assume that L[0] = I. We denote this
algebra Y (R) and call it the braided Yangian.

Below, we use the notation similar to (22):

Li(u) = Li(u), Lg(u) = Reor Ly () Ry, k> 2.

By using this notation, it is possible to cast the defining relations (36) in a form
similar to the Yangians of RTT type

R(u,v)Ly(u) Lz (v) — Ly(v) Ly (u) R(u, v) = 0.

The braided Yangian, corresponding to the R matrix (35) and its higher
dimensional analogs are called braided q-Yangian.

Let us mention some of properties of the braided Yangians. First of all, any
braided Yangian has a braided bi-algebra structure. The corresponding coprod-
uct is defined on the generators by the same formulae as in the Yangians of RTT
type but it is extended on the whole algebra via the braiding RF*(V) in a way
similar to that in the RE algebra.

Another important property of the braided Yangians is that their evaluation
morphisms look like the classical one

Llu)— I+ % (37)

The target algebra generated by entries of the matrix M, is described by the
following claim proved in [6].
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Proposition 5. 1. If R is an involutive symmetry, then the map (37) defines
a surjective morphism Y (R) — Z(R). Besides, the map M — L[1] defines
an injective morphism £Z(R) — Y (R).

2. If R is a Hecke symmetry, then the map (37) defines a morphism Y (R) —
Z(R).

Thus, the type of the target algebra depends on the type of the initial symme-
try R. This proposition enables us to construct a large representation category
of each braided Yangian. We describe it for the braided ¢-Yangian Y (R).

Consider the category of finite dimensional U, (sl(IN))-modules which are
deformations of the U(sl(N))-ones. Each of its objects can be endowed with
a structure of the .Z(R)-module where R is coming from the QG U, (sl(N)).
This fact follows from the method of constructing the category of & (R)-module
as was done in [4]. Finally, by using the isomorphism (17) we can convert any
Z(R)-module into .Z(R)-one. Now, it remains to apply the above proposition.

One of the most remarkable properties of the Yangians of all types is that
analogs of some symmetric functions are well defined in these algebras. Also,
analogs of the Cayley-Hamilton-Newton identities are valid in these algebras.
Note that these identities can be presented in different form. Below, we exhibit
them in a form which differs from that of [6,7].

First, define analogs of powers L*(u) and skew-powers L"*(u) of the matrix
L(u), generating a braided Yangian:

LF(u) := L(g 2 " Du)L(g 2+ Du) ... L(u),
LM (u) = Trpeo. x) (9< )L-(u)Ly (q’zu)...LE(q’Q(’“’l)uD k> 2,

where it is convenient to set by definition L°(u) = I and L (u) = L(u).

Here, we would like to emphasize a difference between the braided Yangians
and these of RTT type. In the latter ones analogs of the matrix powers and
skew-powers can be also defined, but only in the braided Yangians analogs of
the matrix powers are defined via the usual matrix product of the generating

matrices (but with shifted parameters).
In the braided Yangians quantum analogs of the power sums and elementary
symmetric polynomials are respectively defined by

pe(u) = TrpL¥(u) = TrpL(g ** " Du)L(g >*~2u) ... L(w),

ex(u) = TepL M (u) = T (2 L) Lgla20) . (e >* Dw)). (38)

Now, we are able to exhibit the Cayley-Hamilton-Newton identities in the
braided Yangians.

Proposition 6. The following matrix identities hold true for the generating
matriz of a braided Yangian

k
(1) hg L () = > (—)* P LP (2 * Pu)er_p(u) VE > 1. (39)

p=1
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Proof. Can be done by the considerations similar to these from [6], namely,
by sequential use of the recurrent formula (13). However, first, we present the
skew-power L"\*(u) as follows

LM () = Trage. g (Lrla ™ Du)La(a 2 * D). Ly(w) 2P,
Then we apply the method used in [6].

Note, that in the cited paper we got a different form of the Cayley-Hamilton-
Newton identities: the elementary symmetric functions appeared there on the left
of matrix powers of L and the matrix powers were defined by more complicated
expressions than those written above. |

If the bi-rank of the Hecke symmetry R is (m|0) (in particular, for the braided
g-Yangian it is (N]0), i.e. m = N), then the highest nonzero skew-power is

LN (u) = ¢™ep (u) 1,

where e, (u) is the highest nonzero elementary symmetric polynomial, which is
a quantum analog of the determinant.
Consequently, on setting in (39) k = m we get the Cayley-Hamilton identity

m

Z VYL P (g~ *Pu)e,(u) = 0.

p=0

By applying the R-trace to the identities (39), we get a family of the quantum
Newton identities

pr(u) — qpe—1(q 2w)er (WK —q)*pr—2(q *u)ez(u) + . ..
H#=0)"p1(g 2 * D u)er (u) + (—q) ke (w) =0 k> 1.

Emphasize that the quantum analog of the determinant e,,(u) is central in
the braided Yangian Y (R) for any symmetry R, whereas in the Yangians of
RTT type its centrality depends on R (see [6]). The other analogs of elementary
symmetric polynomials eg (1), 1 < k < m and power sums pi(u), k > 1, commute
with each other and generate a commutative Bethe subalgebra. This is true also
for the Yangians of RTT type.

6 Shifted Braided g-Yangian and its ¢ = 1 Limit

Let r(u,v) be a classical r-matrix, i.e. gl(IV)-valued function in parameters u
and v (assumed to be rational), which meets the classical Yang-Baxter equation

[r12(w, v), r13(u, w)] + [r12(u, v), 125 (v, w)] + [r13(uw, w), re5(v, w)] = 0.
Suppose that the map

L(u) ® L(v) = {L1(u), La(v)} = [r(u, v), L1 (u) + La(v)], (40)
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is skew-symmetric and consequently it defines a Poisson bracket. Also, suppose
that the matrix-function L(u) = ||l (u)|| expands in a series (33). Thus, this
Poisson bracket, defined on the commutative algebra Sym(gl(N)[t~!]), can be
expressed via the coefficients L[k], k > 0.

By using the standard R-matrix technique, it is easy to show that the ele-
ments TrL*(u) commute with each other with respect to this Poisson bracket:

{TrLF(u), TxL'(v)} =0, Yk, 1>0 (41)

for any values u and v.
The simplest non-constant example of an r-matrix is the following one

P

u—v

r(u,v) = (42)
The corresponding Poisson bracket is an important ingredient of the rational
Gaudin model and its quantization.

Let us emphasize that the elements TrL*(u) (or their R-counterparts) do not
commute any more in the enveloping algebra U(®) of the Lie algebra & defined
by formula (40) with the same r-matrix (42). Talalaev [17] succeeded in finding
a Bethe subalgebra in this enveloping algebra.

Now, consider the map

K
L) 3 (43)

b
u—u
k=1 k

where up, € K are K fixed points, and the matrices M} generate K copies of
the algebra U(gl(V)). This means that each matrix M), generates the enveloping
algebras gl(/V) and entries of any two matrices of this family commute with each
other. Then, the map (43) defines a Lie algebra morphism & — g = gI(N)®¥
and consequently a morphism of the enveloping algebras of these Lie algebras.

In fact, the map (43) can be treated as an analog of the evaluation morphism
Y (gl(N)) — U(gl(N)), combined with the morphisms u — u— uy, and the usual
coproduct.

The image of the Bethe subalgebra in the algebra U(®) under the map
(43) is a Bethe subalgebra in the algebra U(g). Some quadratic elements of the
latter algebra play the role of the Hamiltonians of the rational Gaudin model.
Talalaev’s result gives rise to higher Hamiltonians of this model.

Let us emphasize that constructing a Bethe subalgebra in the algebra
U(®) was performed by Talalaev via using a Bethe subalgebra in the Yangian
Y (gl(N)). It is tempting to replace the r-matrix (42) by that corresponding to
R-matrix (35) and upon using the same method, to find a Bethe subalgebra in
the enveloping algebra of the corresponding Lie algebra.

Unfortunately, this method fails though a Bethe subalgebra in the ¢-Yangian
of RTT type exists and is known (see [6]). This failure is due to the fact that
in the g-Yangian of RTT type it is not possible to find elements of this Bethe
subalgebra which have a controllable expansion in the deformation parameter h.
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We claim that the Talalaev’s method is still valid in the braided ¢-Yangian.
Namely, below we exhibit elements of the Bethe subalgebra of this generalized
Yangian which has the necessary expansion property. This enables us to find a
Bethe subalgebra in the enveloping algebra U(®,;4) of the Lie algebra &g,
which arises (similarly to the rational case) from linear Poisson structure corre-
sponding to this braided ¢-Yangian (see [6]). Besides, an analog of the map (43)
can be also found and used for constructing a Bethe subalgebra in the algebra
U(g).

As claimed in [6,8], the quantum elementary symmetric polynomials ey (u)
defined by (38) commute with each other in the braided Yangians Y (R). Also,
we consider the following elements

éx(u) = Trra..m) («@(,m)LT(u)Lg(q_Qu) . LE(q—Z(’f—l)u))’

which differ from eg(u) by a modification of the skew-symmetrizers and the
positions where the R-traces are applied. According to Proposition 1 any element
ér(u) differs from that ey (u) by a non-trivial (for a generic ¢) numerical factor.
Consequently, the elements é;(u) also commute with each other.
By using the relation
d

q % f(u) = f(g"*u)q ?%, where 9, = U=
U

2

we can present the elements éx (g~ *u) as follows

eu(a7%u) = Trm (20 (a2 L) (g2 Ly(w) - (a2 L)) ) 0.
(44)
Now, change the basis of the braided ¢-Yangian in a way similar to (17):

L(u) = (¢ —q ") L(u) + 1. (45)
Also, we put ¢* = exp(h) and expand the elements é(q—2
matrix L, in h.
Since the factors entering formula (44) expand as

u), expressed via the

q 2% Liy(u) = (1 — hdy + o(h))(I + hLz(u) +o(h)) = I + h(Ly(u) — 18,) + o(h),

2

we get the following expansion of the elements éx (g™ *u)

ek(e™"u) = Tepg (2 U+h(Lp(w)—1 u)+o(h))...(I+h(Ly(w)—1 Bu)+o(h)) ) (1+0(1)).

Also, note that Ly(u) = Ly,(u) + o(1) for all p.
Following [17], consider the elements

() = S (-1Fr— g ),

pl(k—p)”

commuting with each other in the braided ¢-Yangian.
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We state that the expansion of the element 74 (e "u) begins with a term
proportional to h¥. Thus, the elements h~*7,(e~"u) expand as follows

h= (e u) = QHy(u) + o(h).

This entails that the elements QHy(u),k = 0,1...,m commute with each
other in the algebra which is the limit of the braided g-Yangian as h — 0. Let
us compute the defining relations of the limit algebra. Being expressed via the
matrix L the defining system of the braided ¢-Yangian is

@0 ) ), RE(w), - )y RE(w) (7~ =0y = 2P0 —vTa ()

u—v u—v u—v

(R- ]

Consequently, the defining relations of the limit algebra are

(), Lo(w)] = (P, Py P f ) eua) 6)

u—v U —

We denote &,,;, the Lie algebra with the bracket, defined by the right hand
side of this formula. Thus, in the basis L(u) the braided ¢-Yangian turns into
the enveloping algebra U(®,,;4) of this Lie algebra as ¢ — 1 (or h — 0).

Thus, similarly to [17] we have the following.

Proposition 7. The elements
QHy(u) = Tr(y ) @™ (L1 (u) = 10,) (Lo (u) —18,)...( Ly (w) = 10,)1, 1>k >m
commute with each other in the algebra U(®yrig).

Observe that here the trace and skew-symmetrizer are classical.
The commutative subalgebra generated by the elements QH(u) in the alge-
bra U(®y,i4) is called the Bethe subalgebra.

Remark 8. Note that similarly to (17) the map (45) converts a quadratic algebra
in a quadratic-linear one. However, the defining relations of the limit algebra do
not depend on the concrete form of the Hecke symmetry R.

Now, describe an analog of the map (43).

Proposition 8. The map

K

= Myuy

F - 3 A
k=1 k

where the family (My, ..., Mg) generates the Lie algebra g = gl(m)®¥ (in the
same sense as in (43)), defines a Lie algebra morphism G — g and conse-
quently, a morphism of the enveloping algebras of these Lie algebras.
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The corresponding version of an integrable model will be considered else-
where.

Let us point out two main differences of our result from that of [17]. First, our
0y is the “multiplicative derivative”: u%. Second, the Lie algebra &,;, cannot
be presented under the form (40). The Poisson structure, corresponding to this
Poisson bracket, is exhibited in [7]. Also, a comparative analysis of the Poisson
structures related to different types of the deformation Yangians is presented
there. Emphasize that the Poisson structures corresponding to the braided Yan-
gians do not also depend on the concrete form of the Hecke symmetry as well.
Up to a factor, it equals the right hand side of formula (46).

Completing the paper, emphasize once more that the Talalaev’s method is
still valid since we are dealing with the braided version of the Yangians.
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Abstract. In this survey chapter we discuss various approaches and
known results, concerning the following question: when is it possible to
find a commutative extension of a Poisson-commutative subalgebra in
C*(X) (where X is a Poisson manifold) to a commutative subalgebra
in the deformation quantization of X, the algebra &7 (X). A case of par-
ticular interest, which we consider with certain detail is the situation,
when X = g* and the commutative subalgebra is constructed by the
argument shift method.

Keywords: Deformation quantization
Poisson commutative subalgefbras - (Quantum) integrable systems

1 Introduction

1.1 The Main Question

Let X be a Poisson manifold, i.e. a closed compact manifold with a fixed bivector
7 € AT X, satisfying the relation

[ﬂa 7T] =0,

where [,] is the Schouten bracket of polyvector fields. Equivalently, one can say,
that there is a Poisson bracket {f, g} = 7(df,dg) on the algebra of smooth func-
tions on X, satisfying the Leibniz rule in both variables and the Jacobi identity.
An important particular case of Poisson manifolds is when 7 is a nondegenerate
bilinear form on T*X at all points. In this case its inverse w = 7~1 € A2T*X is
a symplectic structure on X.

It is known, that every Poisson manifold allows deformation quantization,
i.e. that there exists an h-linear associative noncommutative s-product on
C>(X)[[A]], given by formula

Feg=fo+ .9+ 3 M"Bulf.0) (1)
k=2
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where B,,, n > 2 are certain differential operators in both variables (this is some-
times called bidifferential operators); we shall usually set B1(f,g) = 3{f., g}. For
example, one can take B,, from Kontsevich’s formula (see [3]):

Bn(fvg) = Z wFBF(f7g)v

reG,

where I' € G, is certain set of graphs, By is a differential operator, associated
with every graph, and 7 and wp is a weight, given by an integral over a configu-
ration space. Below we shall often abbreviate the algebra (C'*°(X)[[A]], *) simply
to &7 (X). It is easy to see, that in case m = 0 this formula does not change the
product at all. On the other hand, if X = R*”, 7 = 8%1 A 6%1 4+ 6}% A %
(i.e. if the Poisson structure on R?" is in effect constant and symplectic), then
the algebra <7 (X) is isomorphic to the Weyl algebra of (formal polynomial)
differential operators on R?".

Now the main problem, that we try to solve, is: given a commutative Poisson
subalgebra C' € C=(X), is it possible to find a commutative algebra € in o/ (X),
quantizing C, i.e. such that there is a linear isomorphism f — f € € C (X)),
where

F=F+Y ' fu, fo€C¥(X),

and fxg=gx f forall f g€ C.

In many situations such commutative algebras have important applications.
For instance, in case of the constant symplectic structure on R?", we obtain com-
mutative subalgebras inside the Weyl algebras, whose structure is closely related
to such important problem as the Jacobian problem (see [1]). Commutative sub-
algebras in the rings of differential operators and their generalizations (e.g.in
universal enveloping algebras) have been extensively studied in many situations,
especially under the name of quantum integrable systems, see for instance [2].

Besides this, one can use the obstructions, that arise in the process of quanti-
zation as a method to distinguish different nonequivalent Poisson structures on
manifolds: these obstructions are invariants of the Poisson structure (under the
morphisms, preserving the commutative subalgebra), so if they vanish for one
Poisson structure and are nontrivial for another, it would mean that these two
structures cannot be identified by a Poisson morphism.

In this survey we shall give an account of the known results in this field,
as well as of the methods and ideas, used in the investigations. We try to make
our exposition self-contained, so that an interested reader will be (at least) given
references to the papers, in which the corresponding results have been published.

1.2 Argument Shift Method and Enveloping Algebras

One of the main subject of our interest is the commutative Poisson subalgebras,
generated by the argument shift method (principal details of this method are
explained in the Sect.2.1). The advantage of these algebras is that the corre-
sponding construction is purely algebraic, so there are all chances that these
algebras can in fact be quantized.
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There are certain evidences, that it is in fact the case. First of all, if the
manifold X is given by a Lie algebra, i.e. in the original case, where the argu-
ment shift method first appeared, the deformed algebra is closely related to the
universal enveloping algebra of g, i.e. &7(g) = U(g)[[h]], as linear spaces where

Ul) =T%g/( XY - Y@ X —[X,Y]).

The relation, loosely speaking, is determined by setting & = 1 in <7 (g), and using
the PBW theorem to identify U(g) with S(g) as linear spaces.

It has been a long standing problem to describe the commutative subalgebras
in the universal enveloping algebras. One of the first known results here are the
Harish-Chandra and Duflo isomorphism theorems, which identify the center of
U(g) with the Weil-invariant part of S(h) (here § is the Cartan subalgebra) and
with S(g)“ (the Adg-invariants in S(g)) respectively.

These results were followed by the works of Vinberg and Tarasov in 1990s
(see [4,5]), in which other commutative subalgebras in the ubiversal envelop-
ing algebras were introduced. Namely, in the latter case it was shown that the
standard symmetrization map

1
S(g)dz1...ap — Z Tt To(k) € Ulg),
c€S,

where z; € g and z - y denotes the product in U(g) for g = gl,,(C) sends the
Poisson commutative algebra of Mishchenko and Fomenko to a commutative
subalgebra of U(g).

Later these results were further generalized by various people, so that now
one knows that a somewhat similar statement holds for arbitrary semisimple
Lie algebra. Namely, in Rybnikov’s paper [6] the corresponding commutative
subalgebras were described. This construction, however, based on the active use
of the Kac algebras representation theory, is much less explicit. The existence of
the necessary commutative subalgebras follows from the description of the center
of the universal enveloping algebra of Kac algebra, U(g) on critical level. It is
shown, that there exists a homomorphism from U(g) to U(g), which maps this
center into a commutative subalgebra in U(g); moreover, one can choose certain
elements in the center Z(U(g)), such that the leading terms of their images
in the enveloping algebra will coincide with the algebra of shifted invariants of
Mishchenko and Fomenko.

Unfortunately, this construction is very indirect in that the construction of
the corresponding central elements depends very much on the properties of the
representation category of U(g) at the critical level and it is not always possible
to compute the explicit formulas for the corresponding elements. Some work in
that direction has been done with the help of the Yangians (see for instance
[2,7]), so that in many particular cases such formulas were eventually found.
However, it is still not clear, in what proportion can this theory be transfered
to non-semisimple algebras, e.g. on nilpotent algebras.
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1.3 Presentation and Organization of the Text

This text is divided into two main parts. The first of it is dedicated to the
description of the main properties of the argument shift method in Poisson alge-
bras and its generalizations, so that the algebraic properties of this construction
and its relation to the Nijenhuis operators are revealed. In Sect. 2.1, we describe
the canonical construction, that goes back to Manakov [8], Mishchenko and
Fomenko (see [9], though we use a somewhat more generic approach, so that it
would include not only Lie algebras, but more general Poisson manifolds). In
Sects. 2.2 and 2.3 a still more algebraic point of view is adapted, that relates
this construction with the classical notion of Nijenhujs operators (see also [10],
where a very close approach is used, known as the Lenard-Magri chains).

In the second part we describe the homological constructions that lurk
beyond the deformation quantization. We begin with the classical result of Kont-
sevich, his “formality theorem”, which relates the star-product with L..-maps
between two given differential Lie algebras (Sect.3.1). After this in Sect. 3.2 we
give a brief account of results by Garay and van Straten (see [13]), who gave
a convenient cohomological criterion for the quantizability of a commutative
subalgebra. The following two Sects. 3.3 and 3.4 describe similar constructions
from other authors (see [14,15]), which give homological obstruction for quan-
tization of commutative subalgebras and Poisson vector field actions; the latter
question is closely related to the problem we consider, since one can quantize
the commutative subalgebra of Hamiltonian vector fields, generated by the inte-
grable system as an approximation to the quantization of the system. In the last
section, Sect. 3.5 of this part we give few examples of applications of the methods
from previous sections.

Finally, in the Sect.4 we give few remarks, concerning possible future inves-
tigations and pose several related problems, which can be of some value for the
main one. The work of G.S. was supported by the Russian Science Foundation
grant project No. 16-11-10069. The work of A.K. was supported by the Russian
Science Foundation grant project No.17-11-01303.

2 The Argument Shift Method and Nijenhuis Operators

2.1 Argument Shift on a Manifold

The argument shift method is a rather simple, purely algebraic and compara-
tively universal way to generate commutative subalgebras in the Lie algebras
of functions on a Poisson manifold X. It was first introduced by Manakov and
Mischenko, Fomenko in 1970s (see [8,9]) in the case when X = g*: the main
result of their work is that for any two Adg-invariant functions f, g on g*, and
any vector £ in g*, iterated directional derivatives of f and g will commute:

o o\,
ok get [ 7
for all &, 1.

It turns out, that this construction can be easily generalized to a wide class
of manifolds. Namely, let (X, 7) be a Poisson manifold; one says that a vector
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field € € Vect(X) is Nijenhuis field, if Lgﬂ' = 0. In the terms of Schouten bracket
on X, this equality is equivalent to

Hﬂ-a 5], €] =

It turns out, that in this case the Lie derivative m¢ of 7 is again a Poisson
bivector; we shall denote the bracket with respect to m¢ by {, }e.

Let now f and g be two Casimir functions on (X, n) (i.e. the functions,
whose Hamilton vector fields with respect to 7 vanish identically; the set of such
functions is sometimes called “the center of the Poisson algebra” and denoted
Z.(C*(X))). Then one has a similar equation:

{LE() Le(9)} =0,

for all &k, (here L¢(f) denotes the pairing of vector field with a function, i.e. it is
just £(f)). The proof is rather simple; for instance, one can reason by induction:
we start with the equality {f, g} = 0, then, by differentiating it along & we obtain

{f7g}§ = _{LE(f)ag} - {f7 L&(g)} = 07

which holds, since both functions are Casimirs. Differentiating this equality along
& one more time and using the fact that £ commutes with L¢m, and hence it is
a differentiation of {, }¢, we obtain

{Le(f), g¥e + {f, Le(9)}e = 0.

Similarly, differentiating {L¢(f),9} =0 = {f, L¢(g)}, we obtain

{Le(f),g}e = —{LE(f), 9} — {Le(f), Le(9)} = —{Le(f), Le(9)},
{f. Le(9)}e = —{Le(f), Le(9)} — {f, LE(9)} = —{Le(f), Le(9)},

since f and g are Casimirs. Thus, we obtain

{Le(f), Le(9)} = {Le(f), 9}e = {f, Le(9)}e = 0.

Repeating similar computations with these equations (and with {f, Lg(g)} =
0 = {L2(f). g}). we obtain {L2(f), Le(9)} = 0 = {Le(f), L2(g)} and s0 on.

It is important to observe, that the relations that we obtain in this way do
not, in fact, depend on the Leibniz rule, verified by & and by the Poisson bracket.
Moreover, the first step of this reasoning (i.e. that {£(f),£(g)} = 0) can be proved
even if the right hand side of equation [[7,&],&] = 0 is a nontrivial bidifferential
operator P(f, g), with only one condition, that it should vanish for f, g from the
center of our Poisson algebra. For instance, one can take P(f,g) = {Q1(f), g}
or P(f,9) = Q2({f,g}), where Q1, Q2 are linear differential operators on X, or
even take P equal to a linear combination of such operators: they all vanish, if
both functions are Casimirs.

The algebraic properties of this construction allows one transfer it easily to
the quantized algebra. In fact, replacing the Poisson brackets in the relations
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above by the commutator in 7 (X), we see that it is enough to find an operator
& on &7 (X) such that
f:£+h£1+,

which would verify the relation LZ(H) = 0 (where [,] is the commutator of

elements with respect to the star-product). In this case the same reasoning will
yield the formula [£(f),€(g)] = 0 for any f, g from the center of &7 (X ). Moreover,
it can be shown that there exists a straightforward way to obtain elements from
the center of &/ (X) from the center of Poisson algebra (see Sect.3.1), so that
for f € Z(C*(X)), the corresponding element in </ (X) will have the form
f = f+ hfi +.... Thus the application ofé will yield us a quantization of the
algebra of shifted Casimirs.

2.2 Algebra Behind Argument Shift Method

In this section, we further explore the algebra behind the argument shift method.
As we explained above, this method originally works with Lie algebras, but it
can be generalized onto variety of cases rather easy.

Let V be a vector space (in general infinite dimensional). Consider the vector
spaces C? of i-linear mappings V x --- x V. — V. For the sake of simplicity we
assume that C? is the original vector space. In case of finite dimensional vector
field C is just simply the space of tensors of type (1,1)

Consider now the graded vector space € = C° @ C! @ .... One can introduce
an algebraic structure on € by the following construction, very close to the
Gerstenhaber bracket (see Sect. 3.1). Namely, we obtain a multiplication as the
following combination of compositions: consider v € C*,w € C7; then

1
vow = Zv(...7 w(...) y.n).
k=1 kth place
What we do here, is basically we take v, substitute w into different places and
then take the sum of all the i + j — 1-linear operations we get. This operation
has an interesting property: let A(v,u,w) denote the associator of u, v, w with
respect to this operation, that is

A(v,w,u) =vo(wou)— (vow)ou.

The name is justified by the simple observation, that an operation o is associative,
iff its associator vanishes identically. In our case it is not true, but the following
lemma holds

Lemma 1. For the operation o, introduced above the associator is left-
symmetric, that is the following identity

A(v,w,u) = A(w, v, u)

holds for arbitrary triple v, u, w.
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This lemma can be proved by a direct computation. The algebras, for which asso-
ciator has this property, are called left-symmetric algebras. So €, equipped with
o is left-symmetric algebra. An important property of left-symmetric algebras is
described by the following

Lemma 2. Let € be an arbitrary left-symmetric algebra with operation o. Then
[v,w] =vow—wowv defines a Lie algebra structure on €.

It is easy to see that the only property one might need to check is the Jacobi iden-
tity. It turns out, that it follows from the left symmetry of the associator. That is
why such algebras are also sometimes called pre-Lie algebras. Note also, that C!
is closed under this commutator and is simply the Lie algebra of operators from
V — V with standard commutator. Clearly, this construction resembles that of
the Gerstenhaber bracket Lie algebra, but it differs from that one because there
is no sign rule holding for the grading here.

The pre-Lie algebra €, [, | is the main tool to define argument shift method.
We shall call argument shift triple the following three objects: V, R € C*, B € C?
together with the property [[B, R], R] = 0.

Ezample 1. In original argument shift method V' is C*°(g*) or S(g) with g being
Lie algebra. This space is infinite dimensional. Operator R is the derivative 0,,
where a is an arbitrary element from g* and B is the standard Poisson Lie
bracket.

Example 2. In argument shift method version on a Poisson manifold X, one
should take V' = C°°(X). This space in also infinite dimensional. Operator R is
the Nijenhuis vector field on this manifold and B is the Poisson bracket on this
manifold.

The following theorem provides the basis for argument shift method to be of
a use in different applications (it is a generalization of the reasoning from the
previous section).

Theorem 1. Consider an argument shift triple (V, B, R). Let f,g € V be from
left and right kernels of B (this is a bilinear operation, not symmetric in general,
so the kernels may differ) respectively. Then for arbitrary integers m,n we have:

B(R"f,R™g) = 0.

The proof of this theorem requires some work in terms of properties of com-
mutator. In case B is skew-symmetric as in the Poisson case, the left and right
kernels coincide, so R" f, R""g commute with respect to B.

Note that there exists a similar generalization of the notion of Nijenhuis
tensor for arbitrary bilinear operation. Namely, we shall call Nijenhuis triple the
following three objects: vector space V, operator R € C! and a bilinear operation
B € C? such, that

HB,R],R] = [B7R2]7 (2)

where R? is square of operator, that is R o R in our notions.
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It is remarkable, that a similar theorem holds for Nijenhuis triples:

Theorem 2. Consider Nijenhuis triple (V, B, R). Let f,g € V be from left
and right kernels of B respectively (this bilinear operation is not symmetric in
general, so the kernels may differ). Then for arbitrary integers m,n we have:

B(R"f,R™g) =0

Again in Poisson case, the left and right kernels coincide, so R™ f, R""g com-
mute with respect to B for arbitrary f, g in its center.

2.3 Algebraic Nijenhuis Operator and Argument Shift Method

Let us make few remarks, concerning the properties, which the the argument
shift method has in that particular case, when the triple we consider comes from
a Lie algebra.

More accurately, consider the following Nijenhuis triple (V, B, R), where V
is a finite-dimensional vector space, B is some commutator map [, |, i.e. any
bilinear map which is skew-symmetric and satisfies Jacobi identity (so that V'
possesses a Lie algebra structure) and R is a linear operator with the property,
discussed in Sect.2.2. Note, that throughout this section [, | stands for a Lie
algebra structure on V', and not the one on €, which we discussed above.

The property (2) in our case can be written as follows:

R[Rz,y] + R[z, Ry] — R*[z,y] — [Rz, Ry] = 0,

where x,y € V. Note, that it looks exactly the same as the definition of the
Nijenhuis torsion on a manifold, with brackets having different meaning.

It is a simple exercise to show, that any such operator R on a Lie algebra
can be easily extended to a left-invariant operator field on the corresponding Lie
group using left multiplication by group elements (the same way left-invariant
metrics are constructed from scalar products on Lie algebras). One readily sees
that this left-invariant operator field R has vanishing Nijenhuis torsion.

Algebraic Nijenhuis operators on V' can be used to construct commutative
sets in S(V). The method (which is a generalization of the construction in the
previous section) goes as follows. Let

[Ivy]R = [Rx’y] + [l'vRy} - R[Z’,y]

It follows from (2) that this operation satisfies the Jacobi identity. Using this
operation one may rewrite the Nijenhuis property in the following way:

This means that R can be interpreted as a homomorphism of Lie algebras (from
V with the usual Lie bracket to the same space, but with the bracket [, |z). One
can extend the homomorphism R to a homomorphism of algebras S(V) — S(V),
intertwining the Lie-Poisson brackets introduced above.
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Observe now that if R satisfies Nijenhuis identity, then 1 + AR, where A is a
real parameter, also satisfies this identity.
Let us use the following notation:

[, ylx = [z, 4]r — Alz, y].

If we set Ry = R — AE then we have the following identity, generalizing the
Eq. (3):
Ra([z,y]x) = [Raz, Rayl.

This linear family of Lie structures determines a linear family of Poisson struc-
tures (Poisson pencil) {, }.. Note, that in general there is no Nijenhuis triple
here, as operator R itself is not extendable (or at least there exists no evident
way to do so) to a differential operator on S(V') so that Nijenhuis property is
preserved. It is an interesting question: if a triple, associated with such pencil
exists or not?

The following theorem is an analog of the argument shift method in the case
we describe here.

Theorem 3. Denote by V> the set of Casimir functions of {, }». Then the union
of V* for all X not in spectrum of the operator R (the original one) is commu-
tative with respect to the entire pencil.

Ezample 3. Let V be gl(n) and R(X) = AX for a fixed matrix A, that is R is the
operator of left multiplication by A. Then this is a Nijenhuis triple. The Poisson
commutative subalgebra that one gets using the previous theorem coincides with
the subalgebra, generated by argument shift method. Note, that this is the pencil,
studied by Manakov in his oiriginal work on argument shift method.

Ezample 4. Let V be so(n) and R(X) = AX 4+ XA, where A is symmetric
matrix. This is not Nijenhuis triple, but the Poisson pencil generated by this
operator is the same as in previous example. However although so(n) is not
invariant under left multiplication by A, the functions obtained in this way are
commutative as functions on this algebra.

On the other hand, it turns out that for every argument shift method triple
on S(V) one can associate an algebraic Neijenhuis triple in the following way.
Consider the direct sum V2 = V @V, and introduce the Lie algebra on it so that
the first copy of V is given by the usual Lie algebra structure and the second
copy of V' is in the center. That is we consider a central extension of the original
Lie algebra.

Denote by e; and f; the basis in both components. We introduce the operator
R on V? by setting R(e;) = f;, R(f;) = 0. It is easy to check that Nz = 0. This
gives us a Nijenhuis triple on V2. To get argument shift method subalgebra one
needs to use the natural projection S(V & V) — S(V) called the evaluation
morphism, i.e. it is given by substituting instead of f; the numbers a;.
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3 Cohomological Constructions

3.1 Hochschild Cohomology and Kontsevich Formality Theorem

After Kontsevich formality theorem was proved, one of the main ideas of the
deformation theory is to exploit its relation with Hochschild (co)homology; of
course, this relation has been known before, but its importance manifested itself
best of all in Kontsevich’s result. Let us begin with a brief account of the corre-
sponding construction.

Let A be an associative algebra, e.g. A = C°°(M) for a smooth manifold M.
Then the Hochschild cohomology complex of A is equal to the direct sum

C*(A) = @ Hom(A®™, A),

n>0

with its natural grading and with the differential given by

P
6()(ar, az, ..., apt1) = arp(az, ..., apy1) + ZU)(@L e QRAK4 T, - Opy)
k=1
+ (=) (ar, ag, . . ., ap)aps 1.

It is easy to see that the square of this map is equal to 0; the corresponding
cohomology is called Hochschild cohomology of A. This object has numerous
applications in various branches of Mathematics; one of the reasons of this is that
the complex (and cohomology) has various algebraic atructures. The structure,
which we shall now be interested in is the following: for ¢ € CP(A), ¢ € C1(A)
and 1 <1 < p put

® 04 ¢(a17 e 7a’p+q—1) = @(al, ceey @i—1, ¢(a‘ia sy ai+q—1)7 Qigqgs---s a/p-i—q—l)'
Then one can define the Gerstenhaber bracket [¢, ] by the formula:

P

q
[0, 9] = Y (=1)" " Npo; g — (~1)P=DED Y " (—1)IF" Dy o; .
Jj=1

=1

One can show that this map turns the Hochschild complex into a differential
graded Lie algebra (with shifted grading, given by |¢| = p — 1 for ¢ € CP(A);
this is, certainly, similar to the Lie algebra structure, introduced in the Sect. 2.2,
however, these two structures are different, since Gerstenhaber bracket is graded,
and the other one is not). We shall also make use of another algebraic structure
on the Hochschild complex: for any ¢, 1) € C*(A) one can define their U-product
@ U by the formula

pU(at,. .. aptq) = @(a1,- -, ap)V(Apsis -y Aptq)-

This product turns C*(A) into a graded differential algebra.
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The main motivation for the introduction of Gerstenhaber bracket in the
context of deformation theory is the following remark: Consider a deformation
x of the product in an algebra A given by a formal power series (see formula
(1)). Let B =", h"B,; we can regard this sum as an element in the space of
formal series in h with coefficients in C?(A). Then the product is associative iff
the following equality holds

SB+ = [B B] =0.

Here we extend the homological operations to C*(A)[[A]] linearly in A. This
equation is called Maurer-Cartan equation and the element B, verifying it is
called Maurer-Cartan element.

This construction can be applied to any associative algebra A, but we shall
be interested in the case A = C°°(M). This algebra being infinite-dimensional
and topological, its Hochschild cohomology as stated above, cannot be computed
in a general case. Therefore one usually considers a somewhat restricted version
of this complex: put

C (C®(M @ P™(M

where P™(M) is the space of polydifferential operators of n variables on M, i.e.
D € P*"(M) is a linear map D : C*°(M)®" — C°°(M), which is a differential
operator in every argument. Below we shall deal exclusively with this sort of
Hochschild complex, so we shall usually omit the subscript loc.

In this case one can effectively compute the cohomology (see for instance [11]):

Theorem 4 (Hochschild-Kostant-Rosenberg theorem). (Local) Hochschild
cohomology of the smooth functions on a manifold is isomorphic to the space
of polyvector fields D*(M) (sections of the exterior powers of tangent bundle);
this isomorphism is induced by a linear map xpr : D*(M) — P*(M), called the
Hochschild-Kostant-Rosenberg map. Moreover, the Lie algebra structure on
cohomology (induced from Gerstenhaber bracket) coincides with the structure,
given by Schouten bracket. Similarly, the cup-product on Hochschild complex
induces the usual wedge-product of polyvector fields.

Recall that Schouten bracket is the unique bilinear and graded skew sym-
metric map on polyvector fields, which verifies the Leibniz rule with respect to
the exterior product and coincides with the commutator on vector fields.

Thus we have two differential Lie algebras, 22*(M) = (C*(C>°(M)),4d,][,])
and 2*(M) = (D*(M),0,[,]) (here [,] denotes Gerstenhaber and Schouten
bracket, respectively). The main result of Kontsevich can be formulated, loosely
speaking, as follows: there exists a map from 2*(M) to P*(M), which is
almost homomorphism. It should be remarked here that the Hochschild-Kostant-
Rosenberg map x s does not commute with the brackets, but Kontsevich shows
that there exists a consistent way to choose all higher homotopies, connecting
this map with a genuine homomorphism of Lie algebras.
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More accurately, one says that there is L,,-map between two DG Lie algbras,
U: %2 — 2, if there is a collection of linear maps U, : A" — 2 of degree
1 — n each, verifying the following set of relations

8Un+1((11, cees an-{—l)
= Z (_1)E(i7j)Un([ai7aj]7a’17"'7a/'\7l7"'7a/'}7"'5a71+1)
1<i<j<n+1
+ Z Z 0(1)7 cey ao(p))a Uq(aa(p+1)v e ,aa(n-i-l))]'

pt+g=n+1oeSh(p,q)

In particular, every L.,-map induces a homomorphism of cohomology Lie alge-
bras. One can show, that the L.,-map, which induces an isomorphism in coho-
mology is always invertible (up to homotopy) as Le.-map. One can also show,
that every Maurer-Cartan element 7 in & induces with the help of an L,,-map U
a Maurer-Cartan element U(7) in 2, provided the folowing series is convergent

Zi Sy,

Kontsevich gives an explicit formula for the higher terms U,, for such a map, so
that one can take U; = xs; in the case we consider the convergence is provided
by the growing degree of / in the formula.

In addition to the role this quasi-isomorphism plays in the construction of
the star-product, it can be used to transfer certain elements from classical to
quantized algebra. For instance, it is not difficult to see that the formula

3

f= Z Un+1f, )

for any f € Z,(C°°(X)) determines an element in the center of &7 (X). This
approach was used, for instance, by Calaque and van den Bergh in the paper
[12], in their proof of Duflo isomorphism and its generalizations.

3.2 Garay-Van Straten Cohomology and Obstruction Theory

One of the first attempts to apply the cohomological methods to the question of
deformation quantization of commutative subalgebras is in the paper [13]. Let
us briefly recall the main constructions from this paper.

Let fi1,..., fn be a finite family of commuting (complex-valued) functions on
a Poisson manifold; here commutativity is understood in the sense of Poisson
bracket. We try to find the corresponding commutative (in the usual sense)
family of elements Fi,...,F,, € C*(M)[[h]], so that F; = f; mod (h); More
accurately, we assume that F; has the following form

Fi=fi+ thfi,p,
p
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where f;, € C®(M), i = 1,...,n,p € N are chosen so that the equations
[Fi, F;] = 0 hold for all ¢ and j.

We shall construct the elements f; ;, by induction in p, starting with f; o = f;.
Let’s begin with the first step:

[fi + Bfir, £ + Bfia] = B{fs, £;} + 12 (Bo(fi, i) + {fis fin} + {fir, £i}) + -

(we omit the commutators with respect to the commutative multiplication, which
is clearly equal to 0); here By denotes the antisymmetrization of the map By in
the deformation series and the dots in the end stand for the terms of degree 3
and higher in &. Since f;, f; were assumed to be commutative, we come up with
a system of PDE, which should hold, if the commutators of F; and F}; vanish in
degrees 1 and 2 (in h):

{fi, fin} +{fin, fi} = —Ba2(fi, [5)- (4)

Similarly, if we assume, that we have found f; 1,7 =1,...,n, so that the equa-
tions above hold, we can write down the equations for the next step:

[fi + hfir + B2 fio,fj + hfj1 + B2 fj2] = B (BS(fi7 fi)+ Ba(fi, fin)
+ By(fin, f3) + {fig, fin} + {fi fiz} + {fi2, fj}) +...

Here we have used the fact, that all the terms with lower degrees cancel by our
assumption (once again, dots in the end denote the sum of terms with higher
degrees). Thus, the commutator vanishes in degree 3 iff the following equation
holds:

{fi, Fio} + {fi2, fi} = —=(Bs(fi, f;) + B2(fis fi1) + Ba(fin, f5))- (5)

One can continue in this manner, obtaining an infinite series of systems of PDEs,
so that f;,, will be solutions to these systems. In the paper [13] these equations
were described in cohomological terms as follows.

Consider the following complex, which is called “Koszul complex” in the
cited paper and denoted CJ}: let fi1, f2,..., fn be the Poisson-commuting system
of functions in C*° (M), we put

Cp = C=(M) @ A'(C")

as (graded) linear spaces. Let ey, ..., e, be the canonical basis in C™, then the
differential in C'} is given by the formula

d(mew) = Z{fi,m}éaei/\w.
i=1

Here m € C*°(M) and w € A (C"). It is easy to see that 62 = 0 (it follows
from the Jacobi identity). Now, let the right hand sides of Egs. (4) and (5) etc.
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be denoted by ij (here 4, j denote the indices of the functions involved, and k
is the number of the step). Then one can define the k-th anomaly class of the
problem as the class in the second cohomology of CJ}, determined by the cocycle

Xk = foj ® e Ne;j
2]
(the fact that it is closed also follows from the Jacobi identity). The following
theorem is proved in the cited paper.

Theorem 5. Let Fi(k) =fi+hfii+--+ hkfi’k be some extensions of f; (i =

1,...,n), for which the equalities [Fi(k),Fj(k)] =0 hold up to the degree k. Then

[Fﬁk+1) kD)
i s g
R**Y iff the corresponding anomaly class [xx] = 0 in HQ(C'J}7 5).

one can extend them to extensions Fi(kﬂ) so that ] =0 up to

In general, however, these cohomology groups (and in particular, classes [xx])
are hard to compute. Moreover, the computation depend on the choice of the
generators fi,..., f, in a Poisson-commutative algebra.

Another important result of the paper [13] is the following criterion, provid-
ing a simpler way to resolve the question of quantization in a particular case
when X = R?" and we restrict our attention to the polynomial complex-valued

functions on it, T = >_;_; Bi A 8i and the commutative family consists of
=+ OPk ak

n polynomials with an additional condition, that Clp1,...,pn,q1,--.,qn] is flat

module over the free commutative algebra, generated by f1,..., fn-

In order to explain this criterion consider the action of the polynomial algebra
C[t1,...,tys] on the complex C%, given by the formula t;(m ® w) = (fim) ® w.
Clearly, this action commutes with the differential, so we obtain the structure of a
(graded) C[ty,...,t,]-module on the cohomology H*(C},d). Then the following
statement is the main result of [13].

Theorem 6. If the module HQ(C’]},(S) is torsion-free, then all the anomaly
classes vanish and there exists a deformation quantization of the integrable sys-

tem f1,..., fn.

3.3 Relative Hochschild Cohomology and Relative Poisson
Cohomology

A construction, slightly more invariant than that of Garay and van Straten was
given in the paper [14]. Let us briefly explain it here.

It begins with the observation, that instead of looking for the continuation
of functions in C'°°(M), which commute with respect to the Poisson bracket,
one can look for such deformation series Y~ | A" B, (f,g) that will vanish iden-
tically for all f,g in the commutative subalgebra. Since all the star-products,
corresponding to the same Poisson brackets are equivalent, we can now look for
the corresponding “gauge transformation” T(f) = f + ATy (f) + R*To(f) + ...,
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where T}, are suitable differential operators on M such that the corresponding
star-product

f+g=T7T(f)*T(9)) (6)

will coincide with the usual commutative product on the subalgebra C C
C° (M), i.e. such that

fxg=/fg, VfgeC. (7)

Once again this is done by an inductive process beginning with 77: we rewrite
the equalities (6) and (7) as T'(fg) = T(f) *T(g) for all f,g € C, then in degree
1 we have

fTi(g) —Ti(fg9) + Ta(f)g =0

that is 671 (f,g) = 0 for all f.g € C (the right hand side vanishes identically
since {f,g} = 0 for f,g € C). Observe, that this equation can hold only when
the arguments of §77 are taken from C and not always. At the next step we get
(for all functions from C')

6Ty =Ty UT) + [By,Ty),

where on the right hand side we use the notation from previous section. We can
continue in this manner: assume that 77, ...,7T,,_1 has been chosen so that the
corresponding *’-product f#’ g vanishes up to degree n—1 in i when f and g are
from C. We may now fix the corresponding lower-degree part of the transformed
star-product ', i.e. Bi,...,By,_; such that B} (f,g) = 0 for all f,g € C and
look for T,,, such that the “gauge transformation” T'(f) = f+h"T,,(f)+o(h"*1)
will take #” to a product %" in which B!/(f,g) =0 for all f,g € C. This will give
us the following condition:

T, = B, + [B1, Tp_1). (8)

Let us denote the right hand side of this equality by w,; then the condition
we have means, that this Hochschild cochain in C?(C,C>(M)) C C?*(C*°(M))
is equal to 0 (here C*(C,C>(M)) denotes the Hochschild complex of C' with
coefficients in C°°(M) as in C-bimodule; the definition is identical to the one,
given in Sect. 3.1, except that now we allow the maps take values in a larger
algebra C'°°(M) rather than in C'). This brings us to the following conclusion.

Proposition 1. There exists a “gauge transformation” T(f), such that the

new product will coincide with the usual one on C iff all the classes [wy,] €
H?(C,C>(M)) vanish.

This construction is rather cumbersome, since in general the relative Hochschild
cohomolgy is rather big and difficult to compute. A particular case, when these
cohomology groups can be found in more or less explicit terms is given by the
following construction.

Let X be a smooth manifold, endowed with trivial Poisson structure. Let
p: M — X be a map of Poisson manifolds, i.e. which intertwines the Poisson
structures. Put C' = p*(C*°(C)) C C*°(M); then C is a commutative Poisson
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subalgebra in C°°(M). Also assume, that p is a locally trivial fibre bundle. Than
we can consider the subbundle T7¢"*(M,,) C T'M, consisting of those vectors in
T M, which project to 0 by p. Taking quotient of T'M by this subbundle, we
obtain the “horizontal” bundle of p, denoted by ThOTMp. Then we have the fol-
lowing theorem, which one can call “the relative Hochschild Kostant Rosenberg
theorem”.

Theorem 7. The relative Hochschild cohomolgy H*(C,C*(M)) of the algebra
C = p*(C>®(X)) with coefficients in C-bimodule C*°(M) is equal to the algebra
of horizontal polyvector fields on M, i.e. to the algebra A*(T"°"M,) of sections
of the exterior powers of T"°" M,,.

With this theorem in mind we can make the following observation, which relates
the obstructions from this section to Garay and van Straten’s results. Namely,
suppose that X = R™ (in effect, this is always so at least locally, so this con-
struction is applicable in a wider range of cases). Then one can perform explicit
computations of the relative Hochschild cohomology, using the Koszul complex
as a free C-bimodule resolution of C°(M) (or use the results of the relative
HKR theorem and choose a cross-section of p to trivialize the bundle T"°" M,,)
and see that H*(C,C>°(M)) is isomorphic (as graded space) to the Garay and
van Straten complex.

On the other hand, one can see that Gerstenhaber bracket with the Poisson
bivector m induces a chain map on the Hochschild complex C*(C,C>(M)) and
so it induces a map in cohomology, given by Schouten bracket of a horizontal
polyvector field with Poisson bivector: it is easy to see that this bracket sends
vertical fields to vertical, so it induces a map on A*(T"°"M,). Since [r, 7] = 0,
square of this map is equal to 0. In general, recall that Schouten bracket with a
Poisson bivector induces a differential on the space of polyvector fields on a Pois-
son manifold M, called the Lichnerowicz-Poisson differential; the corresponding
cohomology is called “Poisson cohomology” of M. If the Poisson structure is
non-degenerate (i.e. if M is in effect a symplectic manifold), this cohomology
is isomorphic to the usual de Rham cohomology of M. In our case we obtain
a “relative” variant of this cohomology, which we shall denote HP*(M,p). It
is easy to show, that the relative Poisson differential is equal to the Garay and
van Straten differential under the identification we described above, so Garay
and van Straten cohomology is equal to the (particular case of) relative Poisson
cohomology.

Finally, let us observe, that Eq.(8) determine T, up to an addition of a
Hochschild cocycle, so that we can modify T,,, if necessary, on the next step. Then
the equation on the next step can in turn be reinterpreted as the condition that
B, is equal to Poisson coboundary of T,,_; (up to the Hochschild coboundary).
Thus we obtain the following result

Proposition 2. There exists a deformation quantization, which preserves the
commutativity of C if the classes [By) (iteratively constructed) in relative Poisson
cohomology are trivial.
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Clearly, in case X = R", this is precisely the condition of Garay and van
Straten.

3.4 Vector Fields and Lie Algebra Cohomology

One can apply the ideas and methods developed in previous sections to the
following problem (a generalization of the question we study in this survey):
is it possible to raise an action of Lie algebra from C°(M) to its deformation
o/ (M) = (C°°(M)[[A]], *). This has been done in the paper [15], here we give
the outline of its results.

More accurately, let g be a finite-dimensional Lie algebra, acting by vector
fields on M, i.e. there is a map p: g — Vect(M), verifying the condition

[p(X), p(Y)] = p([X, Y]).
We are looking for a map p: g — Der(«/(M)), such that
HX) = p(X) + hpr (X) + ...

Here as before dots in the end denote the terms with A%, k > 2. We also ask for
the condition

[p(X), p(YV)] = p([X, Y]).
One can try to solve this problem as before by iterations.
For instance, if the algebra is 1-dimensional, we just need to find an extension

E=E+h& +...

of a vector field £ on M to a differentiation f of o7 (M). The first step of the
iterative process gives us the relation

5(51) = [31,5]'

Now, on the right hand side we have the Hochschild 2-cochain, determined by
the bivector field, equal to the Schouten bracket [, &], i.e. this map is skew-
symmetric with respect to the arguments, while on the left we have a symmetric
map (since the algebra C°°(M) is commutative). Thus we conclude that both
sides are trivial and in particular £ is a Poisson field, i.e. such a field that L¢m = 0.
Further analysis shows that the generic equation at the n-th step has form

0n =Y [Bp&yl- 9)

ptg=n

Thus the necessary and sufficient condition for the existence of &, is that the
right hand side of this formula determines a trivial class in the second Hochschild
cohomology.

Besides this, similarly to the discussion of the previous section, we observe,
that the first term in the expression on the right hand side of Eq. (9), which is
equal to the Gerstenhaber bracket [By,&,—1], will change by an element, equal
to the Poisson differential, if we change &,,_1, so that the similar equality on the
previous step is not broken. Thus, we come up with the following statement.
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Proposition 3. There exists a derivative & € Der(</ (M)), extending the given
Poisson vector field &, if the cocycles 3 . ., [Bp,&| determine trivial elements
in the Poisson cohomology of M.

One should be a little careful here: in effect, the question, answered by this
construction, is whether it is possible to extend the given Poisson field all the
way up to a derivation by (probably) changing at every step only the last chosen
extension. Of course, there could exist much more intricate ways to go from a
field to the derivation. In paticular, it is easy to see that if we use Kontsevich’s
formality map to define the star-product, then we can use it to determine such
extension for any &: just put

6 Z .Un-&-l g? ,...,7T)7

n>0

where on the right hand side we have the bivector 7 repeated n times (compare
this formula with the formula for central elements in the end of Sect. 3.1). Then
it is easy to see, using the definition of the L.,-map that é is a differentiation of
the x-product.

However, this method fails, if we apply it to a Lie algebra g of dimension
greater than 1 (acting on M by Poisson vector fields). It is easy to see that if we

let p be given by
Z Un+1 71—7"'77T)5
n>0 !

then we shall have

[6(€), p(m)] = p(l&, ) = Ad | Y _Un+2 £),p(),,...,m)

n>0

If we denote the composition of the map on the right with the natural projec-
tion onto the commutatnt space 7 (M) = o/ (M)/[«/ (M), o/ (M)] (the universal
trace on &7 (M)) by ®(£,n), then it will give us a 2-cocycle on g with values in
T (M). The corresponding cohomology class [@] € H?(g, 7 (M)) vanish, if there
exists a homotopic L.-map U’, for which the right hand side of the last formula
will vanish.

Alternatively, one can try to construct the map p again by iterations. This will
give us a series of elements in the 2-dimensional cohomology of g with values in
the Poisson cohomology complex of the manifold. More accurately, these classes
lie in the cohomology of truncated double complex C*(g, CP*(M)) given by

C*(g,CP*(M))= € C"(s,CPIM)),

p+q=n,p,q>0

where CP*(M) is the Lichnerowicz Poisson cohomology complex of M. These
classes should vanish, if there exists an extension of p to a representation on the
quantized algebra. Some details can be found in [15].
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3.5 Examples

Let us give few examples of integrable systems and their quantization. We are
going to use the methods and ideas from the previous sections.

Our main interest is applications to the universal enveloping algebra. Namely,
let g be a Lie algebra, g* its dual space. Clearly the algebra S(g) can be regarded
as the algebra of (polynomial) functions on g*; then the Lie bracket on g can be
interpreted as the Poisson structure on this algebra. It has been shown (see e.g.
[3]) that the deformation quantization of S(g*) is closely related to the universal
enveloping algebra of g. Thus, if the deformation problem for a commutative
system in S(g*) can be solved, in the end we shall find a commutative subalgebra
inside U(g).

Ezample 5. Let g = so0(3), i.e. this is a 3-dimensional algebra with basis
e1, ez, eg and relations

[ez’aej] = €;jk€k-
We shall denote the generators of S(g), corresponding to the elements e; by z, y
and z, then the Poisson bracket in S(g) = R[z,y, 2] is given by the relations

{x,y} =% {y,z} =, {373:} =Y

or
T =0y N0y + Y0, N Oy + 20, N\ Oy,

where 0,0y, 0, are the partial derivatives with respect to x, y and z (below we
shall denote 9, = 0y etc.).

Let us consider the following pair of Poisson commuting elements in this
algebra: f = 22 + 4%, g = z; indeed

{f, 9} = 2z{z, 2} + 2y{y, 2} = —22y + 22y = 0.

In order to quantize this pair let us look at the first obstruction of Garay and
van Straten: we are looking for f; and g; so that

{f,q1} +{f1,9} = —Ba(f,9).

An easy computation, using the formula:
1 .. 1 ..
Bs(f,9) = Z"T”Wklaiak(f)ajal (9) + 67T”8j7rkl(5i5k(f)3z(9) — Ok(f)0:01(9)),

shows that the first obstruction vanishes identicaly on g (in effect, this bidif-
ferential operator is symmetric, so its’ antisymmetrization vanishes identically;
also observe that this expression differs a little bit from Kontsevich’s formula,
but one can easily show that the cohomology class does not change, since all
star product associated with the same Poisson structure are equivalent). Thus,
we can take f; = g1 = 0 in our deformation.

Further, a straightforward analysis of Kontsevich’s formula shows, that in
the case of linear bivector m (which is true in the case of Lie algebra) all the
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higher degree elements By, k > 3 are differential operators of degree at least 4
(the only graph, corresponding to the operator of degree 3 in the expression for
B3, comes with trivial coefficient), so By (f,g) = 0 for all k. So we can take all
fr = gr = 0 for all k. This means, that

fxg=gxf

for Kontsevich’s quantization, and no correction terms are necessary in this case.
Also observe, that this reasoning goes word by word for any Lie algebra and any
pair of commuting functions that are polynomials of degrees 2 and 1 on it.

It is instructive however to take a look at the Garay and van Straten coho-
mology in this case. Namely, we are interested in the second cohomology group
H?(CY,6). Since there are only two commuting functions, § = 0 on the second
degree part of the complex. On the other hand,

da®er +b®es) = ({g,b} — {f,a}) ®e1 Aes.

An easy computation with bivector = shows that

{9,0} = (29, = y0:) (D)

and
{f,a} = 22(x0y — y0,)(a).

If we introduce the cylindrical coordinates r, ¢, 2 on R? so that z coincides with
the usual z coordinate, x = r cos ¢, y = rsin ¢ then we have

da®er +b®ey) = (0,b—220,a) ®e1 A ea.

Thus, Im(6) = Im(0,,). If we consider the Fourier decomposition with respect to
¢ (and functions, which have such decomposition are dense in C*°(R?)) we shall
see that

H?(Cy,0) = C%(R?) /Im(d,,) = C= (R,

where on the right we have the space of all functions, invariant with respect to
the rotations of R3 around the Oz axis.

Finally, we observe, that the C[t;,¢s] module structure on C*(R3)S" is
induced by multiplications by f = 72 and z, which are clearly functionally inde-
pendent (in fact, polynomials in r and z are dense in C°°(R3)S'). Thus the
cohomology H?(C},d) is torsion free and the Theorem 6 is applicable although,
of course, our case is not of the form, prescribed by this theorem, e.g. the space
we consider is odd-dimensional. It is an interesting question, what is the possible
scope of applicability for this theorem.

Let us again mention, that the reasoning we gave here can be applied to
arbitrary Lie algebra, which means that any family of commutative elements,
which are of degree 1 and 2 on a Lie algebra (so that there is not more than one
element of degree 2) is quantizable.
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Ezample 6. Let us now consider M = R?" with constant Poisson structure, e.g.
™= % A %, where (p1,...,Pn,q1,---,qn) are coordinates in R?". In
this case one can show, that any family of commuting polynomials of degree 2 is
quantizable “on the nose”, i.e. that if {f, g} = 0 for two such polynomials, than
frg=gx/.

To see this, we consider the “anomalies” of Garay and van Straten again: the
first anomaly, equal to the antisymmetrization of By(f, g) vanishes, because the
operator

B2 = iﬂ'ijﬂkl(aiak ® 8j81)

is symmetric again. Further, the remainig obstruction classes will be given by
application of the operators

Bk:f Z 7ri1j1...wikjk(ﬁil...aik(@@j ...8jk),

(SR % S PRI )8

which have degrees greater, than 2 in both arguments, thus they will also vanish
identically.

Ezxample 7. We finally consider the situation, in which the commuting pair of
elements consists of two functions f and g, and we assume, that one of them,
for instance f, verifies the condition {f,C°°(M)} = C°°(M). It turns out that
in this case, we can again find the quantization f and ¢ so that f* §g=gx f

In fact, one can take f; = fo = .-+ = fi, = 0. Indeed, assume, that we have
chosen gi,...,gx so that f g, = gx * f (here g, = g+ hgy + --- + h¥gy), then
the equation, that determines g41 will be

{f, gk} = _Bk+1(fv 9)-

It follows from the assumption we made, that this equation always has solution,
so we can continue reasoning by induction.

A particular case of this situation is when the Hamiltonian vector field, gen-
erated by f can be integrated to a global coordinate on M (for instance, if
M =TR™). Then one can always solve the equation {f, h} = g for any right hand
side g, simply by integrating along this coordinate. For example, if the field {f, -}
is nowhere vanishing, this can always be done locally. It is interesting, whether
(and under what conditions) this construction can be globalized.

4 Conclusion: Remarks and Questions

We are going to conclude this paper with few questions and remarks, which
might be helpful for future work, and we hope that some of the readers will be
interested enough to solve some of them.

First of all, it seems to be extremely instructive to compute more good exam-
ples of commutative algebras and obstructions for their quantization. So far, in
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the examples discussed in previous section, we only dealt with low-degree poly-
nomial subalgebras in S(g) and Clzy,...,z,]. It is not very surprising that all
these examples turned out to be easily quantizable. It would be very interesting
to find a counterexample to quantizability on these grounds.

Next, let C C C*°(X) be a Poisson commutative subalgebra; consider the
exact sequence of local Hochschild complexes,

0 — IC*(C,C™(X)) — C*(C™(X)) — C*(C,C*=(X)) — 0

induced by the inclusion of C. Here, IC*(C, C*° (X)) is the kernel, and we assume
that any C°°(X)-valued polydifferential operator on C' is a restriction of an
operator on C°°(X) (which is the case, for instance, if C is a pull-back algebra
of functions from the base of a locally-trivial bundle). This construction is closely
related with the construction of Sect. 3.3. Then, the question is, if the properties
of this exact sequence can be related to the obstructions, we construct in this
section? In particular, how is its extension class related to the question we pose?

Next, as we observed in the previous section, in certain circumstances the
quantization problem can be solved locally. For example, if the Hamiltonian
vector field X; = {f, —} is nonzero at some point zy € X, than for any function
g, such that {f,g} = 0, the quantization problem can be solved in a vicinity
of xg: under the aforesaid condition, we can find a local coordinate ¢ near xq
so that the fields % and Xy would coincide, then we see that the condition
{f,C>°(U)} = C>°(U) holds for a suitable open neighbourhood of xy. Thus, the
construction of the last example from the Sect. 3.5 is applicable in U. This gives
us a pair of commuting elements fi, gy in &7 (U). On the other hand, since the
star-product is given by local formulas, the obstruction classes, constructed in
previous sections, can be restricted to U. Thus we have to check the relation of
local classes (which vanish) and the restrictions of the classes, defined on all X:
the question is, if one can derive global quantization from the local one. And if
it is true, then it is interesting, how the global elements f , g can be constructed
from the local formulas. A special case, when the fields X, X, vanish in isolated
points, is of special interest, since it implies that the properties of the elements
f , g will depend on the properties of the Liouville tori foliation around these
singular points.

Finally, there is a question, relating the argument shift method and the homo-
logical constructions from the previous sections. Namely, the relation, which is
crucial to the argument shift method,

L?ﬂ'zO

seems to have certain homological meaning, which needs to be investigated. One
of the possible approaches to it, is to rewrite it as

Hﬂa g]a 5] =0,

where on the right stand the Schouten brackets.
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Then the left hand side of this equality can be interpreted as the derived
bracket [, €], in D*(X)
[av b}ﬂ = Hﬂ—v a}a b]

(see the paper [16], in which the notion of derived brackets in differential Lie
algebras is discussed at leisure). This bracket verifies all the properties of the
graded Lie bracket, except for the graded skew-symmetry. Algebras with such
brackets are called Leibniz algebras. Thus, one of the possible approaches to
the deformation quantization of the argument shift method is to investigate the
relation of the Leibniz algebra (D*(X), [, ] ) and the star-product. An alternative
approach would be to use the ungraded Lie algebra structure from Sect. 2.2 and
look for the corresponding homotopy algebra properties.

Finally, observe, that there exist many other possible approaches to the defor-
mation quantization of integrable systems. For instance, one can use alternative
quantization procedures: for example, there exists Gutt’s quantization formula
for the quantization of Lie algebras (see [17]) and Fedosov’s quantization [18],
phrased in geometric terms. It would be interesting to see the relation between
these results and the integrable systems. One can also look for the deformation
constructions within the classical R-matrix formalism, and quantum groups. All
these questions seem to be quite interesting and we believe, that a deeper under-
standing of relations between them can be fruitful in many other branches of
Mathematics.
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Abstract. We study Z-graded thread WT-modules V = @;V;, dim
Vi=1—00<k<i<N <400, dimV; = 0, otherwise,over the positive
part W of the Witt (Virasoro) algebra W. There is well-known exam-
ple of infinite-dimensional (k = —oo, N = o0) two-parametric family
Vi, of WT-modules induced by the twisted W-action on tensor densi-
ties P(z)z*(dz)~*, u, X € K, P(z) € K[t]. Another family Cq 5 of W*-
modules is defined by the action of two multiplicative generators e, ez
of Wt as erfi = afit1 and eaf; = Bfj42 for i,j € Z and «, 3 are two
arbitrary constants (e; f; = 0,7 > 3).

We classify (n + 1)-dimensional graded thread W '-modules of three
important types for sufficiently large n. New examples of graded thread
Wt -modules different from finite-dimensional quotients of Vi ,, and Ca 3
are found.

Keywords: Witt algebra + Visaroro algebra - Lie algebras

1 Positive Part of the Witt Algebra
and its Finite-Dimensional Graded Modules

The representation theory of the Virasoro algebra Vir was intensively studied
in the 80s of the last century, now one may consider it as a classical part of
the representation theory of infinite-dimensional Lie algebras. For instance, the
structure of Verma modules over Virasoro algebra and Fock modules over Vir
was completely found out by Mathieu [11] proved V. Kac’s conjecture which
says that any simple Z-graded Vir-module with finite-dimensional homogeneous
components is either a highest weight module, a lowest weight module, or a
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module of the type V) ,. However, two particular cases of the theorem were
already proved: the classification of Harish-Chandra modules for which all the
multiplicities of weights are 1 (by Kaplansky and Santharoubane [9]) and the
classification of unitarizable Harish-Chandra modules (by Chari and Pressley
[2]). Some partial results on Kac’s conjecture were obtained in [10].

It should be noted that a great number of well-known mathematicians and
mathematical physicists contributed to the development of the theory of rep-
resentations of the Virasoro algebra, for complete survey we recommend the
monograph [8].

In 1992, Benoist, answering negatively the Milnor’s question [14] on left-
invariant affine structures (flat affine connections) on nilpotent Lie groups, pre-
sented examples of compact 11-dimensional nilmanifolds that carry no complete
affine structure. For that, he constructed examples of 11-dimensional nilpotent
Lie algebras with no faithfull linear representations of dimension 12. In his proof
[3] he classified N-graded Lie algebras a, defined by two generators e; and ey of
degrees 1 and 2, respectively, and two relations [es, e3] = e5 and [es, e5] = rer,
where r is an arbitrary scalar and e; 1 = [e, ¢;] for all ¢ > 2.

Lemma 1. (Benoist, [3]) If r#-%,1, then a, is a finite-dimensional Lie alge-
bra.

(1) Letr = %, then a,. = W, positive part of the Witt (Virasoro) algebra, it
is infinite-dimensional Lie algebra with base €;,i > 1 and the relations [é;,€;] =
(j—1)éit;, where é;=e;/(i—2)!.

(2) Let r = 1, then a, = my.

(8) Let r0, %, 1,2,3, then a, is a 11-dimensional filiform Lie algebra.

We recall that a finite-dimensional nilpotent Lie algebra g is called filiform if
it has the maximal possible (for its dimension) value of nil-index s(g) = dim g—1.
In its turn the nil-index s(g) is the length of the descending central series of g.

The idea of Benoist’s construction was the following. Benoist considered the
algebra a_o of the family a,. It is a 11-dimensional filiform Lie algebra. Itself
a_o admits a complete affine structure because it is positively graded. Benoist
considered its filtered deformation a_s ,; that it is not positively graded and he
proved that a_s . ; does not admit any faithfull 12-dimensional representation.
That is an obstruction for existence of a complete affine structure on the corre-
sponding nilmanifold. The proof of non-existence of a faithfull 12-representation
was based in particular on the classification of graded faithfull a_s-modules.

Despite the fact that the positive part W7 of the Witt algebra was not used
in his proof, Benoist suggested that special deformations of finite-dimensional
factors of W™ can also be used for counterexamples to Milnor’s conjecture in
higher dimensions n > 11. Hence the classification of graded thread W ™-modules
is quite necessary for the possible proof.

The aim of this paper is a classification of (n + 1)-dimensional graded
thread W*-modules with additional structure restriction e,f; # 0 which
means that the corresponding representation of the n-dimensional quotient
W /{ent1,€nta,...,) is faithfull.
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Also finite-dimensional graded thread W T-modules played an essential role in
explicite constructions of singular Virasoro vectors in [1] and [13]. Besides these
graded thread WT-modules were used for the construction of trivial Massey
products in the cohomology H*(W*,K) in [5], answering V. Buchstaber’s con-
jecture, that the cohomology H*(W™ K) is generated by non-trivial Massey
products of one-dimensional cohomology classes. Finaly V. Buchstaber’s conjec-
ture was proved for non-trivial Massey products in [12].

The paper is organized as follows. In the Sect.1 we recall necessary defini-
tions and facts on positive part of the Witt (Virasoro) algebra and its graded
modules. In particular we introduce the important class of (n+1)-dimensional
graded thread WT-modules with a property e,fi # 0 mentioned above. We
prove the key Lemma 2 and its Corollary stating that we have only three types
of (n+1)-dimensional graded thread W*-modules defined by basis f1,..., fni1:

(a) no zeroes of ey, i.e. e1f; #0,i=1,...,m;
(b) one zero of ey, i.e. Ak, 1 <k <mn, e f,=0;
(c¢) two neighboring zeroes of e, i.e. Ik, 1<k<n-—1,e; fr=€1 fr+1=0.

We classify the modules of the type a) (we call them graded thread WT-
modules of the type (1,1,...,1)) in Sect. 3. W+-modules with one zero, subcase
b), so called modules of the type (1,...,1,0,1,...,1) are classified in Sect. 4.

Section 5 is devoted to the most interesting case of graded WT-modules
with two neighboring zeroes of e;. Modules of this type were applied in [12]
for the proof of V. Buchstaber’s conjecture on Massey products in Lie algebra
cohomology H*(W™*,K) as we mentioned above.

2 Definitions and Examples

The Witt algebra W can be defined by its infinite basis e; = t“‘l%,i € Z and
the Lie bracket is given by

[ei,ej] = (] — i)€i+j,i,j S Z

The Virasoro algebra Vir is infinite-dimensional Lie algebra, defined by its basis
{z,€;,% € Z} and commutation relations:

.3 _ .
lei,2] =0,Vi € Z, [es,e;] = (j—i)eir; + %5—1‘%-

Vir is a one-dimensional central extension of the Witt algebra W (the one-
dimensional center is spaned by z).

There is a subalgebra W+ C W spanned by €1, es, €3, ..., basis vectors with
positive subscripts that we call the positive part of the Witt algebra.

Definition 1. ([5]) A WT-module V is called graded thread W*-module if
there exist two integers k, N,k < N, or k = —oo, N = +00 and a decompostion
V =a&T2V;,j € Z, such that:

1LLE<i<N,

ei‘/‘vj - ‘/ti+j77“ € N)j € Zv dlm‘/l = {07 otherwise ’
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where eq,es,...,¢ek,... is a graded basis of the positive part W of the Witt
(Virasoro) algebra.

Remark 1. A graded thread W-module V = @szj can be defined by its basis
fisi€Z, k<i<N,(f;) =V,
and by the set of its structure constants
i, B4,1, €2, k<i<N-=2,k<j<N-=3,

such that
erfi = aifir1, exf; = PBjfira

Here we remark that W7 is generated as a Lie algebra by two elements e; and
ez.Certainly the constants a;, 3; can not be arbitrary. They must satisfy certain
algebraic relations that we are going to discuss later.

To begin with, we present two infinite-dimensional examples.

e One can take a; = a, §; = (. It is a Wt-module C,, 3 where all other basic
elements e;,7 > 3 act trivially.

e We have defined basic vectors e; of W as differential operators e; = xi+1%
on the real (complex) line. One can consider the space V) ,, of tensor densities
of the form P(z)z*(dz)~*, where P(z) is some polynomial on z and the
parameters A, u are arbitrary real (complex) numbers. Operator £ = f (I)%
acts on F) ,, by means of the Lie derivative L¢:

LeP(x)a" (dx) ™ = (f(2)(P(x)a") = AP(x)a" f'(x)) (da) ™.

Taking the infinite basis f; = 277+ (dz)~* of Fy ,, we have the following W -
action [6]:

enfi =0 +u—AME+1)) s
In other words V), is a twist of the natural action of W on C[t,t™']. The
defining set for a W*-module Vy , is

Qi =i+ p—2X\ B =j+pu— 3\

Remark 2. The vector space V), can be regarded as a W-module over the entire
Witt algebra W, or, that is equivalent, as a zero-energy Virasoro representation
[7]. As W-module Vy ,, is reducible if A € Z and =0 or A € Z and =1 otherwise
it is irreducible [7]. The infinite-dimensional W-modules V) pand Vi im,meZ
are isomorphic.

Having an infinite-dimensional graded thread W+-module V = (f;,i € Z)
one can construct a (N — k — 1)-dimensional W+-module V(k, N) taking a
subquotient of V:

V(k,N)=@®3,Vi/ ®3n-1 Vi, V(EN)= (fit1,---, fn-1)-
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From now we deal with a (n + 1)-dimensional graded thread WT-
module V' defined by its basis fi, f2,..., fnr1 and a finite set of constants
{al, .. .,Oén,ﬂl, e ,/Bn_l}.

The dual module V* of a finite-dimensional graded thread W*-module V =
(f1, f2y -+, fns1) has the structure of a graded thread W*-module with respect
to the basis

= =1 = =1
where f1,...,f" ! is the dual basis in V* with respect to the basis

Jiseoos frs fngr of V, f1(f5) = 5; Let {a1,...,an,01,...,08n-1} be the set of
structure constants of the W*-module V with respect to the basis f1,..., fai1.
Then the set

{—O{n, ceey, O, _677,—1’ RS _Bl}
defines the structure of the dual W+-module V*:

61le’ =e frP = —ay M = *Oén+1—jfjl»+1, i=12...,n;
eafr = eofrH2k = gk = _5n7kf;€+2, k=1,2,...,n—1.
We recall that the dual WT-action on V* is defined by (g - f)(z) := —f(gx),

where ge WH,z eV, f € V*.

For obvious reasons there is no sense in discussing the irreducibility of graded
thread W+-modules: they are all reducible. Instead of irreducibility, one has to
discuss indecomposability. Let the defining sets of structure constants of a W™-
module V' be of the following type

{at, oy m, 0, g1y -y, By ooy Bn=1,0,0, Bint2y -+, Bne1}, 0 <m < n
Then, V is a direct sum of two W -modules V; and V5
V=VioVey, Vi={(fi,..., fms1), Vo = (fr2,- -, far1)-
where V7 and V5 have the following defining sets of structure constants
{at, oy my B1y ooy Bt by {@ma1y -+ @y Bt2s -+ -5 P11}y

respectively. The converse is also true. One can consider a direct sum V; @ V5
of two finite-dimensional graded thread W*-modules V; and V,, may be after
possible renumbering of the basis vectors from V5.

Lemma 2. Let V = (f1, fa,..., fn+1) be a (n + 1)-dimensional graded thread
W -module such that

Elk7p7 1Sk<k+pgn+1ap227 elszelfk"rp:o'
Then e, f1 = 0.

Proof. Recall that e, fr, € (fx+p). Then the equalities eq fi, = €1 frtp = 0 imply
that

(p - 1)€p+1fk = €1€pfk - €p€1fk =0.
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On the next step we have

pept2fr=(e1€p+1fi — epr1e1fi) =0, peptafr—1 = (e1€pt1fu—1 — ept1€1fi—1) = 0.

One can suppose by an inductive assumption that epysfr =+ = eptsfi—st1 =
0 for some 5,1 < s < k — 1. Then it follows that

(P+s—Deptst1fe =0, ..., (p+ 5~ Deptst1fi—s = (e1€pts f—s — eptse1 fk—s) = 0.
Hence efypfi =+ = epqpfr =0 and

(k+p—Degpr1fi = (er€ripfi — exyperfi) == (k+p—1Legrpr1fe = 0.
Continuing these calculations we will have that e;fi1 = --- = e;fr = 0 for all
i > k+p. In particular e, f; = 0. g

Corollary 1. Let V = (f1, fo, ..., fa+1) be a (n+1)-dimensional graded thread
W -module such that e, f1 # 0. Then for its defining set of constants c;,i =
1,...,n, we have three possibilities:

(a) no zeroes, a; #0, i =1,...,n;

(b) the only one zero, ANk, 1 <k <n, ap=0;

(¢) two neighboring zeroes, Ik, 1<k<n—1, ar=ay+1=0.
Following [3], we will consider a new basis of W*:

él = e, él = 6(2—2)'61

Now, we have in particular
[él7éi] = éi+17 [62763] = é57 [62765] = 767' (1)

It was proved in [3] that the Lie algebra generated by two elements &1, éy with
the following two relations on them

[é2,

[627 [élv [él?[él?é2“]] =

E[fl éa]] = [e,[en,[er.ea]l] @)
10 [61’ [617 [ 7[ [61762]]]]]
is isomorphic to the positive part W of the Witt algebra.

Hence, the defining relations (1) will give us the following set of polynomial
equations

=

Rzo ([627é3}7é5)fi:07 i=1,...,n=5,
Rl ([é2,65] — —67)f] 0,j=1,...,n—7.
It is possible to write out the explicit expressions for R? and R; in terms of

oy, 3. However rescaling f; — v;f; we can make the constants «; equal to one
or to zero.
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3 Graded Thread Wt-Modules of the Type (1,1,...,1).

Let us consider the case when all constants «; of the defining set for a graded
thread W*-module are non-trivial and hence we may assume (after a suitable
rescaling of the basis vectors f1,..., fnt1) that

éifi=fiyr,i=1,...,n, éxf;=bfjq2,j=1,...,n—1L

5

Then the equations R}, R} are read as

R} biys(bi—bis1) — bi(bis2 — biys) = b; — 3bit1 + 3bis2 — biys,
R} bjys(bj—3bj1+3bj42—bj13) — bj(bj2—3bjas+3bj1a—bjus) = .
9 3

= To(bj*5bj+1+10bj+2710bj+3+5bj+4fbj+5),

i=1,....n—5 j=1,....n—1.

There is the relation between b; and the initial structure constants a;, 3; of our
graded W*-module V:

643; . .
b; = s , i=1,...,1—2.
Q041

Consider a module V) ,,. Recall that it has the defining set with o; = 7 + 1 — 2\
and §B; = j + p — 3X. We introduce new parameters

u=p—3\ v=pu—2A

Suppose that v = p—2X # —1,-2,..., —n. Then V, , is of the type (1,1,...,1)
and its coordinates (b1,bs,...,b,_1) are
TSRS Ch) B TP S

(v+d)(v+i+1)

Definition 2. An affine variety defined by the system of algebraic equations
(3) in K" ! is called the affine variety of (n + 1)-dimensional graded thread
W*-modules of the type (1,1,...,1).

Theorem 1. Let V be a (n+1)-dimensional graded thread W -module of the
type (1,1,...,1) andn > 9, i.e. WT-module defined by its basis and defining set
of relations
V= {(f1, fos- -, fny1),
elfl- = fi+17 1= 1,2,...,71;
egfj = bjfj+27 j = 1,2,...,’17,— 1,
Then, V is isomorphic to the one and only one WT-module from the list below.

o Viu(ntl), p—20#-1,-2,...,—n.
.Cl,a:(Tl“Fl), b1:b2:...:bn_1:x;
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o Vi s(n+1), t#4, bi=tb= pprity,i=2...,n— L
.Vlt,Bfn(n'i_l)vt?é‘l by = — %,Z—l...,n—zbn,lz—t;
ovoty_l(nJrl),t#G, bl—tb—%,zf2 71;

b VE1,72771(”+1)7 t#6a bzz_ﬁ Z:L- -2 bn 1 =1

Remark 3. (1) A one-parametric family szfs(n + 1) of graded thread WT-
modules is a linear deformation of V_ _3(n + 1). Moreover Vi 3(n+1) =
V.o, 3(n+1). A module V{5, (n+1)is dual to V5 5(n+1).
(2) Family Vi _;(n+1) is one-parametric linear deformation of Vg _;(n 4 1)
and VI (n+1) = Vo _1(n+1). V{5, (n+1) is the dual module to V{ _;(n+1).
(3) Cro(n+1) = Cr ol + 1)

Proof. We prove the Theorem by induction on dimension dim V. The equation
RY appears first time for a 5-dimensional graded thread module. In dimension 6
we have two relations R}, R and coordinates (b1, bg,...,bs) of an arbitrary 7-
dimensional graded thread W+-module V of the type (1,1,...,1) satisfies three
relations R}, R3, R respectively.

We start with the classification of 8-dimensional graded thread W *-modules.

Lemma 3. Consider an affine variety M of 8-dimensional graded thread W -
modules of the type (1,1,...,1) defined by the following system of quadratic
equations in KO:

b4(bl —by) — b1(bs — by) = by — 3by + 3b3 — by,
bs(ba — bg) — ba(by — bs) = b — 3b3 + 3by — b5,
bs(bs — by) — b3 (bs — bg) = bz — 3by + 3b5 — b6,
b6(b1_3b2+3b3 b4) —b (b3—3b4+3br b@) (b —5by+10b3—10b4+5b5 _bﬁ)
(4)
then the variety M can be decomposed as the union of the following two- and
one-parametric algebraic subsets:

M1:bi:6%7¢=1,2,...,6,u;év,u;évﬂ,v;é—l,—27...7—7,-
M{:by=250=1,2,...,6, v#—-1,-2,...,-6;
M2.b1:%b_xb3_yab4:y_%7b5:%5;gt72i;67'

. _51 — 2 22y+10y~“+21 12 9 7 ’

b = *H—T5a= yfl)(5zz;]+7) — 5752y +1#0

Mg: b1:b2:b3:b4:b5:b6:t,

'61:12:|:3\/E,b2:*%i%\/ﬁ’b3 1:|:2\ﬁb4—*% %\/E
: bBZ%i%\/E+t7b6:—l2:t3\/E+t( \/> ) ’

MET: bl:_%;bQ:_%ab3:_%7b4:_%,b5_ ivbﬁzt;

M5+: bl_tab2_g;b3:%ab4:§7b5 %abﬁ %;
M6+:b1*t7b2:gab3:ga 4:271)57%71)6*%;

Mg by =—2ba=—8,bg=—5,bs = —§,bs = —5,bs = —1;

Proof. Denote by = x,b3 = y,by = z and rewrite after that first two equations

of the system (4)

b1(2z2—y—1)=x2z—3x+ 3y — z, (5)
bs(2z —y+1)=xz+x — 3y + 3=z.
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Then, we multiply the third equation of (4) by (22 — y + 1) and exclude b5
(22 —y +1)(2y — 2 + 1)bg = xyz — 4y* + 3yx + 6yz — 8y — 3xz + 62 + 3.

Finally, we multiply the last equation of (4) by (2z—y—1)(2z—y+1)(2y—z+1)
and exclude by, b5, bg. We will get the following fifth-order equation of unknowns
T, Y, 2

2
(Zy5) F(I’,y,Z):O,

where

F(x,y,2) = y*(2—6)(z+6) + y(x+2)(z2+32—32+36) + 3zz(4x—42—x2) — 9(x+2)>.
(6)
First of all we are going to study an algebraic variety Mp C K? defined by the
equation F'(z,y,z) = 0. Consider the mapping of uniformization

fKA\{(u,v),v=0,-1,-2,-3} - K3

o 6u 6(ut1) 6(u+2)
flu,v) = (v(v+1)’ 1) (v+2)” (v+2)(v+3)> :

Proposition 1. The variety Mp C K2 is the union of Imf and three lines
l1,12,13 defined by linear equations

:37 :_27
hiz=y=z lg:{yz2 , lgl{zg

Proof. Let a point (z,y,z) € Imf. It means that for some (u,v),v #
0,—1,—2,—3 we have

6u = z(v? + v),
6u + 6 = y(v2 + 3v + 2), (7)
6u + 12 = z(v? + 5v + 6).

Consider (7) as a system of equations with respect to unknowns u,v. For
z # x it is equivalent to

6u = z(v? +v),
(z—2)0v? + (z—5z)v + 12 — 62 = 0, (8)
(By—2)(z—2) = (5z2—x)(y—=)) v = (62—12)(y—z) — (2y—6)(s—x).

(1) Let (3y—z)(z—x) — (bz—z)(y—x) = 2(2zz — y(x + z)) # 0, then substi-
tuting
_ 2yz—3zx — 6y + 3 +yx + 32

B 2z — y(ax+z)

in the second equation of (8) we get

(l‘ — Z)F('Ta Y, Z) —
(y(w+2) — 202)?

)
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where the polynomial F(x,y,z) is defined by (6). Hence a point (x,y,z) of
the surface Mp with x # 2z and y(x+2) # 2zz is in the image I'mf and the
corresponding parameters u, v are determined uniquely.

(2) Consider a point (x,y,z) € Mp such that

(62— 12)(y — ) — 2y — 6)(y — ) =0,
{sz—y(xﬁ—z)zo. / Y 9)

This system can be rewritten in a following way

y(z —6) = xz — 3z — 3z,
y(x + 2) = 2x2.

Substitute y = 22Z (2 + z = 0 implies = z = 0) in the first equation. We

xr+z

obtain (z—z)(xz+32—32)=0, hence if z # x then

3z 62
x = , Y = .
3—=z Y 6—=z
Changing parameter z = H% we see that the set of solutions of (9) coincides
with the curve
6 6 6
== —,— ). 10
(0 (t’t+1’t+2> (10)
Parameters u,v for a point <%, Hil, H%) of v are determined not uniquely:

u=v=toru=v+1=1t+2.
Now, let us consider the case x = z. Then, the system (8) is equivalent to
the following one

6u = (v +v),
(y—2)v>+ By —x)v+2y—6=0, (11)
2zv = 6 — 3.

6—3z

Substituting v by in the second equation of (11), we’'ll get

y(36 — 2%) — 362 — 32°

4z2 =0

It follows from the last equation that y = 36””+3z , T # 6.
On the another hand, the square equatlon (Wlth respect to y, we assume also
that x # +6)

F(x,y,z) = y*(2*—36) + 2x(2*4+36)y — 3z* — 362> =0

36x+32°
36—x2

has two roots y = x and y = One has to remark also that if x = z = £6,
then y = +6.
Hence, an arbitrary point P = (x,y, z) of the surface Mp with x = 2z # y

also belongs to the image I'mf. We conclude with a remark that the system (7)
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never has the solutions with v = —1, —2, but it has the solutions with v = 0 and
v = —3. More precisely, if v = 0 then it follows from the first equation of (7)
that u = 0 and this is the case for y = 3,z = 2 and arbitrary x. We get the line
ls.

Analogously the case v = —3 implies u = —2 and y = —3,2 = —2. The
corresponding set of solutions is 3. O

Fig. 1. The surface Mr in R3.

Remark 4. The polynomial F(z,y,z) has the degree two with respect to each
variable x, y, z (thinking other two are parameters). One can verify directly that
the curve ~(t) defined by (10) coincides with the set of singular points of Mg
(it follows from the proof of our proposition). Also one can see that My has an
involution op : Mp — Mp:

OF : (m7y72) - (_Z7 —Y, —:17).
More precisely,
or(f(u,v)) = f(-u=2,—v—4), op(l) =, op(l2) = I3.

Now, we come to the following natural question.

Does an arbitrary point (x,y,z) € Mg correspond to some solution
(b1, 2,9y, z,b5,b6) of the initial system (4)?

Before answering this question, we state a few preliminary remarks.
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Proposition 2. It exists the unique solution (by1,ba,...,bg) of the system (4)
with62:b3:b4:t anditi8b1:b2:b3:b4:b5:b()‘:t.

Proof. If by = by = by = t, then the first two equations of (4) can be rewritten
as
bi(t—1)=1t>—t, bs(t+1)=1t>+t.

If £ # %1 then by = b5 =t and b = LE2Ht = ¢,

If t = 1, then b5 = bg = 1 and the fourth equation of (4) will look in the
following way:

9
——(b;—1)=0.

gl —1)
Hence, by = 1. The case t = —1 is studied analogously. O

(b1 —1)

Proposition 3. There are no solutions (by,ba,...,bs) of the system (4) such
that:

(a) bg :3,b4 = 2;
(b) by = —3,by = —2.

Proof. Solving first three equations of (4) with b3 = 3,by = 2 one get

3 6
b :7[)5:—7[) = —.
2 ) 2 6 5

But the fourth equation of (4) looks as 0 bg = —232.
If b3 = —3 and by = —2 we obtain b; = —%,b4 = —7,bg = —9 and the last

equation of (4) will be inconsistent with respect to bs. |

Now, we are going to study the same question for the points of I'mf. Namely,
let suppose that for some choice of u,v,v # 0, —1, —2, —3, we have

_ 6u 6(u+1) b 6(u+2)

2T 0+ T D) (w+2) T (042)(v+3)”

Then the first three equations of the system (4) we rewrite as

(v-+4)(6utv?—v) 6 (u+3) (6u+v?—v)
ST (v+2)  o(v+1)(0+2)(v+3)’
) (v—1)(6u—v?—Tv) _6 (u—1)(6u—v2—Tv) (12)
(v+1)(v+2)(v+3) v(v+1)(v+2)(v+3)’
(v+5) (6u+v%+v+6) _ ( 6(u+1) ) . 2uw+5v+3
D) (0 +2)(0+3) \ (v41)(v+2 (v+1) (v+2) (v+3)”

First of all, let us study a generic case.
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Proposition 4. Let v #0,—1,—2,—3 and moreover
(v44) (6u+v*—v) # 0, (v—1)(6u—v>=Tv) # 0, (v+5)(6u+v+v+6) # 0.

Then, there exists the only one solution (by,bs,bg) of the system (12)

b — 6(u—1) _ 6(u+3) _ 6(ut4)
YT =10 T (043)(v+4)” T (v+4)(v+5)
Proof. Direct verification. O

Proposition 5. Let v # 0,—1,—2,—3. Then, if one of the three given expres-
sions
6u 4+ v2 — v, 6u — v — Tv, 6u+v? + v+ 6,

s equal to zero, the rest of them are non trivial.
Now we assume that v # 1,0, —1,—2, -3, —4, —5.

(1) 6u — v? — 7o = 0. Then, from the first and the third equations of (4) we

have
6(u+3) 6(u+4)

(0+3)(v+4)" ° "~ (v+4)(v+5)
The fourth equation of (4) will look as

bs =

ib v(v—1)(v—2)(v—3)
10 (0+2) (v+3) (v+4) (v+5)

1 (v=2)(v=3)(v* + Tv — 6)
10 (v+2)(v+3)(v+4)(v+5)

If v # 2,3 then b = ”2?;7_”1_)6 = ?}%Z:B as in the generic situation.

(a) Now, let v = 2 then u = ”2%7” = 3 and we have

3 6
b =3,b3 =2,by = —,b5 = —,bs = 1.
2 3 1= 5005 = 5506
The component by can take an arbitrary value ¢t.
(b) In the case v = 3, analogously, we obtain u =5 and

8 27
— ’b6_278.

(2) 6u+v2 —v =0. Then by = 6(1:)1) and the third equation of (4) will look

(v v
as

be(v+5) = bs(v2+4v+3) — v* 4 4v + 3.
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Expressing bg and rewriting the last equation of (4) we will have

1 (v+4)(v—|—3)(v2—|—8v—3) 1 (v*4+8v—3)(v?—v—18)

10°° (v+1)v(v—1) T 10 v(v—1)(v+1)

If v2 4+ 8v — 3 # 0 then by is determined uniquely and hence we have

6(u+3) b — 6(u+4)

b5 = xa) ) % T ora) (o)

If1v248v—-3=0,ie v=—4£/19 then the component b5 can take an arbitrary

values and then we have u = —E 19 and
by =124 3V19, by = —= i \/ 9, by = \/
1, 2 10\/
by =—=+-v19,b5 =t,b ,7:& +t{£=v19— — |.
1=y EpVI =10 = 3 ( 3 3 )
After a parameter change t — ¢+ ¢ 2 j: 19 we will obtain the final version.
(3) 6u+v? + v+ 6 = 0. Then by — 65“_ 52 and by = 5G5S The fourth

equation of the system (4) will look as

1 be (v+5)(v+4) (v+7) (v+6) i(v+7)(v+6)(v —v—18)

107 (v+D)(v+2)(v=1)v 10 v(v—1)(v+1)(v+2)

— __6(u+d)
Ifv 7é _6, _7, then bﬁ = Mw

For v = —6,u = —6, we get an one-parametric family

6 6 6 6
bi.bo.....bg)=—-1,——=, —— —— —— .t
(17 29 ) 6) ( 5 5, 4, 3, 2, >

The case v = —7,u = —8 corresponds to another one line of solutions:

217 8 7 9 5
(b17b27 ce 'abG) - <_287 _?, _g, _g, _27t>

(4) Let v = —4. Then, the first equation implies that u = -3 or u = 7%.

(a) Let v = —4,u = —3. Then, b; = — b2 = 2,b = —2,by = —3. The
third equation gives b5 = —7, but the fourth equatlon becomes inconsistent with
respect to bg.

(b) Let v = —4,u = —=2, then third and fourth equations of (4) look as

{11)6—21;5—_0

3y _ 3p. _ 2629
10b6 5b5 300 =0,

and this system is inconsistent with respect to bs, bg.
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(5) If v = 1, then the second equation of (4) implies that v =1 or u = .
(a) The case v = u = 1 corresponds to the family

3 6
b1,ba,...,06) = 11,3,2,—,=,1].
(172) 76) <7a7275a)

(b) If v = 1,u = 3, the fourth equation of (4) degenerates to — g5 = 0 and
hence the system (4) is inconsistent.

(6) Let v = 5, the first equation of (4) gives us bs = 3(u+3), the third
equation after substitution v = —5, b5 = 3(u+3) will look like

3 25
It has the roots u = —%7 —4.
(a) The case v = —b,u = —4 corresponds to the family that we already
obtained: 6 6 6 6
bi1,ba,....06)=|—-1,—=,—=,—=,—=,t | .
(17 2 ) 6) < ) 57 47 37 23 )
(b) If’l}:75,’UJ—7* then b1 15,b2 10,1)3 %,b4:7%,b5:74

and the fourth equation is inconsistent with respect to bg.
We studied the solutions of the main system (4) that correspond to the points
of the algebraic variety Mp = {F(x,y,z) = 0}. Now, we will consider the case

2
bo=x, bs3=y, b4:y—g:z.
Then, one can rewrite the first three equatlons of (4) as
(y=b =zy+2y — Lo+ 2,
(2z—y+1)bs = zy + x g, (13)
@+%W6:bdyH”—2y+g

Proposition 6. There are no solutions of (13) with y = g, f%.

Proof. Direct calculations. O

Proposition 7. Let 2x —y + 1 = 0. Then, the system (13) is consistent if and
only if

2 1 2
Z—*i V Y = V9Z y—gz—fif\/19,b5:t.
Pmof Indeed 20 —y+1=0 1mphes Ty + 3: — 7 = 0 that is equivalent to
2x2% 4 x = = 0. The roots of this square equatlon Wlll give us the values given

above. Now, one can express by = 12 £ 34/19, take b; = t, then express bg in
terms of bs taking into account third equation. Finally, we obtain

10v/19 4 13
:——i +-V19 - =) .
be 3 3 t<3¢ 3)

That corresponds to the family of solutions that we have already obtained. [
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Now, it is easy to see that in the generic situation (2x —y + 1 # 0) we have

Sry — 17z 4+ 10y + 2 2
= Y Y 7b2:$7b3:y7b4:y_7a

b

! 5y —9 5
b _ 152y +3z -6 _ Say? — 2wy — 22y + 10y + 21z — 12
ST 5 2w —y+1 ° (22 —y+1)(5y +7)

The last statement concludes the proof of the theorem.

Remark 5. We shifted the arguments u, v in our answer for M;, for instance we
% in our proof and now by = 6u+2) _ Ope has to point

considered by = (013"
out some properties of the subsets M;:

e M35 does not intersect other subsets M;;
e P(u,v)eM; belongs to My if and only if u=35(v+3)(v+4)(v+5)+3(v—3);

o MY intersects My at v = %\/ﬁ;
o Mj intersects M; at t=—1¢ £ 88../19 (Pf=P(-3£2v/19, —2+/19) and

does not intersect other subsets M;;

e MZF intersects M; at t = +4 (the points Py =P(3,1) and P; =P(—10, —9)
respectively);

° Mgﬁ intersects Ms at t = 0;

o M intersects MY at t=46 and v = 0 and does not intersect other subsets;

One can also remark that there exists an involution o : M — M
(02 (bl,bg, ey b5, be,) — (—b6, —bs7 ey —b27 —bl)
with the properties:

M, is invariant with respect to o: o(P(u,v)) = P(—u—7, —v—38);

Corollary 2. The affine variety of 9-dimensional graded thread W -modules

V:<f17f23"'7f9>7
erfi = fiy1,i=1,2,...,8
eafj =bjfiq2, 5 =1,2,...,7,

can be parametrized by means of two- and one-parametric algebraic subsets

Ml:lbi 2: Gwzﬁz = 1,2,....6,7, u # v,u # v+l,v #

MY:bi=-5,i=1,2,...,6,7, v£—-1,-2,...,—6,-7;
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_3 3
=R g, 0BG 2 by, b=y~ 2,

. w000 ,
Ma: by D=2~ =D D) ;
_ e

WtD) WD +D)
Mgl 61:b2:b3:b4—b5—b6—b7—t

Mgi blz—%,bgz 28’b3 ? b4 b5:—%,b :—%,b7:t,
M5+Z blzt,bgzg,b3—%7b4:% b = b6 287[)7:%;
Mg by =tby=5by=5by="2b5="Cbg=2b,=2;
MG_Z blz—g,bgz—%,bgz—g,@l b5 3,b6=—g,b7——t

Proof. The families M;~ do not survive to the dimension 9, M, became an
one-parametric family instead of two-parametric M. Ms intersects M; at

y=+221. 0
We already classified 9-dimensional graded thread W™-modules. Let V be a
10-dimensional W*-module with the basis fi,..., fio. Consider its quotient

module V' = V/(fio) and its submodule V = (fa, ..., fio). Both of them are
9-dimensional graded thread modules of the type (1,1,...,1) with the defining
sets by,...,br and bo, .. bg respectively.

Only two points y = :t \ﬁ from My survive to dimension 10. These points
are in the intersection M, ﬂ Ms.

Let (b1,bo,...,bp_2,b,_1) be coordinates (defining set) of a (n + 1)-
dimensional graded thread W-module V = (f1, f2,..., fn, fnt1) of the type
(1,1,...,1) then its subsets (b1,ba,...,b,—2) and (ba,...,by_2,b,_1) are coor-
dinates of n-dimensional quotient V/{(f,4+1) and submodule (fa,..., fn, fa+1)
respectively. Both of them are n-dimensional graded thread W*-modules of the
type (1,1,...,1) and we can apply the induction hypothesis.

For instance, let (b2,b3,...,bp—2,bn—1) = (t,3,...,:%,-%5) then
(b1,t,3,..., = 2) have also to be present in the Table below and it is impos-
sible. On the another hand, if (b1,b2,...,bp—2) = (¢,3,..., > 2) then we have

to find the set (ba,...,bp_1) = (g, cee %,bn_l) in the Table. It can occure if
6

and Only if bn_l = o1

4 Graded Thread Modules of the Type
(1,...,1,0,1,...,1).
Now, we consider the case, when one and only one of the defining constants «;
vanishes.
NE,1<k<n, a,=0ieé1fry=0f #0,7#k1<j5<n
A graded module of this type is called ”décousu” in [3].

Theorem 2. Let V' be a (n+1)-dimensional, n > 16, indecomposable graded
thread W -module of the type (1,...,1,0,1,...,1), i.e. there exists a basis f;,i =
1,....,n+1, of V and Ak,1 < k <n, such that
€ifj €(firjhi+ti<n+1l,&f;=0,i+j>n+1,
eifr=0e1f; #Z0,i=1,....k—1,k+1,....n
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Table 1. Graded thread W*-modules of the type (1,1,...,1),dimV =n+1 > 10.

Module by by . b, .. bp_2 bp_1
VNM(""’U’
u = p—3AX, 6(u+t1) 6(u+t2) 6(u+i) 6(utn—2) 6(utn—1)
v=p_2x, |GFDGHD) | GADGHD || GFOGFRAD || GFasFn=T) | - Dot
v#£E—1,..., —-n
C1,z(n+1) x x x x T
Vi, _3(n+1), : 5 6(i+3) 6(n+1) 6(n+2)
t#4 2 GFD(+2) (n—Dn PYCESY)
Vi n(ntl), | sm+2) | 6(n+1) B 6(n—i) 5 s
t£4 n(nt1) (m—Dn || " h—i—2)(n—i—1) | " 2
Ve 1 (nt1), . 5 6 6 6
t£6 B n—2) -1
VI, o p(ntl), 6 6 6 3 +
t£6 T (n—1) T (n—2) T (n—1) - -

Then, V is isomorphic to one and only one module from the following list
(A) (n + 1)-dimensional quotients of Vx ax—k, A # 0, —1,

Vaar—k(n+1),A#0,-1,1 <k <mn;

(B) linear deformations of (n+1)-dimensional quotients V_1 _x_o and Vo _j

o V' 4 o(n+1),1<k<n—1,tckK; defined by

e 0, i+j>n+l; ) "
i(t(i—1)=i+2) fiyr1,1 < n—k,

€ifit1 = { 0, i>n—k.
. V&_k(n +1),2 <k <n,tek; itis dual to the WT-module V:fﬁ_k_2(n +1)
Vo—k(n+1) =V ,(n+1);
(C) degenerate cases for k =1,2,n—1,n.
o Vo _o(n+1), k=2

e Vo u(n+1)=Vy s(n+1), k=n-1
. f/o’,l(n +1), k=1, defined by

e,f‘ — {(jl)fZ+J’]22az+J§n+1, €'f _ {(Zl>fz+la]- SZS?%
I 0,7 >2,i+j>n+1, B 0,4 > n.
. i (15)
e Vo o n(n+1)=Vy 1(n+1), k=mn;
. V,Qy,g(n +1), k=1, defined by
_ [ GH2i=1) fitjy 5 = 2,i+] < ntl, @ =i fip,1<i<n,
eifj = { eifl - {

0,7 >2,i+j5>n+1, 0,17 >n. ’
(16)
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e Vi _,(n+1)= ‘7_*27_3(71 +1), k=n.
Remark 6. (1) There is another relation of duality
Vioa—k(n+1) = Vo1 ox—2-k(n+1).
(2) ‘707_1(71 +1)= ‘7_1,_2(77, + 1), where ‘7_1)_2(71 + 1) is defined by
o UrD fing,d = 2004 <ntl, . (1) figr, 1 < i <n,
e’f]_{o,jZQ,i+j>n+1, eifr = 0,7 >n. (17)

Undeformed modules are non-isomorphic Vo —1(n + 1) # V_1 _2(n + 1). The
module V _1(n + 1) is decomposable Vy _1(n + 1) = (f1) ® (f2,..., fut1) and
V_1,—2(n+1) is not. However their n-dimensional submodules (fa, ..., fn41) are
isomorphic.

Proof. The first example V) ox_x(n+1) in the list of graded thread W*-modules
from the Theorem is absolutely ovbious, we have for all j,1 < j <mn

erfj =0 +2A =k =2\ fj1 =0 — k) fj+1.
What other graded thread W¥-modules exist of the type (1,...,1,0,1,...,1)?

Lemma 4. Let V be a (n + 1)-dimensional graded thread W -module of the
type (1,...,1,0,1,...,1) with a, = 0,1 < k < n, i.e. e1fy = 0. The corre-
sponding graded W -module V is decomposable in a direct sum of two graded
W -modules:

V:‘/I@V27 Vl - <f17"'7fk‘>a‘/2 - <fk:+17"'7fn+1>~

if and only if B = Br_1 = 0, i.e. eafv_1 = 0,eafr = 0. We denoted by
fi,-++, fut1 the graded basis of V.

Proof. 1t is evident that the subspace V5 is invariant. On the another hand,
e1fr = eafr = eafi_1 = 0. Hence, the subspace V; is invariant with respect to
e1, eo and therefore it is invariant with respect to the entire W*-action. O

Now, we have to rewrite the basic equations (3) for a module with «j = 0. It
is easy to see that one have to substitute b; by B in (3) and then multiply

i
Q41

R? by the product a;;+1012044+3 and RZ by a1 ... ;45 respectively. We
suppose that a;=1, i # k, ap=0. One can meet oy only in the denominators of
by, and by_1. Hence, the new equation that involves b, is obtained from the old
one by a very simple procedure: we keep summands only of the form b;b; or
br._1b;, for instance if 1 < k < n — 2 we have

Ry ¢ brpo(br—1—br)—br—1(brg1—brs2) = bp—1—3bs,

9
Rl bpra(bp_1—3br)—bgp_1(bpy1—3brso+3bpiz—bris) = E(bk—1*5bk)-
(18)
It follows from Lemma 4 that for an indecomposable module V' with a; =0
the constants by, by_1 can not vanish simultaneously.
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Lemma 5. Let V be a 9-dimensional graded thread W -module defined by its
basis fi, fk+1,-- -, [e+s, and the defining set of relations:

é1fe =0, e1fi = fix1, it =k+1, ... k+T;
éafj =bjfjya, =k, ... ,k+6.

Then, V is either decomposable as a direct sum of WT-modules (fr) @
(fe+1s---» frees) (b = 0) or it is indecomposable (b, # 0) and V isomor-
phic to the one and only one graded thread W -module with the defining set
(by- -, bgtre) from the table below

module|by| bry1 | bgyo | bry3 | brya | bris | brye
Lo 8ut) | 6(ut2) | 6(ut3) | 6(utd) | 6(ut5) | 6(u-+6)
u#1 12 23 34 15 56 67
2 ¢ 6 6 6 6 | B (19)
2 3 4 5 6
3 5 i} 7 8 27 3
2 8 v I 3 &
4 1 5 5 1 i | =
Proof. Consider two equations with by.
R} :  bp(2bpi3—bpya—1) =0,
7 9 (20)
Ry : by 2bk+5—bk+2+3bk+3—3bk+4—ro =0.

Remark that if by = 0 then for the first basis vector fi we have

eifr =0,eafr =0,

and hence the one-dimensional subspace (fj) is invariant with respect to the
entire W T-action.

If by # 0 we have two linear equations (20) on bgya, bgt3, bkra, bi15.

Now, we can apply the description of 8-dimensional graded thread modules

from the Theorem 3. We consider the submodule (fxi1,..., fk1s) of V as a
8-dimensional graded thread module of the type (1,1,...,1).
(1) Coordinates bp4; = %,i =1,...,6, of a point P(u,v) € M;

satisfy both equations R} and R if and only if

o u:4a U:27 ie. bk-l-l:'%a bk+2:%a bk+3:%7 bk+4:%a bk+5:%7 bk+6*%;
e v=0, ie. bkﬂ-:%, i=1,...,6, u#0,1.
(2) Coordinates bkﬂ-:ﬁ of a point P(v) € MY satisfy R} and R] also in
two cases
o v =0, i.e. bpy1=6, bpro=3,bps3=2, bpra=3,bpis=2, bpre=1;
o v=1,1e bpy1=3,bp2=2,bpy3=35,bpya=2,bpy5=1, bpr="2.

[=}

Hence, we have to remove the restriction v # 0, 1 in the first line of our table.
(3) There are only two points in M, satisfying R and RY:
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7T . 9 5 7 13

=D ie. bk+1:§7bk+2:gabk+ =5 bira=2, bpis=58, bir6=1
=1 de bpp1=1,bpr0=2,bpi3=1.b 1,bpe5=3,b _H
57 k+1 k+2—T%5> 5y Vk4+4— k+5—72>Yk+6

But the point with parameters x—%, y=1 T coincides with the point P(%, 0) €
My with uf2 ,v=0 that we have already considered above.

(4) Coordinates (bg41,bx42,---,bkre) of a point P(t) € Ms satisfies R} only
if ¢t = 1. However P(1) does not satlsfy R].

(5) It is easy to verify directly that there is no point in the subsets M4 ,
M, M that satisfies the equation RJ.

(6) All points from M~ satisfy both equations (20). However it does not hold

for points from My . O

Corollary 3. Let V be a idecomposable (n+ 1)-dimensional graded thread W -
module defined by its basis f1, fa,..., far1,n + 1 > 10 and the defining set of
relations:
erfi=0, erfi = fit1, i=1,...,m
€2fj :bjfj+2, j:l,...,n—l.

then, V is isomorphic to the one and only one WT-module from the table below

module b1 bQ b3 N bi+1 . bn,1
Va,—142x _g)\ BEAHD) B(=A+2) 6(—A+i) 6(—A+n—2)
A#£0,-1 12 23 || TG+ | m—2)(n—1)
Vo1 6 s s 2 | 2
Vi 5 | 6 t 3 Sl 5
> 5 9 6(4+4) 6(n+2)
Va3 6 2 5 NCFHBF) | n(ntl)

Proof. We rescaled the first vector f; in order to fix the value of b; (we recall that
by is not determined by equations R} and R]). It is possible because e; f; = 0.

We can conclude that if by, # 0, then b1, . .., by4¢ have the values prescribed
by Lemma 20. It follows from Theorem 1 that bg1;,1 <i<sif7<s<n-—-9is
determined uniquely for all three subcases of (19)

_ 6(u+ti) 6 _ 6(i+4)
(1) k500 )bk+z—i7 ;0 3) bk+z—7(i+2)(i+3)~

However, for the subcase

17

9 7 3
(4) bp=1, bk+1:17bk+2:gy bk+3=g7 br4+a=1, bk+5:Z; bk+6:%-

the defining set can not be extended to a system {byy1,...,bx47}. It follows

from the fact that 4) corresponds to the point (1, g, g, 1, j, é—g) of the subset

M> defined in Theorem 1 by parameters z= y+ g,y T. This set can not be

extended to (1, g, g, 1, i, ;g, bk+7) One can also very it dlrectly considering the
7

equations R}, -, R} ;.
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(1) For convenience of notations, we denote by V*; 5 a linear deformation
of V_1 _3 (t is a parameter). It is defined by the formulas
eifi=0+i=2)fiyj i #2,i+j<n+1,
eifg = Z(t(l — 1) — 1+ 2)fi+2,i S n — 1.
(2) The W+-module Vy _; is also deformed W*-module Vy ;. Tt is defined
by
€Z'f1 = (i—l)fi+1, 1 < ) <n.

(3) The Wt-module V_5 _3 is defined by
eifj =G +2i—1)fir;,5>2,i+j<n+1,
6if1 = (is — i)fi+17 1 S 7 S n.
We also substituted for convinience u = —\. O

Lemma 6. Let V be a k + 8-dimensional graded thread W+ -module defined by
its basis f1, ... fi, fet1y-- - frrs, 2 < k <8, and the defining set of relations:

e1fe =0, enfi = fig1, 1 =1,.. k=1 k+1,... k4T,
eafj =bjfjv2, J=1,...,k+6.

Then, V is either decomposable as a direct sum of W -modules (f1,..., fx) ®
(fe+1s-- -, fers) (b = 0) or it is indecomposable (by # 0) and V isomor-
phic to the one and only one graded thread W -module with the defining set
(b1, ..., bk1e) from the table below

module bkfi e bk,Q bk,1 bk bk+1 . kari . bk+6
6(u—1) 6(u—2) 6(u+1) 6(u+1) 6(u+6)

2 =% 3 0 16/ ¢ : :

3 _Z—l ... t _6 O § m ?

Proof. (1) Consider equations R} , and R}
Ry_1: br—1(2bki2—brr1—1) = by(brr2—3),

7 9 3 (22)
Rk—1: br_1 2bk+4_bk+1+3bk+2_3bk+3_ﬁ = 3b;, bk+4—§ .

In the subcase (1) from the Table (19) both equations are equivalent to
—br_1u = bi(u—1).
Hence one can take by, = 6uvy, bp_1 = —6(u—1)y, u # 0,1,y 0. Iff u =0

then by, = 0, if u =1 then by_; = 0. After (if necessary) rescaling of f; we may
assume that v = 1.
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In the subcase (2) we have by, # 0,bk+1:t,bk+2:g,bk+3:g,bk+4:%. Then
R}, and R} | are

1
beo1 (5—1) =0, by, (5 - t) =0.

10
That implies b1 = 0. We set b, = 6.
For the subcase (3) in (19) the system R} _, and R]_, look

1 6 3 15
bk—lﬁ = *bk37 bk—l% = *bkﬁ
and it is inconsistent. Hence the case 3) is not extendable to the left.
The subcase (4) also leeds to a inconsistent system on unknowns bg_; and
b, and also is not extendable.
Now, we have to study the case by=0. As by_; # 0 we remark that (22) is
equivalent to the following linear system

2bgyo—bry1—1 =0,

9 23
9 4 (23)
10

One can remark that the Eq. (23) can be obtained from (20) just by shifting
the index k — k& — 1. The mimic of the proof of the Lemma 5 will give us the
following answer (by_1 can take arbitrary values but after rescaling (if necessary)
we may assume that by_1=—6).

2bgya—bp11+3bgr2—3bj 13—

6 6 6 6 6
b, =0, bk+1:§> bk+2=§, bk+3:Za bk+4:57 bk+5:6; bk+6=?

We summarize our results by means of the following table:

module| bp_1 |brx| bpt1 | brt2 | br43 | brta | brys | brts
6(u+1) [6(ut+2) | 6(u+3) | 6(ut4d)|6(u+tb)|6(ut6
1 —6(u—1) 6u (1-2 : 23 (3-4 (4~5 ) 5.6 (6-7 : (24)
2 0 6| ¢ 3 2 3 s 1
3 6 6
3 —6 0 3 2 5 H 1 7

(2) Suppose, now, that k > 3. Hence, we may consider equations ‘2_2 and
Ri_,
R} _5:  bp_oby = 3bp_1—3bg—bp_1bgi1,
(25)

9
Rl_5: by_oby = §bk—1_gbk_3bk—1bk+3+3bkbk+3-
For the module (1) in (24) the Eq. (25) are equivalent to one equation
br—2u = 3u(u—2).

Hence, we take by_2 = 3(u—2) = % if u#0.
For the module (2) in (24) our equations imply by_o = —3.
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In the subcase (3) taking into account by=0 we conclude that all values of
by _o are valid and we set bp_o = t.
(3) Suppose, now, that k > 4. The equations on b;_3 are the following ones

R _5:  b_3(2bp—bj_1) = bp_2b+3b_1—by,
Ri_5:  bp_a(bp—1 — 3bx) = byy2(3bg—1—by)—9by_1+9by,

(26)

For the first module (1) they are equivalent to
br—3(3u—1) = (Bu—1)(u—3), br_s(—4u+1) = (—4u+1)(u—3).

Hence, by,_3 = u—3. For the second module (2) both equations are equivalent to
br—3 = —2. For the module (3) we have by_3 = —3.
(4) Let k > 5. The equations on by_4 are

Ry, bp_1(2bg_4—3bg_3+1) =0,
. 9 (27)
Ri_,: br—3(3bp—1 —3by) = bkflbk+1+§bk_9bk717

they will give us for (1), (2), (3) respectively

u—4 3
(1) by—a = 5 (2) by—a = 5 (3) by—a = —2.
(5) The remaining cases (k > 6,7) are treated similarly to the previous
ones. (]

Now considering a general case of (n+1)-dimensional graded thread W -module
V,n+12> 16, with e; fr = 0 we may assume that k +8 <n. If k >n—-8>7
we take the dual WT-module V* instead of V. We have for V*

(af,a5,....a0 _q,a0) = (—Qu, —Qp_1,...,—Q2, —Q1).

It means that ay ,_, = —ap=0and (n+1—k)+7 <15 <n.
Assuming k + 8 < n, we can define a 9-dimensional subquotient V of V

‘7 = <f]€7"'7fk+77fk+87"'7fn>/<fk+87"'7fn>

and apply Lemmas 5, 6 and Corollary 3.

Every graded thread WT-module V (the set (by, ..., bgy7)) presented in the
classification lists of Lemmas 5, 6 and Corollary 3 can be uniquely extended to
the graded thread W*-module V' ((b1,...,bk,...,bkig,---,bn_1). We remove
the restriction k£ + 8 < n considering their dual modules.

The results of this classification are presented in the Table 2. ([l
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. (=) —14u) _ Gr—gtw) (i—gtw) wi-w) | twu v
(s1—z+u)9 (st —v+u)9 (t+u)9 (z+u)9 T+ u)u—r1y
(T+u)u (e+4) (g +4) (e+) (1+2) (rte)ay A(1—2) 4 9 t=a
(z+u)9 Gi+v)o Gi+e)9 Gi+e)o Gi+1)9 g (T +u)e—‘s—p
9-— 1w d—u THy—u by —u gu_ I—u w=
’ ’ ° o o o (T+u)uT Ty
1—u 1+y k1 13 z—y z 9 =4
9 9 9 g g 9 (1w Ty
90— g-y—u I—y—u q—u Ity—u I—u _ g—u _ w=a .
9 9 9 9 9 9 Aﬁ + ,Kv:\ uo\w
0 g-d—u _ g-y—u I—y—u y—u g—u _ g—u _ tow=a
9 9 9 9 9 9 Y1+ u)ttu— %>
q—u z _ (e—a) _ (e—3) _ I—u>4>¢
9 9 0 9 4 9 9 (14 u)t 0y
7
—u A 1=y z—4 e—y T=9
5 9 5 5 5 ? 9 G+wE T,
g—u 1=y ] £—y [ c=4
9 9 9 9 9 9 0 (TP Toa
I—y—u ’ 9 0 z_ T _ T Tmu>a>e
9 9 9 9 “1 +u)eTd HM>
Yo (g—y—w)(g—y—u) G—s—w) (=) p-w(g—u) | (g-wg-w | TTHZTO0AX
(T+atu—x—)9 Gt+u—x—-)9 (e+u—x—)9 | (e+u—X—)9 | ¢(] 4 u)T+u—XE'\y
(1—x—)9 (1—y—w)(r—u) (1a—w)(Eta—u) (g—w(g—w) | (—w(g-w | “TATOFX
CGitu—x—)9 (T—y+u—x—)9 (etu—x—)o | (1+u—x—)9 (T 4 u)¥—XEXYy
(=) (g—w) (1) (- (z—) e Yo T=4T-f0#X
(e—utv—)9 Gi+x—)o (@—3+x—)9 (T+x—)9 ST 4 u) T8 XY
(z=w)(g=u) y(1=9) (z=)(e=%) _ e=AT=#X
(e—ut+x—)9 (T—a+x—)9 (e—a+¥—)9 X9 (T+0)9 ‘(1 + u)e—XE'Xy
T—u>>¢g
(1 —w)(1—y—u) 21 _ Cv— 1z (e—w)(e=y) | (e=1)(T—=4) p_ ¢
(s —T—utx—)9 (T+x—)9 X9 (T=x=)9 (—x—)9 (gt+s—x—)o | (1+31—-x—)9 —0# 4,
(T4 w)AmYEYy
T—uq T+q q T—%q T—dq 2q 1q ompoN

I < T+u=Awp (T 10T

“ 1) odAy oy Jo sempow- 4| peLIy} pepeLy) 'g O[qelL,
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5 Graded Thread Modules of the Type
1,...,1,0,0,1,...,1).

Now, we consider modules with vanishing two consecutive o, 41, i.e.
Nk 1<k<n-—1, ap =agy1 =0. (28)

Modules of this type are called "reprisé” in [3] R
In [12] an infinite-dimensional graded thread W*-module Vi, was con-
structed, it was defined by its basis {f;,j € Z} and the relations

Jfitis Jj=>0;
eifj =19 (i+7)firs,i+7<0,5<0; (29)
fi+j7 i+j>0,j<0.

It holds for this module e; f_1 = ey fo = 0. This module and its finite-dimensional
subquotients played the crucial role in the proof of Buchstaber’s conjecture on
Massey products in Lie algebra cohomology H*(W ™, K) [12]. It has interesting
nature, it is not a module of V) , family or its degeneration or deformation,
in some sense it is the result of gluing together of two modules: the quotient
of V_11 with a submodule of Vg ¢ and it is unique infinite-dimensional module
with the property 3! k, aj, = a1 =0 [12] .

Theorem 3. Let V' be a (n+1)-dimensional, n+1 > 11, indecomposable graded
thread W -module of the type (1,...,1,0,0,1,...,1), i.e. there exists a basis
fi,-o oy far1 of Voand Ak, 1 < k < n—1 such that:

élfi = fi+17 1= 1, .. .,k—l,k+2, e 71’L—].;
eife =e1fky1 =0, éf;j=bifjye, j=1,...,n-2

then if k # 1,n—1, the module V is isomorphic to one and only one module from
the list

o R, 1 <k<n-—1, defined by its basis fi,..., fnt1 and relations

(G—k—=1Dfiyj, k+1<j<n+1,i+j<n+1;
(i+j—k—=1)firji+j<k+1,j<k+1;

fi+j7 k+1<2+]§’ﬂ+1,]<k+1,
0, otherwise.

eifj = (30)

o its dual module R;,,1 <k <n—1.

Proof. The equations that involves by, bgt1, bx+2 Will be obtained from the stan-
dard ones by a very simple procedure: we will keep the summands only of the
form bkbj, bk+1bl, bk+gbl.
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(1) Let consider the case k =1 (and hence the dual module with k = n—2).
The first four equations R}, RS, R3, RT are:
2b1b4—b1b3—b1 = 0,
2b265—b2b4—b2 = 0,
2b3b6—b4b6—b3b5—(b3—3b4+3b5—b6) =0, (31)
9
bob1—b1 (by—3ba=+3b5—bs)— 15b1 = 0.

If by = 0, then there is a decomposition V = (f1) & (f2,..., fn) in the sum of
two submodules, if by = 0 then V' = (f2) ® (f1, f3,..., fn) is also the sum of its
submodules. Hence we may assume that by = by = 1.

The system (31) with b; = bo = 1 has two solutions

3 6 97 6 21
b3, b4,b5,b6) = | 3,2, =, = - ==, = ).
(37 4, U5, 6) (a 7275>a<57575720)

It follows from Proposition 5 that the module (fa, fs,..., f7) corresponding to

the second solution can not be extended to (fa, f3,..., fr,.-., fn) with n > 10.

On the another hand, one can check out that we have the only one module with
6

b1 =1,b0=1,b5=3,b4=2,...,bp_ 0= ——

n—3

that corresponds to the first solution.
(2) Let us suppose, now, that 2 < k < n—6. Then the equations
R}_,, R}, R}, R]_, will have the following form:
—bpbr2—brp—1bp41+3bx = 0,
2bkbg+3—brb2—b = 0,

2br41bp44—brpt1br13—bry1 =0, (32)

9
_3bkbk+4_bk—1bk+1+§bk = 0.
Proposition 8. Let by, = 0 or by_1 = b1 = 0 then the module V is decom-
posable.

Proof. Indeed, it follows from the first equation of the system above that if
b, = 0 then bg_1br+1 = 0. In the case of by_1 = by = 0 we have the invariant
decomposition:

V= <f1a"'af/€> 2 <fk7+1a'-~7fn>~
If by, = bi41 = 0 then V is decomposed in another way:

Vi={(f1, - fis fet1) ® (frr2,- -5 fn)-
If both by_1 = bx11 = 0 then V is also decomposable:

Vi={f1, s frs frrar oo fr) © (frgr)-
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Now, after some rescaling of the basic vectors we have to consider two possibil-
ities:

(1) br—1 =bx = 1;

(2) bg—1 =0, by =bp41 =1.

In the first case, the system (32) has the only one solution

3
br11=0, bp12=3, b y3=2, bk+4:§~

In the second case, we also have the unique solution by2=3, bi+3=2, bk+4:%.
The components b;,7 > k+4 are also determined uniquely as it follows from the
Proposition 5. If we want to find b;_o we have to suppose that £ > 3 and to
consider two new equations:

b —1by1—bp_2bp—3by, = 0,

(33)
3bibg+3—br—2br,—9b;, = 0.
Evidently in both cases (bgy1 = 0 or bgy; = 1) we have the same answer
bp_o = —3.
Now, supposing that k > 4 we have two new additional equations:
2bj,—3bi—b—2br+b, = 0,
k—30k —0k—205+0k (34)
—bbiy2+3bi_3bi+9b;, = 0.
Again it follows that by_35 = —2 in both situations.
Let k > 5. We have two equations on by_4:
2bg—abp_1—bp_3bp_1+br_1 =0,
(35)

9
—br41br—1 _3bk74bk_§bk = 0.

In both cases we have b,_4 = —%.
The last case k > 6 can be treated absolutely similarly. In fact we have
obtained two graded modules:

module| by ... bg—2 bg—1 bk br+1 brt2- .| bn—1
Re —2%5...0 -3 1 1|0 3 ..——
e — =30 11 3 b

The cases n—5 < k < n—3 follow from the previous considerations: one have to
take the corresponding dual module instead of initial one. O
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Abstract. In this chapter, we review our results concerning localized
asymptotic solutions of time-dependent Schrodinger equation on hybrid
spaces. We describe the connections of this problem to the problem of
global behavior of geodesics on Riemannian manifolds and to certain
problems of the analytic number theory.

Keywords: Schrodinger equation + Hybrid spaces
Localised asymptotic solutions of time-dependent Schrodinger equation

1 Introduction

Differential operators on hybrid spaces—topological spaces of variable dimen-
sions, obtained by connecting a number of Riemannian manifolds by arcs of
curves—are intensively studied during last decades (see, e.g., [1-5] and refer-
ences therein). The corresponding problems have various applications (quantum
theory of complex molecules, waves in thin structures, traffic problems, neural
impulses etc.). In the papers [5,6] we discussed the Cauchy problem for time-
dependent Schriodinger equation on such a space. Namely, we studied propaga-
tion of localized initial state (Gaussian packet); certain properties of the cor-
responding semi-classical asymptotics appeared to be close to the properties of
an analogous problem on a metric graph. In particular, there exists a close con-
nection between statistics of localized solutions and certain problems of analytic
number theory (for metric graphs, we studied such connections previously, see,
e.g. [7,8]). However, for hybrid spaces, the connections are more wide and depend
on the properties of geodesic flows on the corresponding Riemannian manifolds.
The nature of this correspondence is purely classical—it can be described in
terms of geodesic curves and geodesic spheres. Here we review our results on the
behavior of localized wave packets (quasi-particles) and discuss the connections
mentioned above. The proofs can be found in [5,7-9]. The proofs of the last two
statements will be published in a separate paper.
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1.1 Hybrid Spaces and Schrodinger Operators

Consider a finite number of geodesically complete smooth Riemannian manifolds
My, ..., My dimM, < 3 and a finite number of segments =1, ..., 7ys; the segments
are also endowed with metrics.

Definition 1. The hybrid space I is a topological space, obtained by identifying
the endpoints of the segments with certain points on the manifolds; we assume
that different endpoints of the segments are glued to the different points of the
manifolds. We will denote the points of gluing by ¢;, 7 =1,...,2s.

Remark 1. In certain papers (see, e.g., [4]) hybrid spaces are called decorated
graphs.

Remark 2. Replacing all manifolds by points, we obtain from I the finite metric
graph; the results of the chapter are valid for such graphs also.

Further we will always assume that I" is connected.
Let @ be an arbitrary real valued continuous function on I', smooth on
the edges. Let Q; and @, be restrictions of @ to v; and to M, respectively.
~ s k
Consider a direct sum Hy = @ (—hji + Qj) é (—%Ar +Q7~> with the

2 dz2
%3 r=1

s k 5
domain H*(I') = @ H?(v;) @ H?*(M,). Here L; is an operator of the second
j=1 r=1

2
dz;

derivative on 7; with respect to a fixed parametrization with Neumann boundary
conditions, A, is the Laplace-Beltrami operator on M,..

Definition 2. The Schrodinger operator His a self-adjoint extension of the
restriction Ho|r,, where L = {¢p € H*(I'), (q;) = 0}.

Domain of the operator H contains functions with singularities in the points
g;. Namely, let G(z, ¢, \) be the Green function on M}, (integral kernel of the
resolvent) of A, corresponding to the spectral parameter A. This function has
the following asymptotics as ¢ — ¢: G(z,q,\) = Fy(x,q) + F1, where F) is a
continuous function and Fj is independent of A and has the form

C2

Fy = —glnp, dimM = 2; (1)
3 .

F = -— d = 3' 2

b= L dm ©)

Here, ¢;(z,q) are continuous functions, ¢;(q,q) = 1, p is the geodesic distance
between x and ¢. The function ? from the domain of the operator H has
the following asymptotics as © — ¢;: ¥ = «a;Fy(z) + b; + o(1), a;,b; € C.
Now, for each endpoint of the segment (i.e. for each point ¢) consider a pair
w(q)a hW(Q) and a vector f = (U" U)) u = (hw/((h)w-~7h¢/(Q2s)’0417---,042s),
v=(Y(q1),-...,%(qas), hb1,. .., hbas). Consider a standard skew-Hermitian form

[€1,€?] = 2311(%177]2 — v}ﬂ?) in C* @ C*. Let us fix the Lagrangian plane
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A C C* @ C*. Arbitrary self-adjoint extension H is defined by the coupling
conditions ¢ € A or equivalently

—i(I+U)u+ (I -U)v =0,

where U is a unitary matrix defining A and [ is an identity matrix. Physically it
is more natural to consider local coupling conditions, A = € A,, where A, C C*

q
is defined for each point ¢ separately. Further we will always suppose that the
coupling conditions are local and the plane A is in general position (roughly
speaking, the coupling conditions do not have to divide I" in several independent
parts).

A time-dependent Schrodinger equation on the graph I' is an equation of the
form

o

ihze = Hy, h>0. (3)

We choose initial conditions that have the form of a narrow packet localized
near the point zg, which lies on the j-th edge of I":

W(2,0) = hY4K (2;) exp (ZSO]E%)) . (4)

So(x) = w(z; — 20)* + po(z; — 20),

where zp € v, po € R, and w is complex, with S(w) > 0, K(z;) is a cut off
function supported on the edge v;, K = 1 in the vicinity of zy. Factor h=1/% is
introduced to ensure that the initial function ¢(z;,0) is of order of unity in the
L?(I')-norm. Due to the positivity of the imaginary part of w the initial function
is localized in a small neighborhood of zq: ¥(2;,0) = o(h¥)VN with |z; — 20| >
§ > 0 (6 is independent of h). We assume that $po® + Q(z0) > Q(2),Vz € T,
which guarantees that there are no turning points (see, e.g., [5,8]) on I'. Note
that presence of turning points leads to a change of the space I": one has to cut
I by the turning points and consider the connected component of the cut space,
which contains zy. Moreover, in order to study the semiclassical asymptotics, it
is sufficient to consider the case @ = 0 (according to the Maupertuis principle,
this can be achieved by the variation of metrics on M;j, v;); we will also assume
that po = 1. Further we describe the asymptotics of the Cauchy problem (3)—(4),
as h — 0.

2 Dynamics of Generalized Gaussian Packets on Hybrid
Spaces

Now let I" be a hybrid space and consider the Cauchy problem (3)—(4). If the time
t is sufficiently small, the asymptotics is described by the following well-known
statement.
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Theorem 1. The solution of the Cauchy problem (3)-(4), for t € [0,T] (T is
sufficiently small), is given by the following formula

b= h(z, )50 L O(Vh), ()
with S(zj,t) = S°(t) + P(t)(z; — Z(t)) + W (t)(z; — Z(t))?, where P(t), Z(t) are
solutions of the Hamiltonian system
1
(=H, p=-H,, H=§m% Z(0) = 20, P(0)=1.
Functions (zj,t), S°(t) and W;(t) are explicitly expressed in terms of the solu-

tions of the Hamiltonian system, ImW;(t) > 0.

Remark 3. This well-known statement means, that initially the packet moves
along the classical trajectory on the edge.

Now we describe what happens at the time of scattering.

2.1 Scattering on Manifold

Let I' be a half-line, connected with a manifold M in a single point ¢. Let ¢
be the instant of scattering (i.e. the time, when the trajectory of the classical
Hamiltonian system on the half-line reaches ¢). Consider the sphere in TyM:
Lo : |p| = 1. Consider the flow g; of the classical Hamiltonian system on M with
the Hamiltonian H = %|p|2 and let L; be the shifted sphere Lo: L; = g; Lg.

Theorem 2. For certain time interval t € (to,to+¢), the solution of the Cauchy
problem (3)—-(4) has the form

b =AM)e" ", ze R.+O0Wh), (6)
¢ =K, [B(z,t)] + O(Vh), zeM. (7)

Here, S(z,t) has the same form as in the Theorem 1), Ky, is the Maslov
canonic operator on isotropic manifold Ly with complex germ ([10]), functions
A and B can be expressed explicitly in terms of the coupling matriz U.

Remark 4. As h — 0, the support of the function ¢ tends to w(L;), where
m: T*M — M is the natural projection. In general, position v is localized
near the surface of codimension 1; we call the function Kp,[B] a generalized
Gaussian packet near the hypersurface. The set 7(L;) is called the support of the
generalized Gaussian packet.

Remark 5. Let I' be an arbitrary hybrid space. During some time (neighborhood
of the instant ¢y) the solution will have the same form as described in the previous
theorem. After some time the support of the generalized Gaussian packet reaches
some gluing point ¢ (it can coincide or not coincide with the point of the first



Localized Solutions of the Schrodinger Equation on Hybrid Spaces 187

scattering). At that time the packet produces one packet, propagating along the
segment, glued at the point ¢ and another, propagating inside the manifold. Then
one of these packets reaches certain point of gluing and produces next 2 packets
etc. It is easy to see that for an arbitrary time ¢ the number of packets localized
on the segments of I (not on the manifolds) can be defined as follows. Consider
the geodesic on v;, starting from zo with the fixed unit velocity. At some instant
of time the geodesic meets one of the points of gluing ¢. At this instant consider
all geodesics on the corresponding manifold, starting from this point with unit
velocities as well as the geodesic on the initial segment, starting from ¢ in the
direction, opposite to the direction of the initial geodesic. At certain instants
the geodesics meet points of gluing; we consider all geodesics (on manifolds
and on segments), starting from all these points with unit velocities. Clearly, for
arbitrary instant of time we will have a set of points on the segments, propagating
along the geodesics, and certain sets on the manifolds (union of geodesic spheres),
moving along the geodesics. We suppose that for arbitrary time ¢ the number of
points, appearing on the segments, is finite and denote this number by N (t). This
number coincides with the number of packets; further we study the behavior of
N(t) as t — oo.

Definition 3. The number N (t) is called the number of quasi-particles on the
edges of I.

3 Statistics of Quasi-Particles on a Hybrid Space

3.1 The Counting Function for Geodesics

The behavior of the function N(t) depends essentially on the properties of the
geodesic flow on I'. Namely, for each pair (¢;,¢;) of the points of gluing, lying
on the same manifold M,, consider the number m;;(t) of different lengths of
geodesics on M,., connecting ¢; and g; and such that these lengths are at most ¢
(let us remind, that we assume that this number is finite for arbitrary t). Note
that the points ¢; and g; can coincide. Let us denote by m(t) the sum of m;;(¢)
for all pairs of points, lying on the same manifolds. The asymptotics of N(¢) is
defined by the asymptotics of m(t); the latter is defined by the properties of the
geodesic flows on the manifolds AM;. We will consider three different situations.

3.2 The Finite Number of Geodesic Lengths

Lengths in General Position The simplest situation takes place if the total
number of times of geodesics is finite (such situation appears, for example, if
all M, are Euclidean or hyperbolic spaces or spheres). We denote by L, ..., L,
these lengths and by [1,...[s the lengths of the segments.

Theorem 3. Let the set Ly,..., Ly, l1,...,ls be linearly independent over the
field Q. Then the number of quasi-particles N(t) has the following asymptotics
ast — oo

N(t) = CtPTs=1 f o(tP571) O = const. (8)
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The constant C' can be computed explicitly.

Theorem 4. The constant C' in the previous theorem has the form

C _ Zj:l ls
225 2(p+s— DL, 4 - Li

Moreover, for almost all lengths the asymptotics can be computed with higher
accuracy.

9)

Theorem 5. For almost all sets li,...,ls,L1,...,L, the function N(t) is

“almost polynomial”
p+s—1

N@t) = > Cit'+o(t). (10)

Remark 6. The previous theorems are valid for the metric graphs also. In this
case one has to put p + s = F—the number of edges and 2s = v—the number
of vertices. For example, for the star graph with three edges the number of
quasi-particles equals

1h+l+l3,, 1,1 1 1

N(t) = S L + 2(11 + L + l3)t+0(t). (11)
Remark 7. The main step in the proof of the previous theorems is the follow-
ing: the problem of the computation of N(t) can be reduced to the problem of
computation of the number of lattice points in certain growing polyhedra. The
latter problem was studied by many experts in analytic number theory, and we
use their results for our calculation of N. For example, the proof of the Theo-
rem 5 uses the results of M. Skriganov ([11]); the formula (11) follows from the
classical paper of Hardy and Littlewood on the number of lattice points in a
triangle.

Uniform Distribution Distribution of quasi-particles on the edges of I’
appears to be uniform. Namely, let us consider a segment A on arbitrary edge
of the space I" and let Na(t) denote the number of quasi-particles, localized on

A.
Theorem 6. For almost all sets ly,...,ls,L1,...,L,

o Yal) 12
t—oo N(t) 1’

(12)

where |A| denotes the length of the segment A and | = _°

j=11; is the total length
of the edges of I'.
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Commensurable Lengths If the lengths of geodesics and those of the graph
edges are commensurable, the number of quasi-particles grows slower. Computer
experiments lead to the following conjecture.

Conjecture 1. Let r denote the rank of the set l1,...,ls,L1,...,L, over Q.
Then
N(t)=Ctt +o(t™1).

The proof is unknown even for metric graphs; however, there is a number of
partial results in certain simple situations.

Proposition 1. Consider a star graph with three edges with lengths 1y =
nly,lo = mly,ls, where n € Nym € N (GCD(n,m) = 1), and l3 is such that
rank {l1,12,13} over Q equals 2. Then the number of quasi-particles asymptoti-

cally equals
m+n 1

N@:2<&+h)+dw

The number of quasi-particles stops to grow in the case where all lengths are
commensurable (r = 1). The final number of quasi-particles can be computed
for metric graphs.

Proposition 2. Let I' be a metric graph and l; = n;ly, where n; € N and
GCD(ny,...,ns) = 1. Then, at some time the number of quasi-particles will
cease to grow and will be equal to

N = 2282711‘,
i=1

if I' contains a cycle with the length, which is not divisible by 2ly, or

S
N = E n;
i=1
otherwise.

Relation to the Frobenius Numbers Let I” be a metric graph and let r = 1.
The natural question is: at what instant of time the number of quasi-particles
stops to grow? In the simplest cases this instant can be computed via Frobenius
number of the lengths of the graph edges. Recall that the Frobenius number
Fr(ny,...,ng) for a given set of positive integers ny,...,ny is the largest num-
ber that can not be represented as a linear combination of nq, ..., ng with non-
negative integer coefficients.

We will assume that all the lengths [; are integers and denote by ¢ = 0 the
instant, when the initial quasi-particle meets the first vertex. Let us call the time
after which the number of points ceases to grow a stabilization time and denote
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it by ts. It is easy to see, that, if the lengths l1,- - ,ls are not relatively prime,
then

ll “en ls
ged, (ln -+, 0s)7 T ged(ly, -+, 1)

so we can consider only relatively prime lengths.

tst(lla .. ~7ls) = tst(

) -ged(ly, - ls)

Proposition 3. The stabilization time for star graph with two edges with rela-
tively prime lengths can be represented in the following form.:

tst = Q(mam(ll, lg) + F’I“(ll, lg))

A similar formula is valid for the star graph with three edges, but not for more
complicated graphs. We don’t know any explicit formula for the stabilization
time for an arbitrary graph.

3.3 Case of the Polynomial Growth of m(t)

Asymptotics of N(t) Suppose that the number of geodesics m(t) grows poly-
nomially as t — oo. Such a situation takes place for the manifolds with not
very complicated geodesic flow (see examples below). Note that there are popu-
lar classes of such manifolds; in particular, so called uniformly secure ones (the
manifold is called uniformly secure, if there exists an integer R, such that for
arbitrary pair of points all geodesics, connecting these points, can be blocked
by an R-point obstacle; see, e.g. [12]). In this case the number of quasi-particles
grows in a sub-exponential way.

Theorem 7. Let m(t) = cot”(1 4+ O(t™°)), v > 0, > 0. Let the set of lengths
Lj,l; be linearly independent over Q (i.e. any finite subset of lengths in linearly
independent). Then

Cop(7+1)C(W+1)>Wt#l(l—i-o(l)) (13)

log V() = -+ 1) (L0

Here I'(x) and ((x) are the I'-function and the Riemann (-function.

Remark 8. This result can be generalized for the case of sets of lengths L, con-
taining linearly dependent over Q finite subsets. Namely, it is sufficient to sup-
pose that there exists a finite subset Ly C L, such that L\Lj is linearly inde-
pendent. If there is no such subset Ly, the equality (13) must be replaced by the
inequality—the right hand side defines the upper bound for V.

Examples 1. Hybrid space, obtained by gluing an interval to a cylinder
Let us consider a circular cylinder M; C R? with a length of a circle equal to b
with the induced metric. Let the points ¢; and gs lie on a ruling of the cylinder
at the distance a from each other. We glue a segment to these two points. The
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lengths of geodesics are equal to 1/(nb)2 + a2, n € N; for almost all real a and
b they are linearly independent over Q and

log N(t) = \/i 7 t2 (14 0(1))

Remark 9. Note that for b = 1 the latter formula coincides with the Hardy—
Ramanujan formula for the number N (¢) of partitions of an integer ¢.

2. Hybrid space obtained by gluing an interval to a flat torus
Let us consider a flat 2D torus M; with fundamental cycles of lengths a and b. Let
us consider a fundamental rectangle with sides a,b and take points ¢; = (0,0),
g2 = (¢, d) in it. We glue a segment to these points.

Then for almost all a, b, c,d

1

5”4(3))3 (14 o(1)).

log N(t) =
ox Nt =3 (37

The analogous formula for 3D torus with fundamental cycles a, b, ¢ has the
form

log N(t) = 4 (ﬁg@)) "1+ 0(1)).

3.4 Exponential Growth of m

Finally, we suppose that the function m(t) grows exponentially. Note that this
case is typical for geodesic flows with positive topological entropy: if M is a
compact Riemannian manifold, then the topological entropy H of the geodesic
flow equals

1
H = lim - log/ My () dzdy,
t MxM

t—o0
where mg ,,(t) denotes the number of geodesics with the lengths at most ¢, con-
necting the points  and y. Moreover, if M does not have conjugate points (this
is the case, for example, for compact surfaces of constant negative curvature),
then for arbitrary pair of points x,y

1
H = lim glogmx,y(t).

([12,13])

Theorem 8. Let logm(t) = Ht(1+t°), € > 0. Let the set of lengths Lj,l; be
linearly independent over Q (i.e. any finite subset of lengths in linearly indepen-
dent). Then

log N(t) = Ht(1 + o(1)). (14)
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Remark 10. This result can be generalized for the case of sets of lengths L,
containing linearly dependent over Q finite subsets. Namely, it is sufficient to
suppose that there exists a finite subset Ly C L, such that L\Lg is linearly
independent. If there is no such subset Ly, the equality (14) must be replaced
by the inequality—the right hand side defines the upper bound for N.

Sometimes one can obtain a more detailed estimate.

Proposition 4. Let m(t) = et (by+ by (Ht) "1 +O(t~2)), If there exists a finite
subset Lo C L such that all numbers from L\ Lo are linearly independent over
Q, thenVj=0,...,m

by

log N(t) = Hi + 2v/bo it + (2 %) logt + O(1).

In the opposite case, this equality turns into upper bound.

4 Abstract Prime Numbers Distributions

The main steps in the proofs of the previous theorems are following: the problem
of the computation of N(t) can be reduced to the problem of the analytic number
theory. Namely, consider an arithmetic semigroup

G= @jEJZ+a

where J is a countable set, and a homomorphism p : G — R, such that for
arbitrary ¢ € R4 the set of elements g € G with p(g) < t is finite. We can
identify elements j € J with the corresponding generators of Z . Consider two
functions

m(t) =#{j € Jlp(j) <t}, N(t) =g € G,p(g) < t}.

The direct (inverse) problem of abstract primes distribution is the following
question. If one knows the asymtotics of N (m), how to compute the asymptotics
of m (N)?

Remark 11. If J is the set of primes and p(j)=log j, then m(logt) is the distri-
bution function of primes and N (¢) is the integral part of ¢.

If J is the set of integers and p(j) = j then N(¢) is the number of partitions
of integer t and m(t) = t.

The result of the previous sections follow from the results, obtained in
[14-17]; these results give the solution of the inverse problem of abstract primes
distribution for the cases of polynomial and exponential growths of m(t).

Acknowledgments. The work was supported by the Russian Scientific Foundation
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Normal Equation Generated from
Helmholtz System: Nonlocal Stabilization
by Starting Control and Properties
of Stabilized Solutions

A. V. Fursikov(®)

Faculty of Mechanics and Mathematics, “Lomonosov” Moscow State University,
GSP-1 Leninskie Gory, 119991 Moscow, Russian Federation
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Abstract. We consider the semilinear normal parabolic equation (NPE)
corresponding to the 3D Helmholtz system with periodic boundary con-
ditions. First, we recall the main definitions and results associated with
the NPE including a result on stabilization to zero of the solution for
NPE with arbitrary initial condition by starting control. The main con-
tent of the paper is to study properties of stabilized solution of NPE.

Keywords: Semilinear normal parabolic equation
3D Helmholtz system - Stabilisation theory - Navier-Stokes equations

1 Introduction

The purpose of this article is to develop the theory of the nonlocal stabilization
by starting control for the normal parabolic equations generated from a three-
dimensional Helmholtz system with periodic boundary conditions. Such theory
has been constructed first for NPE associated with the Burgers equation (see

[3,6]), and after that for NPE associated with the Helmholtz system in [7].

Recall the setting of non-local stabilization problem by starting control for
NPE corresponding to the 3D Helmholtz system: Let 0 < a; < b; < 2m,j =
1,2, 3 be fixed. Given a divergence free initial condition y(x) for NPE associated
with the 3D Helmholtz system, find a divergence free starting control wug(z)
supported in [a,b1] X [az, ba] X [ag,b3] C T2 such that the solution y(t,z) of

NPE with initial condition yg + ug satisfies the inequality

ly(t, a2y < ellyo + wollry(raye™",  VE>0,
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with some a > 1. Here, T? = (R/27N)? is the torus that is the definition area
for periodic functions.

The problem formulated above has been solved in [7]. Namely, it has been
proved that the NPE with arbitrary initial condition yg can be stabilized by
starting control in the form

ug(z) = Fyo — Au(x), (2)

where Fyg is a certain feedback control with feedback operator F' constructed
by some technic of local stabilization theory (see [4,5]), A > 0 is a constant,
depending on g, and w is a universal function, depending only on a given arbi-
trary parallelepiped [a1, b1] X [az, ba] X [a3, b3] C T3, which contains the support of
control ug. The following estimate is the key one for the proof of the stabilization
result:

/ ((S(t,z;u), V) curl ™! S(t,x;u), S(t, z;u))dr > 385, Ve>0, (3)
TS

where S(t,z;u) is the solution of the Stokes equation with initial condition u
and 3 > 0 is some constant.

The proof of the estimate (3) is quite complicated, and has been made in
[3,6,7].

In this paper, we develop the stabilization result indicated above. The point
is that our strategic aim is to extend this result from NPE to the Helmholtz
system. In order to do this, we need to establish some additional properties of
the stabilized solution. The first of them is the following estimate of a stabilized
solution y (¢, z;v), where v = yo + ug = yo + Fyo — Au:

||y(t,,v)|| é ’

(4)
where 3 is the constant from (3). Henceforth, we use the notation

1= 1 2o (5)

The bound (4) implies one important corollary. To formulate it, recall first
the following property of NPE: !

There exists 79 > 0 such that for each initial condition yo with ||yo|l < 7o,
the solution y(t, z; yo) of NPE satisfies

ly(t, s yo0)ll < 2llgolle™, as ¢ — oo. (6)

An important corollary of the bound (4) is formulated as follows:
There exists instant ¢y such that the solution of NPE with initial condition
v = yo + up satisfies ||y(to, ;v)|| < ro, and ¢y does not depend on ||v||.

1 Of course, many other equations including the Helmholtz system possess this prop-
erty.
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This property as well as the estimate (4) are obtained in the Sect. 4.

In Sect. 2, we remind the definitions and some facts concerning NPE associ-
ated with the 3D Helmholtz system. Section 3 is devoted to the formulation of
the main stabilization result, the formulation of the result related to the estimate
(3) and the definition of feedback operator F from (2). At last, in Subsect. 3.4, we
present the derivation of the main nonlocal stabilization result from the bound
(3) in more details than in [7]. This simplifies our considerations in the Sect. 4.

2 Semilinear Parabolic Equation of Normal Type

In this section, we recall the basic information on parabolic equations of normal
type corresponding to 3D Helmholtz system: their derivation, an explicit formula
for solutions, a theorem on the existence and uniqueness of solution for normal
parabolic equations and the structure of their dynamics. These results have been
obtained in [1,2].

2.1 Navier-Stokes Equations

Let us consider the 3D Navier-Stokes system
O(t,x) — Av(t,x) + (v, V)v + Vp(t,z) =0, div v = 0, (7

with periodic boundary conditions

v(t, ...,z =v(t, ..., 2+ 2m,.. ), 1 =1,2,3, (8)

and initial condition
v(t, @)]t=0 = vo(), (9)
where t € Ry, © = (x1,72,23) € R3, v(t,x) = (v1,v2,v3) is the velocity

vector field of fluid flow, Vp is the gradient of pressure, A is the Laplace
operator, (v, V)v = Z?Zl vj0,,v. The periodic boundary conditions (8) mean
that Navier-Stokes equations (7) and initial conditions (9) are defined on torus
T3 = (R/27Z)3.

For each m € Z, = {j € Z : j > 0} we define the space

V= V(T3) = {u(z) € (H™(T%)? : div v = 0, /T Co(@)dz =0} (10)

where H™(T?3) is the Sobolev space.
It is well-known, that the nonlinear term (v, V)v in problem (7)—(9) satisfies
relation

/1r3 (v(t, ), V)v(t,z) - v(t, z)dx = 0.

Therefore, multiplying (7) scalarly by v in Ly(T?), integrating by parts by
z, and then integrating by ¢, we obtain the well-known energy estimate

t
/|U(t,x)|2dx—|—2// |va(r,a:)|2dxd7§/ o (@) 2dz, (1)
T3 0 T3 T3
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which allows to prove the existence of a weak solution for (7)—(9). But, as is well-
known, scalar multiplication of (7) by v in V1(T?) does not result into an analog
of estimate (11). Nevertheless, such kind of expression will be useful for us. More
precisely, we will consider the scalar product in V° of Helmholtz equations by
its unknown vector field (which is equivalent).

2.2 Helmholtz Equations

Using problem (7)—(9) for fluid velocity v, let us derive the similar problem for
the curl of velocity

w(t,z) = curlv(t, ) = (Op,v3 — OpyV2, g1 — Oy U3, O, 2 — Ogyv1),  (12)

from it.
It is well-known from vector analysis, that

[v]?
(v, V)v =w X UJrVT, (13)
curl(w x v) = (v, V)w — (w, V)v, if div e =0, divw =0, (14)

where w X v = (wov3 — W3V, W3V —W1V3, w1V —wovy) is the vector product of w
and v, and |v]? = v? + v3 4 v3. Substituting (13) into (7) and applying the curl
operator to both sides of the obtained equation, taking into account (12), (14)
and formula curl VF = 0, we obtain the Helmholtz equations

Ow(t,r) — Aw + (v, V)w — (w, V)v =0, (15)
with initial conditions
w(t, x)|t=0 = wo(x) := curl vy (z), (16)

and periodic boundary conditions.

2.3 Derivation of Normal Parabolic Equations (NPE)
Using decomposition into Fourier series
v(z) = Z o(k)e' ™) b(k) = (271')_3/ v(z)e " FP) dy, (17)
kezs ke

where (k,z) = k1 - 21 + ko - 2o + k3 - 23, k = (k1, k2, k3), and the well-known
formula curlcurlv = —Aw, if div v = 0, we see that inverse operator to curl is
well-defined on space V™ and is given by the formula

_ = kxak)
1 _ i(k,x
curl w(z) = zkzzg R e!k®) (18)
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Therefore, operator curl : V! — VY realizes an isomorphism of the spaces,
thus, a sphere in V! for (7)—(9) is equivalent to a sphere in V° for the problem
(15)—(16).

Let us denote the nonlinear term in Helmholtz system by B:

B(w) = (v, V)w — (w, V), (19)

where v can be expressed in terms of w using (18).
Multiplying (19) scalarly by w = (wi1,ws,ws) and integrating by parts, we
obtain the expression

3
(B(w),w)y, = _/W Z w;0jupwide, (20)

J,k=1

which, generally speaking, is not zero. Hence, the energy estimate for solutions
of 3D Helmholtz system is not fulfilled. In other words, operator B allows the
decomposition

B(w) = Bp(w) + By (w), (21)

where vector By, (w) is orthogonal to the sphere X(||w|yo) = {u € VO : ||Jul|yo =
lwllyo} at the point w, and vector B, is tangent to X(||lw]||yo) at w. In general,
both terms in (21) are not equal to zero. Since the presence of B,,, and not of
B, prevents the fulfillments of the energy estimate, it is plausible that just B,
generates the possible singularities in the solution. Therefore, it seems reasonable
to omit the B, term in Helmholtz system and study first the analog of (15) where
the nonlinear operator B(w) is replaced with B, (w). We will call the resulting
equations the normal parabolic equations.

Let us now derive the NPE corresponding to (15)—(16).

Since summand (v, V)w in (19) is tangential to vector w, the normal part
of operator B is defined by the summand (w, V)v. We shall seek it in the form
&(w)w, where @ is the unknown functional, which can be found from equation

/ P(w)w(z) - w(z)dx :/ (w(z), Vv(z) - w(z)dx. (22)
T3 T3
According to (22),

B(w) = {fw<w<x>,v> el wle) - wle)do s o) daw 20, o

where curl ! w(z) is defined in (18).
Thus, we arrive at the following system of normal parabolic equations corre-
sponding to Helmholtz equations (15):

Ow(t,x) — Aw — P(w)w = 0, div w = 0, (24)
Wty .oy Ty o) =w(t, ... @+ 2m,...),1=1,2,3, (25)

where @ is the functional defined in (23).
Further, we study problem (24), (25) with initial condition (16).
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2.4 Explicit Formula for Solution of NPE
In this subsection, we remind the explicit formula for the NPE solution.

Lemma 2.1 Let S(t,x;wg) be the solution of the following Stokes system with
periodic boundary conditions:

Oz — Az =0, div z = 0; (26)
2(t, ey +2m,.) = 2(t,x), i=1,2,3; (27)
2(0,x) = wo, (28)

i.e. S(t,x;wo) = 2(t, ). 2 Then, the solution of problem (24) with periodic bound-
ary conditions and initial condition (16) has the form

S(t,x;wo)

- . . (29)
1-— fo D(S(7,;wp))dr

w(t, z;wp)

One can see the proof of this Lemma in [1,2].

2.5 Properties of the Functional #(u)

Let s € R. By definition, the Sobolev space H*(T?) is the space of periodic real
distributions with finite norm

el oy = 212 = > KIPER)P < oo, (30)
kez3\{0}

where Z(k) are the Fourier coefficients® of the function z.
We shall use the following generalization of the spaces (10) of solenoidal
vector fields:

VE=VE(T?) = {v(m) € (H*(T*))? : div v(z) =0, /

v(z)dx = 0}, seR.
T3

(31)

Lemma 2.2 Let $(u) be the functional (23). Then, there ezists a constant ¢ > 0
such that, for every u € V3/2,

[D(uw)] < cllulls/2- (32)

2 Note that because of periodic boundary conditions the Stokes system should not
contain the pressure term Vp.

3 Strictly speaking, one needs to add |2(0)|? to the right-hand side of (30). However,
we did not do this, since starting from (31) it will be assumed that this Fourier
coefficient is zero.
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Proof. The estimate

-1
o ™ iy Vs s _
(33)
follows from definition (23), Sobolev’s embedding theorem (according to which
H'/?(T3) C L3(T3)) and the interpolation inequality HU||‘;’/2 < c|lv[llvls/2-

|D(u)] <

[ulld Ty T (i3

Lemma 2.3 Let @ be the functional (23). For any 8 < 1/2, there exists a con-
stant ¢y > 0 such that

/0 B(S(7:0)) dr

< cillyoll-s (34)

for any yo € V7P(T?) and t > 0. Here, S(t;yo) is the solution operator of
problem (26), (27), (28). *

Proof. Using (32) and the representation of the solution of problem
(26), (27), (28) in terms of the Fourier series, we see that

1/2

t
Sc/o /2 S (G0 (R)PIR|20) R[F20e D7 )
k0

/I¢(5(T;yo))dT
0

(35)
where o (k) are the Fourier coefficients of the function yo. The solution p = p(t)
of the extremal problem

flt,p) = p** e "Dt Lmax, p> 1,

is given by p(t) = 3";52[3 . We also have

3428

R 3428\ 2 _—(3+26-2t)/2 3+28
f(t,p(t) = ( 2t ) e L
1

(36)
3+28
t> =-.

)

Substituting (36) into (35), we arrive at (34), the result required.

Remark 2.1 In view of Lemma 2.3, the functional on the left of (34) is well-
defined for yo € V=5(T?) with 3 < 1/2. In particular, Lemma 2.3 and (29) show
that the solution of problem (24), (25), (16) is well-defined for any initial data
Yo € V0 and is infinitely differentiable in these variables for each = € T3 and
t € (0,T) where T depends on initial condition yg.

In the following two sections we will justify the choice of the space V° as the
phase space of the corresponding dynamical system.

4 Here and below we use for brevity notation S(t; o) instead of S(t,-; yo)
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2.6 Unique Solvability of NPE

Let Qr = (0,T) x T3, T > 0 or T = oo. The following space of solutions for
NPE will be used:

VI2ED(Qr) = Ly(0, T; VY N HY(0,T; V1)
We look for solutions w(t, z;wp) satisfying

Condition 2.1 Ifthe initial conditionwy € VO\{0} and the solution w(t, z;wy) €
VE2ED(Qr), then w(t, -, wo) # 0, Vt € [0,T).

Theorem 1. For each wy € VO there exists T > 0 such that there exists unique
solution w(t,z;wp) € VI2D(Qr) of the problem (24), (25), (16) satisfying
Condition (2.1)

Theorem 2. The solution w(t,z;wo) € V2UD(Qr) of the problem
(24), (25), (16) depends continuously on initial condition wy € V°.

One can see the proof of these Theorems in [2].

2.7 Structure of Dynamical Flow for NPE
We will use VO(T3) = V' as the phase space for problem (24), (25), (16).

Definition 2.1 The set M_ C VO of wy, such that the corresponding solution
w(t,x;wo) of problem (24), (25), (16) satisfies inequality

lw(t, swo)llo < allwolloe™, V¢ >0,
is called the set of stability. Here, a > 1 is a fized number depending on ||wolo-

Definition 2.2 The set My C V° of wo, such that the corresponding solution
w(t,x;wo) exists only on a finite time interval t € (0,tg) and blows up at t = tg,
18 called the set of explosions.

Definition 2.3 The set M, C VO of wy, such that the corresponding solution
w(t,z;wo) exists for time t € Ry, and ||w(t, z;wo)llo — 00, as t — oo, is called
the set of growing.

Lemma 2.4 (see [2]) Sets M_, M, M, are not empty, and M_ U M, U M, =
Vo,
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2.8 On a Geometrical Structure of Phase Space

Let us define the following subsets of unit sphere: X = {v € VY : |jv[jp = 1} in
the phase space V9.

A_(t)y={veX: /Ot S(S(r,v))dr <0}, A_ =nN0A_(t),

to
Bi=S\A ={veX: Ho>0 / B(S(r,0))dr > 0},
0
t to
OBy ={veX: vt> O/ ®&(S(1,v))dr <0 and It >0: / &(S(7,v))dr = 0}.
0 0
We introduce the following function on sphere X

By >v—bv) = max/o D(S(r,v))dr. (37)

t>0

Evidently, b(v) > 0 b(v) — 0 as v — OBy. Let us define the map I'(v):

1
B+9U—>F(v):mvevo. (38)
It is clear that ||I"(v)|o — oo, as v — dB,. The set I'(B.) divides VY into two
parts:
VO={veV®: [0,09]nI(By) =0},
V?={veV’: [0,0)NI(By) # 0}

Let By = B, ;U B o where
B, s ={v € B} : maxin (37) is achived at ¢t < oo},
Bi o ={v € B}y : max in (37) is not achived at ¢t < co}.

Theorem 3. (see [2]) M_ =V’ M, =V?UByy, My =By

3 Stabilization of Solution for NPE by Starting Control

3.1 Formulation of the Main Result on Stabilization

We consider the semilinear parabolic equations (24):
Opy(t, x) — Ay(t, z) — P(y)y =0 (39)
with periodic boundary condition

y(t,...,z;+2m,...) =y(t,x), i =1,2,3, (40)
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and an initial condition

y(t, @)le=0 = yo(x) + uo(). (41)

Here, @ is the functional defined in (23), yo(z) € VO(T?) is an arbitrary given
initial datum and ug(z) € V9(T?) is a control. The phase space V° is defined in
(10).

We assume that wug(z) is supported on [ai,bi] X [ag,bs] X [az,bs] C T3
(R/27Z)3:

supp ug C [a1,b1] X [az, b2] X [as, bs] (42)

(here we treat the torus T? as the cube [0, 27]3 where 0 and 27 are identified).

Our goal is to find for every given yo(z) € VO(T?) a control ug € VO(T3)
satisfying (42) such that there exists unique solution y(t, z; yo +uo) of (39)—(41),
and this solution satisfies the estimate

ly(t, 50 +uo)llo < ellyo + uolloe™,  Vt >0, (43)

with a certain a > 1.

By Definition 2.1 of the set of stability M_ inclusion yy € M_ implies esti-
mate (43) with up = 0. Therefore, the formulated problem is reach of content
only if yo € VO\ M_ = M, U M,. Note that, without loss of generality, the last
inclusion can be changed on o € V'/2 \ M_. Indeed, in virtue of explicit formula
(29) the solution y(t, ;o) of NPE belongs to C>°(T?) for arbitrary small ¢ > 0.
Hence, if yo € V° we can shift on small ¢, take y(t, ;o) as initial condition and
apply to it stabilization construction.

The following main theorem holds:

Theorem 4. Letyy € Vl/z\M, be given. Then, there exists a control ug € VN
(L3(T®))3 satisfying (42) such that there exists a unique solution y(t,z;yo + uo)
of (39)—(41), and this solution satisfies bound (43) with a certain o > 1.

Below we will indicate the main steps of this theorem proof.

3.2 Formulation of the Main Preliminary Result

To rewrite condition (42) in more convenient form, let us first perform the change
of variables in (39)—(41):

i +b;
Gima - 0y 9g
2
and denote
o~ - +b . + by +b
y(t7x):y t7x1+a1 17x2+a2 2a$3+a3 3 )
2 2 2
- - a +b1 . as + by as+b
yo(l‘) =Y | T1 + ! 171:2 + 2 27$3 + 2 2 ) (44)
2 2 2
- ~ a1 +b1 . as + by as+b
uo(x)—u()(xl—i— R 22 2 3 32 3)
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Then, substituting (44) into relations (39)—(41), (43) and omitting the tilde
sign, these relations remain unchanged, while inclusion (42) transforms into

suppug C [—p1, p1] X [—p2, p2] X [=p3, p3], (45)

b; — a; .
where p; = Ta € (0,7),i=1,2,3.

Below we consider stabilization problem (39)-(41), (43) with condition (45)
instead of (42).
We look for a starting control ug(z) of the form

uo(x) = ur(x) — Au(x), (46)

where the component uq(z) and the constant A > 0 will be defined later and
the main component u(x) is defined as follows. For given p1, p2, ps € (0,7) we
choose p € N such that

% < pi; 1= 17273a (47)

and denote by xz (a) the characteristic function of interval (-7, 7):

(a) = {1, laf < 7, (48)

X3 5 <laf <
Then, we set
u(r) = “;” with a(z) = curleurl(x = (z1)x = (22)x = (z3)w(pz1, pr2, pr3),0,0),
0
(49)
where
3
. 1. . 1.

w(xy, T2, x3) = Z ak(lJrcosxk)(smziJri81n2o:i)(s1nxj+§sm2xj), (50)

i,5,k=1

i<kt

ay,az,a3 € R.

Proposition 3.1 The vector field u(x) defined in (47)-(50) possesses the fol-
lowing properties:

u(z) € VAT?) N (Loo(T?)?),  suppu C ([=p,p])°, Nullo=1.  (51)
Proof. For each j = 1,2,3 function w(x1,xz2,23) defined in (50)
and Jjw equal to zero at xz; = £w. That is why using notations X%(m) =

Xz (21)xz (22)x= (3), w(pr) = w(pa1, pr2, prs) we obtain
curl(x = (z) (w(pz),0,0)) = px= (2)(0, Bw(pzr), —dsw(px)) € (H'(T*))*, (52)

u(x) = pzxg(:r)(—aggw(px) — Os3w(px), O1ow(px), —O13w(px)) € (HO(T3))3.
(53)
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Evidently, vector field (53) satisfies also the inclusion
u(@) € (Loo(T?))?

Applying the operator div to vector field (53) and performing direct calculations
in the space of distributions, it follows that div u(x) = 0. Hence, u(z) € VO(T3).
The second and third relations in (51) are evident.

Let us consider the boundary value problem for the system of three heat
equations

0S(t, x;u) — AS(t, z;u) =0, S(t, x)|t=0 = u(x), (54)

with periodic boundary condition. (Since by Proposition 3.1 div u(xz) = 0, we
get that div S(¢,z;u) = 0 for ¢ > 0, and therefore system (54) in fact is equal to
the Stokes system.)

The following theorem is true:

Theorem 5. For each p := w/p € (0,7) the function u(z) defined in (49)-
(50) by a natural number p satisfying (47) and the characteristic function (48)
satisfies the estimate:

/ ((S(t, z;u), V) curl ' S(t, z;u), S(t, z;u))dr > 36e™ 18, Vit>0, (55)
T3

with a positive constant (3.

The proof of Theorem 5 is given in [7]. This theorem is the main and the
most difficult step of Theorem’s 4 proof.

3.3 Intermediate Control

To avoid certain difficulties with the proof of Theorem 4, we have to include
additional control that eliminates some Fourier coefficients in given initial con-
dition yg of our stabilization problem. We will use the techniques developed in
local stabilization theory (see [4,5] and references therein).

Let us consider the following decomposition of the phase space: V0 = V, ®V_,
where

Vi={veV’:iv(z)= Z vpe' ™) v € C3 k- vp = 0,0, =5}, (56)
0<|k|2<18

where, recall U, means complex conjugation of vg, k = (ki, ko, k3), |k|? = k% +
k3 + k2, and
V. =V'cV,. (57)
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Theorem 6. There exists a linear feedback operator F,
F:VYUT?) = Vi (2) == {y(x) € V(T?) : suppy C 2}, (58)

where 2 = {x € ([—p,p])® : |2|*> < p?} C T3, p=7/p,p € N\ {1}, such that for
every y € VO
y+FyeV_ | (59)

where V_ is the subset of VO defined in (56)-(57)

The proof of Theorem 6 see in [7].
The component u;(z) of the control (46) is defined as follows:

Uy = Fy() (60)
where F' is the operator defined in Theorem 6, and g is initial condition from
stabilization problem (39), (40), (41).

3.4 Proof of the Stabilization Result

In this subsection we prove Theorem 4 using Theorems 5, 6. We take control
(46) as a desired one where vector-functions u;(x), u(x) are defined in (60) and
(49)—(50), respectively, and A > 1 is a parameter.

In virtue of explicit formula (29) for solution of NPE, in order to prove the
desired result it is enough to choose parameter A in such way that the function

1- /0 &(S(7, ;90 + u1 — Au))dr, (61)

for each ¢ > 0 is bounded from below by a positive constant independent of ¢.
For this aim we estimate the function —@(S(¢, ;20 — Au)) where zg = yo +u; =
Yo + Fyo. In virtue of Theorem 6 zy € V_, where V_ is the subset of the phase
space defined in (56), i.e. Fourier coefficients of zy satisfy the condition

20(k) =0 for |k|*> =k + k3 + k3 < 18. (62)

Let us denote the nominator of functional @ defined in (23) as follows:

V) = [ (o V)ewt e, W) = Pp) (63

and prove the estimate
—WU(S(t, ;20 — Au)) > 28X3%e B for A > 1, (64)

where 3 is the positive constant from Theorem 5.
According to Theorem 5,

U(S(t,;u)) > 3Be 18 3> 0. (65)
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From definition (63) of &,

—W(S(t, 20 — M) = NW(S(t,u)) — N (P(S(t, ), S(t,u), S(t, 20))+
W(S(t,u),S(t,zO),S(t,u)) + W(S(t ZO) ( ,u),S( )))

AW (S(t,u),S(t, 20),S(t, 20)) +¥(S(t, 20),S(t,u),S(t, 20))+ (66)
U(S(t, z0),S(t, 20),S(t,u))) — ¥ (S(t, 20))-
In virtue of Sobolev embedding theorem and definition (63) we obtain
@ (y1, 92, 93)| < [yl Ly (os) | Veurl ™ ol 2y [lys) 2y < (67)
Sllyillzacr lv2llLallyslles < callyallvarzllyallvzlyslvae.
Besides, (67) implies
W (y1,y2,y3)| < callyalloo ooy vzl Lo 1yl Lo - (68)
Using (65)—(68) we get inequalities
—W(S(t, 20 — M) > 30N — ¢ (N?[IS(t, u)[[T1/2IS(E, 20) lya/z + (69)
IS(t w)llvar2lIS(2, z0)[I1/2 + IS(E, 20)[15/2)
and
—W(S(t, 20 — M) > 36N — ¢ (N[IS(t,w) |7 IS, 20)[[vr/2 + (70)
ISt w)llz. IS, 20)l[31/2 + 1S(2 20)[151/2) -
Let us show that for a fixed small enough ¢35 > 0
eto—1/4 »
1S(t, u)l[y12 < WHUHVOB ; vt > to. (71)

In virtue of (54) for a fixed small enough ¢y > 0

IS w2 = S fukl*kle 06725710 < 1S 2o, u) |21 26727100 Wt > to.
Z3\{0}
(72)
Besides, taking into account that for f(y,tp) = ye‘2y2t0 the solution ¢ of
extremal problem

1 6_1/2
. q )
fgggf(y,to) s i=g [, o) Nk
it follows that
ISCto, W[3re = > |url*|kle 2kt < \FIIUHVO (73)

z2\{0}
Now (71) follows from (72), (73).
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Using the maximum principle for a heat equation we obtain
ISt Wz < llullz.., t € (0,t0). (74)
In virtue of (62),
IS(t, 20)llv1r2 < llz0lly1/2e7 % (75)
Relations (69), (71), (75) imply
—W(S(t, 20— Au)) > 38X3e 1B —c5(A2e 2% p A3 e P) > 28N 318 (76)

for t > tg, and relations (70), (74), (75) imply (76) for t € [0,¢9]. We can take

to = {5 or less. This completes the proof of estimate (64).

The denominator of ¢(S(7, ;29 — Au)) is positive, i.e.
/ IS(t, 20 — Au)Pdz > 0. (77)
T3

Bounds (64), (77) imply that the function (61) is more than 1, which completes
the proof of Theorem 4.

4 Some Development of Stabilization Theory of Solution
for NPE

In this section we develop the theory whose expozition began in the previous
section. Our main goal is to prepare the necessary basis that will give us the
opportunity to generalize the stabilization theory from NPE to Helmholtz sys-
tem.

4.1 One Corollary of Theorem 5
Our first step is to rewrite estimate (64) in a more convenient form.

Proposition 4.1 Let ¥(y1,ya,y3) be functional (63), and u(x) be control (49),
(50). Then for each zo = yo + Fyo where yo € V'/2\ M_ there exists \g =
Ao(llyolly1/2) such that for any A > Xg

—W(S(t, 5 20 — Au))
IS(t, 20 — Au) [0

> Be 15t vt >0, (78)

where (B is the positive constant from Theorem 5.

Proof. In what follows, we will use notation || - || = || - ||y-o. Since |lul]| = 1, we
have 5
2= 2ful > 2 (Jlu= 20 = I1320) = = 2IP + B, (79)
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where

20 13 20 12,1 20 ) 20 12 20 13
B = u— =23 = 6lju— 2=+ 6llw — 12— 200 )1° =
= 2207 = Blhu = Z2 121220+ 6l — 21202 - 2152

].ZO

S JERNCY

20 20 20 20 20
lu = S = 1 = 61521 + 61 L1l = 21l =
_R02(q _ o 20 20201 _ 4y %0
lu= 1P =702 + 612 = D) >,

for A > 7||z0]|. Hence 2 > [lu — 2||>. Applying this inequality to the right side
of (64) and dividing the obtained inequality by A*||u — 2|3, it follows that

—W(S(t, -5 20 — Au))
lz0 — Aulf®

> Be 18t (81)

Similarly to estimate (72)

IS(t, 20 = M) |20 = 3 leon — Aukl2e 25 < 20 — MulZoe 2, Wt > 0. (82)
z3\{0}

Dividing —%(S(t, -; 20 — Au)) on |[S(t, z0 — Au)|[}-, taking into account (82) and
after that (81), we obtain

—W(S(t, 520 — Au)) _ —W(S(t,-;20 — A\u))

—15t
: 83
[S(t, 20 — Au)l|3 |20 — Aul[3e—3t > e (83)

This proves the estimate (78).

4.2 The Estimate of Stabilized Solution
The main aim of this subsection is to prove the following.

Theorem 7. Let u, zg, Yo, Ao be as in Proposition 4.1, and y(t,z;v) be the solu-
tion of problem (39), (40), (41) with v := yo + up = 20 — Au, A > Ag. Then,
y(t, z;v) satisfies the inequality

lvfle”*
L+ g lloll (1 —e~16t)”

ly(t, 5 v)ll < (84)

where > 0 is the constant from Theorem 5.

Proof. Multiplying equation (39) by y(t,x;v) scalarly in VO and taking into
account the notations (23), (63) of functionals &, ¥, we get after simple trans-
formation

%&Hy(ta OI? + llys (¢, 0) 2 = ¥ (y(t,v) = 0. (85)

Dividing this equality by |ly(¢,v)||?, we obtain that

OullyE o)l | Nyt 0)I? _ T(y(t v)
ly(t, )2y o)lI> lly(t o)l

(86)
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Using notation z(t) = 1/|ly(¢,v)|| and taking into account Friedrichs inequality
llyz|l < |ly|| we derive from (86), the inequality

o) 4 = EEEY) 1 lya (8, 0)[2 W (y(t,v))
WO+ 20 = o y(t,v>|(||y<t,v>||2 1>§||y(t,fu)||3 (87)

Let us transform the right side of (87). In virtue of explicit formula (29)

(o) < —ISEOIP e p— L ))> (88)

( ftﬂps?t(iﬁw)g) (*f St )

Dividing the second relation of (88) on the first one we obtain that

~T(y(t,v) _ ~W(S(t,v))
Iwto)P = TSEoP

Inequalities (87), (89), (78) imply the estimate

(89)

-z et or 2 e 1 ﬁ — 16t

Passing from z(t) to ||y(t,v)|| we obtain the inequality (84).

The estimate (84) has important corollaries. To show them, recall the follow-
ing.

Lemma 4.1 There exists ro > 0 such that for each yo € B, = {y € VY :
lyll < ro} the solution y(t,x;yo) of problem (39), (40) with initial condition
y(t, @)|t=0 = yo satisfies

ly(t, 5 vo)ll < coe™, as t— oo. (91)
Proof. In virtue of the explicit formula (29) and Lemma 2.3

IS, 7yo)\| < ol

, (92)
1— [T 0(S(r,y0))dr — 1= allwol

”y( » 5 yO)”

Where ¢y is the constant from the bound (34). So if we take in (92) ||yo|| = 70 =

f we get the bound (91) with ¢g = 1/¢;.

Lemma 4.1 implies that, in order to solve the stabilization problem (39), (40),
(41), it is enough to check that at some instant tq its solution y(to,x;yo + uo)
belongs to the ball B,,.

Now we prove the following corollary of Theorem 7.

Proposition 4.2 Let y(t,z;v) be the solution of problem (39), (40), (41) from
Theorem 7. Then, there exists tg > 0 independent of ||v|| such that y(to,-;v) €
B,, where ro = i 1s defined in Lemma 4.1.
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Proof. Removing the summand 1 in the denominator from the bound (84), we
obtain

16e*
t, < —. 93
Iyt <)l < 5= o=vam (93)
Taking into account this bound we should find ¢ satisfying
16et
— < 7. 4
Bl — e—16) = "o (94)

t

Making the change z = e™" and as in Lemma 4.1 rg =

to solution of the equation
F(x) := B2'% +32ci2 — 3 =0. (95)

Since F'(0) = - < 0, F(1) = 32¢; > 0, and F'(z) > 0 for z € (0,1), there exist
unique zo € (0,1) satisfying F(z9) = 0. Therefore, for ty = In ?10’ we get that
y(to, ;v) € By, with rg = %

(/’1.

i, we reduce the deal

Thus, Proposition 4.2 establishes some kind of duality between the behavior
of NPS solution with initial conditions from sets of explosions M, and the
stability M_ defined in Subsect. 2.7. Indeed, if yo € M, then the norm of solution
ly(t,-;50)|| blows up at some finite instant Z, i.e. ||y(t,yo)|| — oo as t / £. In
case v € M_ by Proposition 4.2 there exist fixed not big instant ¢y and quantity
ro such that ||y(to, -;v)|| < ro for initial condition v with arbitrary big ||v]|.

Applications of Theorem 7 and Proposition 4.2 will be given in future pub-
lications.
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